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IKCTPEMAJIBHBIE KPUBBIE B 4-MEPHOM ITPOCTPAHCTBE
KOH®OPMHOW CBSI3HOCTH

Huxeropoackuii rocynapcTBeHHbIM TeXHUYECKH yHHBepcuTeT uM. P.E. AnekceeBa

DJIEKTPOH B aToMe ABHMXKETCSl CBOOOJHO, B NMPOTUBHOM cilydae OH Obl m3iydan. CBoOOJHOE JBMXKEHHE, T.C.
JIBIDKCHHUE 110 MHEPINH, 0€3 BO3AECHCTBHUS CHII, TEOMETPHUUCCKH TPAKTYETCsl KaK ABMKCHHUE 1O SKCTpeMann (QyHKIHOHA-
Ja JUIHBI AyTd. B reomeTprn MUHKOBCKOTO TaKMMH SKCTPEMAIISIMH ABIISTFOTCSI TOJIBKO MPSIMBIE, YTO SIBHO HE COTJIACY-
€TCsI C TpaeKTOpHel AIeKTpoHa B aToMe. bimkaiimnm o0o0menreM reoMeTpul MHHKOBCKOTO SIBISIETCSI TEOMETPHS 4-
MEpPHOTO NPOCTPAHCTBA KOH(OPMHOH CBSA3HOCTH. JIOKANbHO 3TH ABE '€OMETPHUH MMEIOT OJMHAKOBBIE CTPYKTYpBI, HO
pasnuuue UX TI00ATBHBIX CTPYKTYP NPHBOAUT K CYIIECTBOBAHHWIO B MPOCTPAaHCTBE KOH(POPMHOH CBSI3HOCTH BEChMa
CIIO’KHBIX 3KCTPEMAJIbHBIX KPHUBBIX, KOTOPBIE MOXKHO HMCIOJIB30BAThH AJIS MOJIEIHPOBAHUS CBOOOJHOIO ABMXKEHHUS dJle-
MEHTapHBIX 0030HOBCKHMX YacTHL. B craThe M3ydaroTcsi SKCTpeMalbHble KPHBBIE JIByX BHJIOB: BPEMEHHUIOAOOHBIE U
N30TpOIHBIE. BpeMeHnnonoOHbIle KPUBbBIE XapaKTepu3yOTCs TpeMsi QyHKIMSAMHU JUIMHBL Tyru: M, C, 1 P, KOTOpBIE JUIs
HKCTPEMANIBHBIX KPUBBIX BBIPKAIOTCS Yepe3 dJuIHnTHYecKyto GyHkuuio Beitepmpacca. M30TponHble KpUBbIe Xapak-
TEPU3YIOTCS ABYMST QYHKIMSAMH JUTHHBI IyTd: f 1 §, KOTOpBIE AT KCTPEMATbHBIX KPUBBIX OKA3BIBAIOTCS KOHCTAHTAMH.
Takue U30TPONHbIE KPUBBIE MOTJIM OBl MOJICIUPOBATh ABMXKECHHE I'PAaBUTOHA, HO OTCYTCTBHE SKCIIEPUMEHTANbHBIX JaH-
HBIX O €T0 CBOWCTBAX HE MO3BOJIICT YTO-IMOO CKA3aTh O COTTACHH 3TOH MOJAENHN C PEATbHOCTBIO. B oTim4ne ot rpaBu-
TOHA, 3KCIEPHMEHTAIbHbIC JaHHbIE 0 (POTOHE O4YeHb OoraTsl. Ho aBTOpam HE yIaloch CHPaBUTHCS C BBIYUCIUTEIbHbI-
MU TPYIHOCTSMH IIPU HCCIIEAOBAHUH MJIOCKOM 3KCTpEeMaIbHONW M30TPOITHOM KPUBOii, KOTOpast Moriia ObI MOJICTUPOBATH
JIBIDKCHNE (OTOHA, T.K. (POTOH SBISAETCS IUIOCKON BOJIHOH. XOTS JNarpamkuaH I MIIOCKOH M30TPOITHON KPHUBOH aBTO-
paM U3BECTEH, B CTATHIO OH HE BKIIOUCH.

DKcTpeManbHbIe KpUBBIE B 4-MEPHOM MPOCTPAHCTBE KOH(POPMHOM CBS3HOCTH M3ydanuch B pabdore [1], HO B
Heil ObUTH TOITyIIeHBl HEKOTOPBIE BEIYUCINTEIbHBIC ONIMOKH. B 1aHHO# cTaThe yCTpaHEeHbI OIIMOKH M YTOUHEHBI HEKO-
TOpble HOPMYIUPOBKH

Knouesvie cnoea: MEHOrooOpasue KOHGOPMHOH CBA3HOCTH, 3MnTHYecKas ¢yHkuus Beliepmrpacca, ypaBHe-
Hue Diinepa-Jlarpanka, SKCTpeManbHble KPUBBIE, H30TPOIHAS SKCTpEeMaIbHas KpUBasi, BpeMEHUNIOA00HAs SKCTpEMallb-
Hast KpUBas.

HNcxoaHblie MOJI0KEHUS
[TpoctpancTtBa KoOH(pOpMHON cBsi3HOCTH Obutn  BBeneHsl Kapranom B [2]. Ecmm
X(X0 VX s Xy s Xgy Xy X5) u Z(ZO, 2,,2,,23,2,, 25) - JIB€ TOYKH MPOEKTUBHOTO S5-MEPHOTO MPOCTpPaH-
cTBa P, TO UX CKalsipHOE MPOU3BEAECHHUE ONPENEITNM KaK
(X,2) = XoZg + X2y — X, 2y + XpZ, + XgZy + X, Z,.
Kaxioli Touke X mocTaBUM B COOTBETCTBHUE pEIIEp {X, Yy, X }, i =1,2,3,4 cocTosmuii U3 MECTH -
HEWHO HE3aBUCUMBIX TOYEK IPOCTpaHCTBa Pj, yA0BIETBOPSIOUIMX YCIOBUSM OPTOrOHAIBHOCTU
(X’X):(X’ X):(X, yi):(xiyi)zo’ (X1X):l- (yi’ yj):nij’ 1)
rie
-1

(nij)z (nij): 8
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XY, X }I/IMGIOT CJIeIYIOLIUNA BUJL:

dx = ©'y; + ®pX,
dX = ofy, —09X,
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rae ndaddoBer popmbl (MHGUHUTEIUMATBHBIE KOIPPHUIIMECHTHI) YAOBIETBOPSIOT COOTHOIICHUSM
[2, c. 161]:
* il =0 K4+ k=0 )t =0
W TM;;O° =Y, M) TNj®; =Y, M;0s +0; =U.
31ech U Janee Bce MHIAEKCH mpoderaroT 3HaueHus 1,2,3,4; 1o OJTHOUMEHHBIM BEPXHUM M HUKHUM

MHJIEKCaM TMPEANoJaraeTcsi CyMMHUPOBaHUE. YCIOBUSI HHTETPUPYEMOCTH CHUCTEMBbI (2) HMEIOT
Bua[2, ¢. 160]
do) +m, Ao =0,
0 T W
do' + o, A0 +0' Aw) =0,
dO)i_+0)k_/\(,0=( +cog_/\0)i =0,
do! + o} Aof +o) Ao +1Mo, An,e" =0.

©)

B nHacrosmieii cratbe Mbl OyIeM HCIIONIB30BATh JIATPAaHKHAHBI, IPECTABUMbBIC B BUIC (YHK-

o k
UM OT CKaJSIPHBIX MPOU3BEICHUI (X(k), X(')), roe K,l e {0,1,2,3,4,5}, a cumposiom X¥) 0Go3Hauena
npousBoaHas k-ro mopsaka. Ecnu L - marpamkuas, To 0003HAYUM 3a L« BENMYMHY, BHIMHCIISE-

My0 1o hopMmyIie

oL 0) 20L (k)
L= XV + X,
(k) ; G(X(k), X(')) 8(X(k), x(k))
B uwactHoCTH, eciin L = (X(k), X<')), TO
O,ecniu p=k, p=l;
L,

x(P)

= X('),ecnn p=k=l; (4)
2X(k), ecm p=k=I.

BpeMeHnnonoﬁnaﬂ KpuBast

PaccmoTpum mepemenienne moABUKHOTO pernepa {X, Y., X} BJIOJIb BPEMEHUIIOAO0HBIX KpH-

BBIX, TO €CTh TaKMX KPUBBIX, YTO (dx, dx) < 0. C nomonipto GopmyIt nmepeMenieHnss KAHOHHYECKOTO

pernepa Mbl HaiiieM quddepeHIaIbHOe ypaBHEHHE SKCTPEMaIbHbIX KPUBBIX, TO €CTh KPUBBIX, SB-
S1

JISTFOIIUXCS DKCTpeMasiMu pyHkumoHana | = Ids , TIe dS - IeMeHT JJIMHBI JYyTH BPEMEHHUII0100-
S0

HOM KPUBOM.

Kanonunueckuii peniep BpeMeHHII0A00H0I KPUBO

Penepbl MEPBOro nopsAaka onpeACIdarOTCS paBCHCTBAMU (,02 = (,03 = 0)4 =0 , a (Dl - mapamMeT-

puueckas popma. Buemnum nuddepennmpoBanuem, ucnonb3ys Gopmyisl (3), mojiyduM, 4To pe-

IEPHI IIAATOT0 IMOpAAKaA 6y,ZLYT ONpCACIIATHCA PaBCHCTBAMU
2 3 2 3

W =0 =0)4= 1=Q)l=0)f=0)g:®3=g)4=0)8=0,
_ 1 3 _ 1 —met o = pol
0, =0, O,=co, =M, 0;=po,
1
rie C(S), m(s), p(s) - unBapuantsy, a @ =ds - nuddepenuman puHb xyry. CleI0BATETBHO, CO-
riacHo ¢gopmynam (2), ypaBHeHUS MH(PUHUTE3UMAJIbHBIX MEpPEMENICHU KaHOHMYECKOTo perepa
OyayT TaKUMHU:

X=y_ _

y=mx+ X,

Ll_myl__yz’ (5)
Yo, =X+CYs,

Y3'=—CY, + PYa,

Ya'=—PY;
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3nech X = AX - MHBapMaHTHO MPOHOPMHUPOBAHHAS TOYKA X, a IITPUXOM 00O03HAUYEHA MPOU3BOIHAS
110 UHBAPUAHTHOMY I1apaMeTpy S.

8 b
Temepp 3aliMeMcs MOUCKaMM JKCTpemaieit ¢yHnkuuonasa | =de:JL(t)dt. CornacHo
So f

A,(t)4
paccyxaeHUsIM, IPUBEACHHBIM B [3, C. 43], ecnu narpamxuanl3anucan B Buze L(t) = & rae

(x,x) |xx| |xx| |xx
(x,x) |xx| |xx
x| |xx| [xx]| |xx
A=) S <y L A,(t)= x,kj X, x| | % x (6)

X, X X, X X, X X, X

X, X X, X X, X

X, X X, X X, X X, X

(3aech cMMBOJIOM X O0O3HAY€Ha MPOU3BOJIHAS M0 apaMeTpy t), To OH OyIeT yAOBIETBOPATH HYX-

HBIM HaM YCJIOBUAM

Le(®)x, (e(t)x) (e(t)x) ", (clt)x) ] = Lixx', ", x]

L[x(), x"(t), x" (), x""*(t)]dt = L[x(s), x'(s), x"(s),x""*(s)]ds.
I[lepBoe yClIOBHE O3HAYAaET MHBAPUAHTHOCTH JIArPaHKUaHal OTHOCHTENIHLHO YMHOXEHHS X Ha IIPO-
HU3BOJIBHYIO (pyHKHI/H'O C(t) HeO6XOI[I/IMOCTB 3TOIo Tpe60BaHI/I}I CJICAYCT U3 TOro, 4YTo B NPOCKTUB-

HOM IIPOCTPAHCTBC KOOPANHATLI TOUKHU OIIPCACICHBI C TOYHOCTBIO 1O MHOXXHUTCIIA. BTOpoe YCJIOBUC
4

03Ha4aeT MHBAPUAHTHOCTH (yHKIMOHana | = j L(t)dt oTHOCHTEIBHO 3aMEHbI IApaMETpa.
f
Tak KaK y Hac uMeeTcs yciosue cBsisu (X, X)= 0, ypaBuenue Diinepa-Jlarparka HykKHO Co-
CTABJIATH JJIA JIarpaH)KUaHa

rIe X(t) - IPOU3BOJIbHAS (PYHKITHSI.

YpaBuenue Jiisiepa-Jlarpanxa

SKCTpeMaJ'IBHBIe KPHUBBIC JOJDKHBI YAOBJICTBOPATH YPABHCHHUIO 9171nepa-ﬂarpaH>Ka
d® . d* . d. . .
—L,—L,+—L.,—L =0. 7
dSS X dSZ X dS X X ( )

k
BbruncnuB BeMUNHEI Py L’;M o opmynam (4) u (6) 1 ucnonb3ys (5), MOITy4uM
S

(cz + 4?m -~ 4kj§ +(3cc+m')y, + (c3 —c"+cp? + 2cm)y73 +(2¢'p+cp')y, =0.

Orcrozia cucreMa ypaBHEHUN
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¢? +4?m—4x -0,
3cc'+m'=0, (8)
c® —c"+cp? +2cm =0,
2c'p+cp'=0.
ITycts A, B, D - koHCTaHTHI, TOTIa 2M = A-3c?, ¢? p = B . Eciiu monoxuth
u :zm, g, :ﬂA2 +4D, g, = 4B? —ﬁAS—iAD,
3 3 27 3
TO MOJIYIHM:
u'?=4u® —g,u—g,. )

Takum 06pa3om, U sBIETCS SJUTMITHYECKON GyHKIMen BeiepmTpacca:

u=g(s+E,g,,0s).
riae E - nocrosinnast unrerpupoBanus ypasuenus (9). [losTomy perienue cuctemsl (8) UMEET BU

A B
=5 P5+E9.0:) p=7 -

E—SO(SJF E, 9y, 93)

Ecnu e 3anucate ypaBHeHue Ditnepa-Jlarpanska (7) ¢ mOMOIIBIO X ¥ €r0 MPOU3BOIHBIX, TO
MOJTyYUM

>_<(6) - 4m§(4) —8m'x" '+(4m2 +1-9m" "—32mm‘§'—(6mm' 7Tm?+c? + ZmP =0. (11)

310 1 ecTh AU dHepeHInanTbHOe YypaBHEHHE BPEMEHUIIOA00HBIX KPUBBIX, I1ie GyHKIMH M H ¢ ya0-
BIETBOPSIOT ycnoBusiM (10).

WHTepeceH yYacTHBIA cilydail, korja TpaekTopus rmiockas. 91o Oyxer mpuC=0. Torma
m = const, a p ocraercst Mpon3BOIBbHON PyHKIHEH OT S. YpaBHenue (11) mpumer Buj

)—((6)

2

3
m:EsO(S"'E’gZ’gS)’ c (10)

_(4) ., —
—4mx  + (4m2 +1)x —2mx = 0.
OHO HWHTErpHUpyeTCs B KOHCUYHOM BHJE, TaK KakK JIeBas 4YacTh XapPaKTEPUCTUUYCCKOTO YPaBHCHHS
v —dAmv* + (4m2 +1)v2 —2m = 0 packiaasiBaeTCs Ha MHOKUTEIH: (v2 — 2va4 —2mv? +1)= 0.
OTMETHM TaK)Xe OYEBUIHOE CIICJICTBUE CUCTEMBI (8).
Ymeepowcoenue 1

BpeMeHI/IHO)IO6HLIC KpHUBBIC C MOCTOSAHHBIMHA MHBAapHaHTaMHU M, C U P SABJSFOTCI 3KCTpPE-
MaJIbHBIMHU TOrJa U TOJIBKO TOTAa, KOrJa BBIIIOJIHACTCA PaBCHCTBO

c(c2 +p° +2m): 0.
H3orponnas KpuBasi

B »TOM pasnene Mbl paccMOTpUM NEpEeMENIEHUE MOIBUKHOTO pernepa {X, Yi, X} BJIOJIb U30-

TPONIHBIX KPUBBIX, T.€. TAKUX KPUBBIX, YTO (dX, dX) =0. C nomomrsto popmyn nepeMenieHus: KaHo-
HUYECKOTO perepa Mbl HailieM Au(epeHinaIbHoe YpaBHEHHE IKCTPEMAJIbHBIX KPUBBIX, T.€. KpU-

5
BBIX, SIBIISIOIIUXCS IKCTpeMaIsIMH GyHKIHOHama | = IdS, rae dS - 3JeMeHT JUTMHBI YTU U30TPOII-
So
HOU KpUBOM.
YToOBl yIPOCTUTH BHIYMCIICHUS, U3MEHUM YCIIOBHSI OPTOTOHAIBHOCTH (1), HOJI0XKUB

010
(Tlij )= (‘1“ )=

(Nl
OO O
oOr o
RPOOO
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Kanonunueckmii pernep u30TPpONHOM KPUBOii

Perepsl IEpBOro MOPSAKA ONPEACIISIOTCS PaBEHCTBAME ©° =m° =o' =0, a o' - mapamer-

puueckas ¢opma. Buemnum nuddepeHnupoBanuem, mpuMeHss paBeHcTsa (3), HaX0AuUM, YTO pe-

Mepbl CeIbMOT0 MOpsAKa OYAYT ONpPeNesSThCS YCIAOBUIMMU:

2_ 3_ 4_ 4_ 4_ 4_ o _ 1 _0_
O =0"=0"=0] =0, =0; =03 =0; =0, =0,

3
o =m, =o' =ds, 0,=go’, o = fo mgz—zfm,

riue f(S), g(s) - UHBapuaHThl. B cooTBeTcTBUM C (2), ypaBHEHUS UH(PUHUTE3UMATILHBIX MIepeMele-
HUN KaHOHMYECKOTO pernepa {X, Yi, X} OPUMYT BUJI:

X=Vi_

yi'= fX+ys,
_I_Ef___
Y3—2 Y1— Y2,
Yo'=—— fys+9x-X,
X'==gy;,—fy,-Vy,
Y4 =X

3/1ech CHOBa MITPUXOM 0003HAYEHA MPOU3BOJIHAS IO MHBAPHAHTHOMY MapaMeTpy S.
CoriacHo pacCyXIeHHSIM, IPUBEACHHBIM B [3, c. 43], yToOBI JlarparxuaH L ObL1 HHBapHaH-
by
TE€H OTHOCHTEIBHO YMHOXXEHHUS X Ha MPOHU3BOJBHYIO (DYHKITHIO C(t), a ¢ynkiuonan | =IL(t)dt
)
ObUI WHBAapUAHTEH OTHOCHUTEIBHO 3aMEHBl IapaMeTpa, JIarpamKuaH JIOJDKEH HWMETh BHJ
1
Ag(t)s
L(t) — 5( )

> A€ AEI/I A4 - OIIPCACIUTCIN 6-ro 1 5-T0 MMOpAAKOB, COCTABJICHHLIC 110 aHAJIOTHH C

A, (t)s

(6).
Tak kak B cilydae HM30TPONIHOM KPHBOM HMMEIOTCS YK€ HE OJHO, a JBa YCJIOBMS CBS3H:
(X, X) =0mn (X', X') =0, ypaBHeHue Ditnepa-Jlarpanka Hy>KHO COCTaBJISTh /IS JarpaHKuaHa

L*6) = L)+ 2000+ 001 = 25026 ),

A4(t)s
rIe X(t) " u(t) - IPOU3BOJIbHBIE (DYHKIIHU.

YpaBuenue Jiisiepa-Jlarpanxa

DKCTpeMallbHble KpUBBIE JOJIKHBI YAOBIETBOPATh ypaBHEHHUIO ODilnepa-Jlarpanixka, KOTOpoe B
Clly4ae U30TPOMHON KPUBOM 3aMMIIETCS B BUIE

5 4 3 2
d_|_* d” d [ _d_

d
4 58 gt @ T

@ <" dsz L;., +E L;. - L; = 0 (12)
k

Boruncnus ¢ nomotpio (4) BEIMUHUHBI Py L, 1 ucrnonb3ys (5), Hoayanm
S X

ds* x

(-18f"+6 2 +8g —30uf +300 )+ (3 +4p’)y, — (10 +30u)y, +(—5F"+20 ff “+5¢')y, =0.

[pupaBHuBas K HyT0 KoddbuimenTsr npuy, u Y, Haxomum, uro f'=0. W3 paBencrsa

Hymo kodddurmenrta mpu Y, mpugem k §'= 0. MTak, moirydeH OCHOBHOH pe3yibTaT:
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Ymeepoicoenue 2

Ha skcTpeManbHO#M H30TPOIHOM KpUBOM HHBApUAHTHI f M  MOCTOSIHHBL.
Ecnu xe teneppb 3anucarb ypaBHeHue Oinepa-Jlarpanka (12) ¢ momomipio X U €ro mpous-
BOJHBIX, TO IMOJIYYUM YPaBHEHUE IKCTPEMAJIbHBIX U30TPOIHBIX KPUBBIX:

f2+g)x® -5x" 42262+ g+x)=0.
CrpaBeiuB TaKKe B pe3yibTaT, OOpaTHBIA Y TBEPKIACHUIO 2:
Ymeepoicoenue 3

Eciu y u30TponHoii KprBOit HHBApHAHTHI f U § TIOCTOSIHHBI, TO OHA SBJIAETCS YKCTPEMAIIBIO.
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L. N. Krivonosov, V. A. Lukianov

EXTREME CURVES ON 4-DIMENTIONAL CONFORMALLY CONNECTED SPACE

Nizhny Novgorod state technical university n.a. R.E. Alexeev

The movement of electron in atom is free, otherwise it would radiate. Free movement, i.e. movement by
inertia, without influence of forces, is geometrically treated as movement along the extreme curve of an arch length
functional. In Minkowski geometry such extreme curves are straight lines only, that obviously doesn't match with a
trajectory of electron in atom. The nearest generalization of Minkowski geometry is the geometry of a 4-dimensional
conformally connected space. Locally these two geometries have identical structures, but distinction in their global
structures leads to existence of rather difficult extreme curves in conformally connected space, which can be used for
free movement modeling of boson elementary particles.

In the article extreme curves of two kinds are studied: time-like and null. Time-like curves are characterized
with three functions of arch length: m, ¢, and p, which for extreme curves are expressed with the help of elliptic
Weierstrass function. Null curves are characterized with two functions of arch length: f and g, which for extreme curves
appear to be constant. Such null curves could model the movement of graviton, but the absence of experimental data
about its properties does not allow us to tell anything about the correlation of this model with reality. Unlike graviton,
experimental data about photon are very rich. But authors did not manage to cope with calculating difficulties when
researching a flat extreme null curve, which could model photon movement, since photon is a flat wave. Though the
authors know the lagrangian for the flat null curve, it is not included in the article.

Extreme curves in 4-dimensional conformally connected space were studied in work [1], but some computing
mistakes were committed in it. In this article all mistakes are eliminated and some formulations are specified.

Key words: conformally connected manifold, Weierstrass elliptic function, Euler-Lagrange equation, extreme
curves, null extreme curve, time-like extreme curve.



