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Me KW IOTeHIHAa.
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KaK OINBLITHRIA IIearor MacTepPCKH PacKphIBaeT Ilepel YuTaTeseM KpacoTy Mupa

;@HHH MHPA. Haxosen, aTy JUTepaTypy OpPOCTO MHTEPECHO YHUTAThH, YYBCTBYSH,

(QU3UKH.

YuuTbiBas, UTO MHOTME M3 9THX H3/IaHUI ceifyac aBnAioTea Oubauorpagpu-
YECKOiH PEeAKOCTRI0, U MOHKMMAA BaKHOCTh (DOPMHPOBAHHA IEPCIEKTHBHBIX ILIa-
HOB M3JAHHA U IepepaloTKU CYIIEeCTBYIONUX YYeOHHKOB H y4eOHBIX ITOCOOMIi,
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KOTOPYIO BOHmyT aydinue y4yeOHBIE M3JAaHUA IO (DHBUKe [JJIA BBICIIHX y4eOHBIX
3aBeieHHi, N0 KOTOPHIM H3ydaad (U3MKY MHOTHE IIOKOJEHHs HaIlUX H 3apy-
0EKHBIX CTYJEeHTOB. ITH KHUT'H HeM3MEeHHO IPHCYTCTBYIOT B CIIMCKAX OCHOBHOM
M JOMOJHUTENbHOH JHTEepaTyphl B IPHMEPHBIX IporpaMMax no (usuke s
GOJIBIIMHCTEA HAIPABJIEHHH U CIIEIHAIbHOCTEH, 110 KOTOPEIM BeJEeTCH IOJArOTOB-
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oOpasoBaTebHBIMU CTAHJAPTAMM, C COBPEMEHHBIM YPOBHEM HAy4YHO-METOLHYe-
CKOIl TePMHMHOJIOTHH M COJep:KaTelbHOH 0askl AMCIMIUIMHBI, BKJIOYAd TeXHH-
yeCcKuil ypoBeHs (DH3HUYECKOT0 SKCIEPUMEHTA M TEOPETHKO-MaTeMaTHYeCKUit ypo-
BEHb JeIYKTHBHBIX BBLIBOJOB.

Bce moskesaHus W 3aMeuaHMsA Mo yuyeOHBIM H3JaHMAM cepuu <«HKiaccude-
cxasa yuebHas nutepatrypa nmo ¢usuke» OyayT ¢ O1arofapHOCTBIO NPHHATHL H
pacemoTtpersl 8 HMC mo ¢usuke u B MapatenbctBe «JlaHb».
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NNPEUCJIOBUE

Tperbe uznanue nepsoro toma «Kypca ofueit ¢usnku» nouytd He
OTJIMYAEeTCH OT BTOPOro H3AaHHsi. BHeceHbl JIHIIL HEOOJLIUHE HCIpaB«
JIEHHS] H YTOYHEHHsi, B OCHOBHOM TEKCT OCTaJICsl NPEXKHHM,

Ilpn nanucaHuu Kypca Mbl CTPEMHJIHCH NPENCTABHTH (PH3HKY He
KaK «3yOpHJbHYIO» HayKy, He KaK HEKOTODHIH 00beM HH(OPMALMH, KO-
TOPHIA HYKHO YCBOHTB, @ KaK OYeHb YMHYIO, JIOTHUHYIO H KPACHBYO
Hayky. B kakofi cremeHH HaM 3TO YJAaJoCh — CYAMTb YHTATEMO.

Xopolo co3HaBas, 4TO NyXJOe PYKOBOACTBO CAMHM CBOMM BHJIOM
AEHCTBYET Ha CTYJ€HTa YAPYYaIOlle, Mbl CTPEMMJIHCH 10 BO3MOXHOCTH
OTPaHUYUTL 06BEM Kypca. DTO JOCTHTaloch MyTeM TILATEeJLHOrO OT-
6opa MaTepuasa, KOTOpPbIH, MO HalleMy MHEHHIO, CJIe0Ba/IO BKJIKOUHTH
B TpeXTOMHHK. Kpome TOro, Mel crapajuck ObITh KpPaTKMMH (HO He
B ymep6 sICHOCTH H3JIOMKeHHs1).

HecMmotpsa Ha crpemiieHHe K COKpauleHHIO o6beMa, MBI COWIH Heof-
XOIMMBIM BKJIOUMTH B KypC Psifi MaTeMaTHYeCKHX MaparpagoBi O Bek-
TOpax, JUHeHHHIX AH(dbepeHLHalbHBIX YPaBHEHHSX, OCHOBHHIX MOHS-
THAX TEOPHUH BEPOATHOCTEH W T. Ai. DTO CAENAHO AJIS TOIO, YTOOLI MpH-
lath COOTBETCTBYIOIMM MOHATHAM H COOTHOIIEHHAM «(H3HYECKYIO»
oKkpacky. Kpome Toro, mareMaTHYeCKHe «BKJIIOYEHHs» MO3BOJSIOT NpH
H3NOXEHHH (PM3HKH IBHraThcs Jalblie JiaXke B TOM cliydyae, ecsd (Kak
9TO 4acto ObIBaeT) B Kypce MaTeMaTHKH COOTBETCTBYIOUIHE MartepHal
eie He ObLI pPacCMOTPEH.

B oBnaneHnu ¢u3HKOf OrpOMHYIO pPOJib MIPAeT CaMOCTOSITEJNILHOE
pelleHHe HeTPHBHAMbHLIX 3afady. Mel He cuHTaeM 1e/1eco06pa3HEM
noMemaTh 3afayd B OCHOBHOH Kypc. JIyuiue JOnojHATe y4yeGHHK OT-
JeNIBHO H3JaHHLIM 3aflayHHKOM. TakuM JlonojiHeHHeM K ganHomy «Kyp-
cy obelt dusnku» cayxut «COOpHHK BONPOCOB M 3amay 110 ofiekt (u-
suke» M. B. CaBenbeBa, BeINylIeHHEI H3aaTeabcTBoM «Hayka» B 1982 r.

Duspka TpeGyer OT yuyailerocs OGAyMBIBaHHS, Pa3MBILNIEHHI,
B ycBoenun martepuaina OCHOBHYIO pOJlb ZOJDKHA MTPaTh MAMATH JIOTH-
ueckKas, a He (opMasibHas, 3anoMHHaHHE NOJMHO AOCTHUIAThCS 4Yepes
ray6okoe noxnManue. Ilpexze uem npucTynuth K pasbopy BBIBOAA
KaKOro-IH00 COOTHOLIEHHS, MNOJIE3HO NOPAa3MBLICIHTL HaJ TeM, KaKuM
MOXeT ObITh 3TO COOTHOLIEHHE, NpPEeACTaBUTh cefe, OT KaKUX (akTopoB
H KaK MOXKeT 3aBHCEeTb paccMaTpHBaeMasi BeJIHUHHa.
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Tpu paGote Haj KHMrOH clefiyer obpaliarh BHHMaHHE Ha NPOCTOTY
(ecy OHA HMEET MECTO), CHMMETPHIO H KPacoTy MOJIyYeHHBIX pe3y/bTa-
TOB, TBITATBCA OLLYTHTb, YTO HCTBITHIBAJ TOT WJIH MHOH yYeHbIH, Clie/laB
OTKPBITHE MJIH NOJYYHB BaXXHBIH Pe3yJbTaT.

VueGHUK (QUBKKH HEMb3s YHTATH JIEXKa HA IUBAHE», Hall HHM HYXHO
paboTaTh «c KapaHAaloM B pyKax». TOJNBKO npu OCMBICIEHHOM, BAYM-
YHBOM TPY/E NpoLecc H3ydeHHsi GHIHKH MpeBpalaeTcs U3 Ts FOCTHOH,
6e3pajOCTHOH O00sI3aHHOCTH B  YBJIEKAaTeJbHOE, 3axBaTHIBawoLlee 3a-
HSITHE.

JlauHB Kypc npeiHasHaueH B NEpPBYIO ouepeib VI BTY30B € pac-
wrpeHHoi mporpammoii no ¢usuke. OAHAKO H3JIOKEHHE NOCTPOCHO
TaK, 4To, ONYCTHB OTAEJBbHEIE MeCTa, 3TY KHHIY MOXHO HCIOJIB30BaTb
B KauecTBe YYeGHOro MOCOOHsSi VI BTY30B C OOBIYHOH NporpaMMmo#i.
B npeAnoc/NaHHEIX OCHOBHOMY TEKCTY METOAHYECKHX DEKOMCHIAUMAX,
Hapaay C APYTHM MarepHalioM, NpPHBENCH OPMEHTHPOBOYHEIH IepeyeHb
Kyriop (T. €. H3bsITHH, COKPAIICHUK B TeKCTe), KOTOPbIe MOXKHO clieaTh
B c/lyyae HEJOCTaTKa BPEMEHY Al H3YUeHHsl KHHUIH B IOJIHOM obneme.

Mocksa, asryct 1985 r.

H. B. Casenses

METOAWYECKHME PEKOMEHJALHWH

B HacTOALIMX PEKOMEHAALMAX COAePHKATCS YKA3aHHA HA TC CTOPOHDI B CYUIECTBE
HEKOTOpBIX BONPOCOB, Ha KOTOpbie 00HIY O He 00PaLlaeTcst AOHHOrO BHHMARHS. Kpome
TOr0, NPHBOAKTCS. OPHEHTHPOBOUKBIH Iepeyerb naparpadoB JHGO OTAeNbHBIX a63aues,
pacCMOTpeHHe KOTOpHIX He 00A3aTe/bHO B C/lyyae HEXBATKH BpEMCHM HA HayyeHHe
Kypca B MOJHOM oObeme. DTOT INepeyeHb OTPaXKAET JMHUHYIO TOUKY 3pEHHA aBTopa
H HOCHT JIHIIb pPEKOMeHJaTelbHEIl Xapakrep.

1. Muorne QuaHuecKHe BeJHUHHBI SBJASIOTCA BEKTODHEIMH. [MosTomy xopoulee
yCBOEHHE CBefleHHi O BEKTOpaX, COAEPMALUHXCA B § 2, aBnseTca HeoOXOAMMOH Mpes-
MOCHIIKOM ycnewHoif paGoTsl Hajm KHHTOH.

CrellyeT o6paTHTh BHHMAKMe HAa HETOXJECTBEHHOCTb BeIpaenuit |Aa| (unu |da])
¥ Aa=A|a| (win da=d|a|). UHorna BCTpeuyacTcs CMELIEHHE STHX ABYX BhIpaXKeHHil.

2. TlousTie cperero Hrpaer B GHSHKE BaXHYIO POJb. [To3TOMY HYXHO JOOHTBCA
xopotuero ycsoeuns dopmyd (3.20) — (3.22). Cnenyer NOMHHTb, 4YTO CpeiHHe OLIBAIOT
paskbie: MOXHO FOBOPHTEH O CPEHEM 110 BpeMeHH, CPEJHEM M0 OTPESKY JHHHH (Hanpu-
Mep, IO Y4acTKy TPaeKTOpHH), MO MOBEPXHOCTH, MO ofnemy, CpeiHeM Mo YacTHIAM
H T. I.

Tlosieato NMOMHKTB, UTO CpeAHee MO NMepHoly OT KBajpara CHHyCa HJIH KOCHHYCa
paBko 1/2. D10 H36aBKT B pPsiAE C1Y4aeB OT HeoOXOMHMMOCTH BLIYUC/IATE COOTBETCTBY IO+
l{He HHTErpasbl.

3. BMeCTO HeOJHO3HAUHOrO TePMHHA «H3MeHeHHe» HYMHO [10/1b30BATECS TOUHLIMI
TepMHHAMH «rpUpatlesyes i <yObinb» (CM. MOACTPOUHOE MpHMeUaHKeE Ha cTp. 77). Hacro
BCTpeyalolieecs IpefyGeskieHHe POTHB STHX TEPMHUHOB OGYCJIOBIEHO TeM 06CTOATE b~
CTBOM, YTO TEpPMHH SIPHPALICHHE» ACCOUMHMPYETCs C YBeJNHYEHHEM, BO3pACTAHHMEN
BeJIMUMHBI, 4 TEMHH <YGBLIb» ACCOUHMPYETCA C YMeHblIeHHeM, YOLIBAHHEM BeIH I b,
STH accoUMaUHH HEMpaBOMEPHEl, MX Hafo OTOPOCHTb H HCXOAHTL H3 ornpefe/eHuit:

npupalienie = Agopeyn — Tuauannit — Aa (umu da),
yOLIIb = payansn — Gxonedn — Aa (wan —da).

U3 onpepelnenuil BHITEKAET, UTO H MpHpALLEHHE, H yOBUIB ABJSAOTCA anre6panyecKHMH
BeJIHYHHAMH, T. €. MOLYT GBITb 1€ TOMBLKO MOJOXKUTENbHEIMH, HO M OTPHUATE/BbHDIMIL.
B cayyae OTPHUATE/LHOTO MPHpAlleHHs JaHHAs BeIH4HKA He BO3PACTAEeT, a yMeHbLua-
eTcst; B C/yyae OTPHLATENbHOM YOBUTH JaHHAS BeIMUHHA He yMEHbLUAETCH, a BO3pacTacT.
UroBH MOKA3aTh HEIOCTATOMHOCTh TEPMHHA <«H3MEHEHHe», COMOCTaBHM B

(opmyJIbL:

Ap=To—T=AT (cm. (19.11)),

A12= UI—-U2=— AU (CM. (22.!)).

B nepsyto opMyJ1y BXOAMT T p ¥ pdUle H H € KHHeTHYeCKOM 3HepPrHH, BO BTOPYIO —
y 6 biJI b NOTEHIHANLHOH SHEPTHH. EcsH nofb30BaThCsl B 0GOHX CIyyasX TePMHHOM
«M3MEHeHHe», TO XapaKTep M3MEHEHHSI OCTAETCS HEONPEJe/ICHHDIM.

4. B § 14 «Ynpyrue CHIE» MOXHO OTPaHHUHTLCH H3YUCHHEM TOJBKO MepBblX
ab3aneB, B KOTOPHIX HAET peub O 3akone ['yKa I NpyHHHEL. OcTanabHYI0 YacThb napa-
rpata, Hauunas c abuasa, B KOTOPOM NPHBOAHTCA ¢dopmyna (14.3), MOXKHO ONYCTHTE.
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CootsetetBenno B § 20 «PaGoTa» MOXHO He pacemaTpusath dopmyay (20.3), a B § 25
«JHeprus ynpyroi aedopMaiulH» MOMXHO HC paccMaTpHBaTh Gopmyist (25.2) — (25.5).

5. Iaparpadm 30 «[lBHKeHue B LeHTpaabHOM noje cua» i 31 «3anaya asyx Ten»
MOMKHO ONYCTHTb.

6. B § 34 «Cuna KopuoJmnca» MOXXHO OTPaHHYHTRCH BEIBOIOM hopmyart (34.3) s
csyuasl ABHIKEHHS TeJa 110 OKPY2KHOCTH M BLICKa3aThb 6e3 I0Ka3aTeJIbCTBa YTEepKIeHHne
0 TOM, 4TO 3Ta (opMYJa CNPaBCATHBA M B JIo6OM ApYyroM cayuyae. Yacts naparpada,
HauKHaoIyoCs ¢ a63ana, B KOTOPOM colepures gopmyna (34.4), H 3aKanyHBajolLyio-
ca absaueM, B KOTOpoM AaHa dopmyna (34.16), MOXKHO HCKJIOYUHTL.

7. INaparpad) 35 «3aKOHEI COXPaHCHHS B HEHHEPILHANBHEIX CHCTEMaX OTCYETa®
MOMHO ONYCTHTb.

8. Ilaparpad 40 «ITongTHe 0 Ten3ope HHEPIHHY MOXHO HCKJIOUHTB, PABHO KaK H
BTOPYIO uacth § 41, B KOTOpOH BLIBOAMTCS BhIpa)<eHHe KHHETHUECKOil SHeprHH yepes
TeH3op HHepuHH. Oauako ciaenyerT 06paTHTh BHEMalHe yYallHXCcs Ha To, YTo gopMy.Ja
(41.1) cnpaBeAsiHBa JIHIUL B HEKOTOPHIX OCOOLIX caryyasx (cM. noclefHui asan § 41).

9. Iaparpad 44 «'HpOCKOML MOMHO HCKJIOUHTD.

10. B § 46 «[paBHTAaUHOHHOE TIOJE» MOXHO OMYCTHTh BTOPYIO 4acTb, HauHHaic-
mylocss ¢ ab3ana, caelyiolero 3a dopmysoi (46.7).

11. B § 47 MOXHO ONYCTHTE ONHCAHHE ONKITa JTBella.

12. B § 60 «Buny:xuennsie Kone6aHHA» JOCTATOYHO PACCMOTPCTh TOJILKO OfHH H3
JABYX IPHBEICHHBIX croco6oB HAXOMACHHS YaCTHOLO pelleHHs: Jubo crnocob, Henosb-
3YIOUMI  KoMNsieKenylo (YHKLHIO, JHGO C€nocol, HCNoJb3YIOUHMI BEKTOPHYIO fHa-
rpamMmy.

13. B § 63 npeoGpasoeanus Jlopenia Moxuo AaTh Ge3 BhBoja. LleneccoGpasHo
3aNOMHHTh 3TH NpeoGpazoBarns B gopme (63.17).

14. B § 68 BriBon (opmyanl (68.4) MOMHO ONyCTHTB.

15. I'mapy IX «['mapojunamMika» B MHHHMaJbHBIH BapHaHT NPOrpaMMbl MOMXHO
He BKJIIYaTh.

16. B § 95 «HUHca0 y1apoB MOJEKYJ O CTEHKY» MOMKHO OTPAaHHYHTHLCH YI1pOIICH-
HEIM BBIBOIOM dopmy.bt (95.7), OTMeTHB, uTO GOJee CTPOTHE BEIBOA NMPHBOJAHMT JHIIb K
GoJiee TOYHOMY 3HAHEHHIO YHCJIOBOro xosdduumenta: 1/4 Bmecto 1/6. Texer xe, co-
Jepaawuit GopMyan (95.1) — (95.6), MOXHO HCKJIIOYHTS.

17. B § 96 «llaBjenHe rasa Ha CTEHKY» TaKiKe MOXKHO OTPaHHYHTHCH BHIBOJIOM
dopmyaint (96.4), onycTHB BRIKJIA[KH, npHBoAsmHe K dopmynam (96.1) u (96.2). Cie-
AYeT NOAYEPKHYTh, 4YTO, HECMOTPSA Ha anOﬂl@HHbIﬁ BHIEOJ, Pe3yabTaT LaA JaBJIeHHA
NOJyYyaerTcs TOYHLIM BIVIOTH JIO 3HAUYeHHS YHCIOBOTO KosddHuueHTa.

18. B § 98 «Pacnpeneneniie Makceesa» MOXHO He pacCMAaTPHBaTh BLIBOX (Y HK-
1ui (98.13) 1 (98.14), a TaxxKe BHUKCJEHHE SHAUEHHST HOPMHPOBOYHOIO MHOXHTe R A
H HaxoxjeHHe Bpamennus (98.26) ans cpeaueli CKOpOCTH MOJEKyd.

19. B § 103 «3nTponHs» MOMXHO ONYCTHTb TEKCT, HauMHawouwuiicg c¢ a6aana,
caenyomero 3a gopmydaon (103.4), u sakanunBapmnbiicas nepen dopmyoit (103.20),
OrpaHHYMBINHCE YTBepKAerHeM: «MoxHO noKa3aThk, YTO B X0Jle 06paTHMOro npotiecca,
COTpPOBOXKJatolierocsi cooGLIeHHEM CHCTeMe HSBHe KoJHuecTBa Tenna d'Q, SHTpONHS
CHCTEME! [IOJIY4YdeT nMpHpalulenye, onpenensieMoe dopmynoi (103.20) (noxyyaronias us-
BHE TENJO CHCTEMAa $BAAETCS HEH30JHDOBAHHOII, MO3TOMY ee SHTPONHs He o6s3aHa
COXpaHaTeC B XOfie IpoLecca)y.

20. Iaparpager 106 u 108 MOXHO ONYCTHTE.

21. B § 109 «TepmonunaMuyeckHe NOTEHIHAJED MOXHO OFPaHHYHTBCH PaccMOT-
peHleM JIHIUB TeKCTa, OTHOCSUErocs K cBoOOAmoil sHepriH, Ao dopmysibr (109.12)
BKJIOUHTEJILHO.

22. B § 111 «Knaccudukauns KpUCTAJJIOBY HE CJAELYeT CTAapaThCi 3anOMEHTH
Ha3BdallHSl H OnpeicleHHA Kpucranﬂorpa(bm{ecmix CHCTEM.

23. Tlaparpad 113 «/ledexTsl B KPHCTaAIaX» MOXKHO HCKIIOYHTD.

[ToguepkueM eue pas, uTO MPHBEJEHHEI NepeyeHb COKpAlleHHil ABJserces cyryGo
OPHCHTHPOBOYHLIM. B 3aBHCHMOCTH OT OGCTOATC]ALCTB OH MOXET OLITE H3MEHEH HJH
pPaclinped IO YCMOTPEHHIO Mpenojaeareds,

BBEJEHHE

du3uka ecTh HayKa 0 Haubosee OOUIHX CBOMCTBAaX H
(opmMax NBHMKEHHS] MaTepHH.

Kaaccuueckoe onpesetenue matepun gano B. M. Jlenu-
HbIM B €ro KHure «MarTepHaju3M H 3SMIIMPHOKPHTHIH3M»:
«Matepusi ecTh Quiocodckast KaTeropus i 0603HAYEHHs
06BEKTHBHOM PeasbHOCTH, KOTopasi AaHa YesIoBeKY B Ollyie-
HHSIX ero, Kotopas Komupyercsi, ¢ororpadupyercsi, oro6pa-
JKaeTCsd HaIUMMH OLLYINEHHMSMH, CYLIECTBYsI HE3aBHCHMO OT
Hux» 1). B 3TOM onpeneseHnH CyLIECTBEHHBI Ba NOJIOXKEHH S
1) MaTepusi — 3TO TO, YTO CYIIECTBYeT OGHEKTHBHO, T. €.
He3aBHCHMO OT Ybero OBl TO HH ObLJIO CO3HAHHs HJIH OlLyLIe-
HHE, H 2) MaTepusi KONHpYyeTcs, oToOpaikaercs HallHMH
OLYIEHHsIMH H, CJIefloBaTeJbHO, IMO3HaBaema.

W3 onpepeneHust (GUM3HKH CJIefyeT, YTO B HeH COCpeno-
TOUHBaeTCs] yuyedHe O HanGosee OOMHX CBOMCTBAaX H sBJe-
HMSX BHeELIHEro Mupa. Kak oTMeTHJs B ONHOHM H3 CBOMX CTa-
teit akagemuk C. Y. BaBusios, «npefeibHas OOMHOCT 3HA-
YUTeJILHOH YaCTH COZepKaHis (QH3HKH, ee (aKTOB H 3aKO-
HOB WCKOHM cOamxana ¢usuky c ¢umaocodueir... Minorna
¢u3nYecKHe YTBEepXKjeHHsl IO CBOEMY XapakTepy TaKOBbI,
YT0 MX TPYAHO OTJMYMTD M OTHENHTbL OT (QHIOCOPCKHX
yTBepKJeHHH, M (UMK 00832aH ObITH (PUIOCOPOMD.

B nacrosimiee BpeMsi H3BeCTHBI B2 BHJAA MaTepHH: Be-
mectBo ¥ moJsie. K nmepsomy BHAY MatepuH — BeIIECTBY —
OTHOCSITCSI, HalpHMep, aTOMBI, MOJIEKYJILI ¥ BCE IOCTPOEH-
HBle H3 HHX Teja. BTopoil BU MaTepHH 06pasyioT 3JeKTpo-
MarHWTHBIE, TDaBHTALHOHHblE H Apyrue moJsi. Pasinunbe
BHIBI MaTepHH MOTYT NpeBpamlaThCs Apyr B apyra. Tax,
HanpHMep, 3JeKTPOH M MO3UTPOH (IIPeiCTaBJIsioLye COOOH
BelIeCTRO) MOTYT NPeBPaulaThcs B OTOHH! (T. €. B 3JEKTPO-
MarHuTHOe mnoJjie). BoamoxkeH M OOpaTHBIA Mpoiecc.

1) B. Y, Jl e u u u. Tlonroe cobpanue counrenni, . 18, crp. 131,
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BBEJEHME

Matepuss HaXOOHMTCA B HeNpepHIBHOM JBMXKEHMH, TIIOA
KOTOPHIM B JMaJIeKTHYECKOM MaTepHaJiu3Me ') NOHHMaercs
BCsIKOe M3MeHeHHe BooOule. [IBHIKeHHe npejcTaBiser co6oi
HeoTheMJIEeMOe CBOHCTBO MaTepHH, KOTOPOe HeCOTBOPHMO
H HEYHHUYTOXHMO, KaK H cama Marepus. Martepus cyiect-
ByeT H JBHXXETCsi B NPOCTPAHCTBE H BO BPEMEHH, KOTOpHIE
ABJSIOTCH (GopMaMH OBITHS MaTepHH.

du3nuyeckye 3aKOHBI YCTAHABJIUBAIOTCS] HA OCHOBe 0606-
LIeHHA ONBITHEIX (PAKTOB H BHIPAKalT OOBLEKTHBHBIE 3a-
KOHOMEpPHOCTH, CYIIECTBYIOUIHE B INpHpPOJie. IDTH 3aKOHH
00blyHO (OPMYJAHPYIOTCS B BHIE KOJHYECTBEHHBLIX COOTHO-
LIeHKH MeXAy PpasyIMYHBIMH BeJIMYHHAMH.

OcHOBHEIM METOJOM HCCJIeNOBaHHsl B (H2HKe SBASETCA
ONBIT, T. €. HabJIofieHHe HCCJelyeMOro sBJeHHsi B TOYHO
KOHTPOJIUPYEMEIX YCJOBHSX, IO3BOJAIOMIMX CJEAHTH 3a
XONOM fIBJIEHHSI H BOCCO3/1aBaTh €ro Ka)i/lbid pas npu mo-
BTOPEHHMH STHX YCJOBHH. JDKCNEPHMEHTAJbHO MOTYT ObITh
BbI3BAHBl fIBJIEHMS, KOTOpDbIE €CTeCTBEHHO B IIPHpPOJE He
Habusronaores. Hanpumep, M3 uucsia M3BeCTHHIX B HacTos-
iee BpeMs XHMHUYECKHX 3JIeMEHTOB 0oJee IeCsiTH B IPHPOJe
noKka He OOHApy»KeHbl M OBIIH IOJYUYeHBI HCKYCCTBEHHEIM
nyTeM C IOMOILBIO SAEPHBIX peakuH.

Jnsi o0BbACHEeHHS 3KCNepHMeHTaNbHbIX JAaHHLIX NpHBJe-
KalTCad THMOTe3bi. I'Hrore3a — 3T0 HayuyHOe TNpeanoJoxKe-
HHe, BHIIBHTaeMoe IJI9 OOBSCHEHHA Kakoro-iubo ¢akra
HJIH fIBJIeHHS M Tpebyioulee NPOBEPKH H J0Ka3aTesIbCTBA
JJISE TOro, 4TOObI CTaTh HAy4YyHOH TeopHel HJIH 3aKOHOM.
IlpaBU/IbHOCTL BBLICKA3aHHOH THIMOTe3bl NpPOBEPseTCs NO-
CPEeICTBOM IOCTAHOBKHM COOTBETCTBYIOUIMX OMNBLITOB, NYTEM
EBISICHEHHSI COTJIACHSA CJIeACTBUH, BHITEKAIOIINX H3 THIIOTESHI,
C pe3yJIbTaTaMH ONBITOB W HaGMIONCHHH. YCHelHo npoues-
1wasg TaKyl NPOBepKYy M JOKasaHHas IMIoTe3a npeBpalia-
eTcsl B Hay4HBIH 33aKOH WJIH TEOpHIO.

®usuyeckas TeOpHs NpeACTaBaseT co0oi CHCTeMy OcC-
HOBHBIX HJeil, 0006LIAIOMHUX ONBITHEIE JaHHLEIE H OTpaxKa-
IOMX OOBEKTHBHbIE 3aKOHOMEPHOCTH NpHpPOAL. Pusnye-
CKasl Teopus JlaeT OOBLACHEHHe IesloH 00/1acTH sIBJE€HHH
NPHPOJBLl C EeNHHOH TOYKH 3pEeHHs.

1) [uaneKTHYECKHH MaTepHanuaM— GuiIocopuss MapKcH3Ma-JeHH-
HH3Md, HayYHOE MHpOBO33peHHe, BceoOlMii MeTOL NO3HaHHA MHpa,
HayKa o0 HauGojee OGLIMX 3aKOHaX JBWXKEHHMA M Pa3BHTHMsA IPHPOAHI,
obulecTBa H MblULIeHHs, JHaleKTHYECKHH MaTepHaJH3M OCHOBBIBAETCS
Ha JOCTHXEeHHAX HayKH H NepefoBOif oOOLIeCTBEHHOH TPAKTHKH, TO-
CTOSHHO pa3BHBaeTcs H o0OramaeTcs BMecTe C KX IPOrpeccom.
JluaneKTHYeCKHH MaTepHasH3am — BhICIIan popMa MaTepuanusma, npes-
cTapisfoulas co6oi MTOr BCeit MpeauecTBylouled HCTOPHH PasBHTHSA
¢unocopekoli MBICTH.

BBEJEHHE

Du3MKY TOAPA3AEIAIOT Ha TaK HA3BEIBaeMYIO KJjaccHyec-
Kyio (usuKy M (uSHKY KBaHTOBYIO. Kiaccuueckoi Hasbl-
Baercs Ta (hM3HKa, CO3JaHHe KOTOpOH ObUIO 3aBepLICHO
B navanme XX croserusi. Hauano KiaccHueckoil (pHSHKH
6610 mosoxeHo HeloToHoM, copMyTHPOBABLIHM OCHOBHEIC
3aKOHBI KJIaCCHUECKOH MeXaHHKH. HproToHOBCKasi MEXaHHKa
OKa3aJ1aCh H4CTOJNbKO IJIOZIOTBOPHOM, HACTOJIBKO MOTYyLie-
CTBEHHOH, YTO Y (M3UKOB CJIOXKHJIOCH MpEeACTaB/IeHHEe
0 TOM, 4TO JI00Oe (PU3HUECKOe SIBIEHHE MOXHO OOBSACHHTH
C TIOMOIUBIO HBIOTOHOBCKHX 3aKOHOB.

Co3naHHOe K KOHIY NpPOIWJIOro CTOJIeTHsi 3[aHHe KJac-
cuueckoii (u3MKH GbUIO OYeHb CTPOHHEIM. DBOJIBIIMHCTBO
(hH3UKOB OBLIO YOEXKIEHO B TOM, YTO OHU yXKe 3HAIOT O NpH-
poje Bce, YTO MOXKHO GbuIO y3HaThb. OnHako HaubGoJsee npo-
HunaTenbHele GU3UKM NOHHMAaJH, YTO B 3[aHHM KJaccHye-
cKolf (M3HKH ecThb cyiabble MecTa. Tak, HampHMep, aHIVIHi-
ckuil ¢usuk Y. Tomcor (oH xe Jopa KesnpBus) rosopud,
YTO Ha ropu3onTe 6e306/1a4HOro HeGa KJIaCCHYECKOH QH3HKH
HUMEIOTCS fIBa TEMHBIX O0Jayka: HeyJaya MOMbITOK CO3/a-
HUS TEOPUH U3J1yYeHHs aGCOJIOTHO YEPHOro TeJsia H NPOTHBO-
peuuBoe IoOBeieHHe 3(Hpa — THIIOTETHYECKOH Cpeasl, B
KOTOPOIl MPeAnoJarajoch pacnpocTpaHeHHe CBETOBBIX BOJH.
Hacroliunpbie NONBITKH NPEONOJETh 3TH 3aTPYAHEHHS INpH-
BeJAH K HEOXHAaHHLIM pesyabrataM. s Toro yroGHl pe-
IUUTE NPOGJEMBI, OKa3aBLIMECs HEeMOCHJ/bHbIMH JJISl KJIaCcCH-
yecKOH ()H3HKM, NPHIIIOCH KOPEeHHBIM 00pa3oMm MepecMor-
perb CJIOMKHBLIHECS, MPUBLIYHEE TPENCTABJIEHHS H BBECTH
MOHATHS, YYXX/Ble AYXY KJjaccuyeckoll ¢uauku. Bsens
peACTaB/ieHHe 00 HCNYCKaHHH CBeTa OTHEJbHbIMH TNOPLH-
SMH — KBaHTami, Makc ITnask (1858—1947) B 1900 r.
pelina 3ajgayy o6 M3Jy4YeHHH abCOJIOTHO YEPHOro TeJa.
Takum o6pasom, Ha nopore XX CTOJIETHsI NOSBHJIOCH TIOHSI-
THE KBaHTa, Mrpaiouiee B COBPEMEHHOH (U3HKE HCKIIOUH-
TEJIBHO BAXXHYIO POJIb M NpHBE/Uee K CO3/IaHHI0 KBaHTOBOH

MeXaHHKH,

ITpoTIBOPEUHBOCTh ONBITHBIX (DaKTOB, KACAIOWUXCS S(H-
pa, no6yuiaa Anp6epra ditniuteiina (1879—1955) nepecmor-
perb cunTapuipecsi co BpemeH HblOTOHa OYEBHMIHBIMH MpPEX-
CTABJEHHS O TNPOCTPAHCTBE W BpEMEHH. DTO INPHBEJO K
CO3/IaHHIO TEOPUM OTHOCHTEJIbHOCTH, KOTOpas JaeT AJIS Tel,
ABHKYIIUXCS CO CKOPOCTSIMHM, 3aMETHBIMH MO CpaBHEHHIO
CO CKOPOCTBIO CBETa, YPaBHEHHS IBMKEHHs, CYLIECTBEHHO
OTJIHYAIOIHECS] OT YpPaBHEHHH HBIOTOHOBCKOH — MeXa-
HHKH.

B 1897 r. Gbls1 OTKPBIT 3JIEKTPOH, MPHYEM BBISICHHJIOCH,
YTO 3JIEKTPOHBI BXOJAST B COCTaB aTOMOB BCeX XHMHYECKHX
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3JieMeHTOB. TakuMm o6pa3oMm, OblIO YCTAHOBJIEHO CJIOMKHOE
CTPOEHHE aTOMOB, CYHTABIUHXCH NpPEXAe HeAeJHMBIMH.

Urag, navano XX Beka o03HaMeHOBaJoCcb B (¢H3HKe
KOPEHHOH JIOMKOH LeJIOro psjia MNpPHBBIYHBIX NOHATHH H
npeacrabiesuii. HoBrle ¢u3uyecKHe OTKPHITHSA H TEOpHH
paspyliajiy CJOMXHUBIIHecs: y (DM3HKOB IIPEACTaBJIeHHS O
CTPOEHHH BelleCTBa, YTO ObLIO BOCHPHHATO HEKOTOPHLIMM
¢dusHKaMH KaK HCYe3HOBeHHe MaTepuH. MHorke (H3HKH
Blai¥ B HJeaNu3sM H HayaJjcsg KpHU3UC (PH3HKH.

JleHHH B kHure «MartepuajiusM H SMIHPHOKPHTHIIH3MY,
HanMcanHoi B 1908 r., fAan YHHUYTOXKAIOULYIO KPHTHKY
«¢pusuyeckoro» Hueananama. OH Nokasalj, 4TO HOBbie OTKphI-
THS CBHJETEJBbCTBYIOT He 06 MCYe3HOBEHHH MaTepuH, a 06
HCUE3HOBEHHH TOrO npefiesia, JO KOTOPOro 3HajH MaTepillo
1o Tex mop. «, Martepus ucuesaer”,— nucaa B. . Jlenun,—
5T0 3HAYMT HCYe3aeT TOT Npenes, 10 KOTOPOro Mbl 3HaJ/H
MaTepHIo 0 CHX NOp, Hallle 3HaHHe MJeT raybxKe; HCUesaloT
TaKHe CBOHCTBA MaTepMH, KOTOpHle KasaJuCh paHbllie
a6COIIOTHBIMH, HEH3MEHHBLIMH, NMepBOHAYaJbHEIMH (HENpOHH-
11aeMOCTh, HHEPLMS, Macca ¥ T. A.) U KOTOpHe Tenepb o6Ha-
PYXHBAIOTCSI, KaK OTHOCHTeJbHEIE, NPHCYIIHE TOJBKO He-
KOTOPEIM cocTosiHusIM MaTtepuu. M6o edurcmeerroe | cBOII-
CTBO” MaTepHH, ¢ IPH3HaHHEM KOTOPOro CBfidaH (uocod-
CKHH MarepHasJu3M, ecTb CBOHCTBO Obirtie 00BeKmusHol
peanvHocmero, CymIeCTBOBaTb BHE HAllero CO3HaHHs» ).

Ilponecc mosHanus mupa Geckoneuen. Hamm snanus
Ha Ka)K]OH JaHHOH CTYNeHH Pa3BHTHSI HaYKH OOYCJIOBJEHbBI
HCTOPHYECKH JOCTHTHYTBIM YPOBHEM NO3HAHHSA U HE MOIYT
CUMTATBCSl OKOHYaTeNbHBIMH, MoJHBIMH. OHH Mo HeoGXxoau-
MOCTH SIBJISIIOTCSI OTHOCHTEJBHEIMH 3HAHHAMH, T. €. HYX-
JalTcs B JasibHellleM pasBHTHH, B JajbHeillleil mpoBepke
M yTouHeHMH. Bmecre c TeM, BCSIKas NONJMHHO HayyHas
TEOPHSI, HECMOTPSI Ha CBOIO OTHOCHTEJBHOCTH M HENOJIHOTY,
CONEPKHT 3JIeMeHThbl abCOJIOTHOrO, T. €. IMOJIHOrO 3HaHMf,
03HayaeT CTYyNeHb B NO3HaHWH OOBEKTHBHOrO Mupa. Hanpu-
Mep, MéXaHHKa, OCHOBaHHasi Ha 3akoHax HploToHa, ctporo
roeopsi, HesepHa. Ho 1151 HEeKOTOpOro Kpyra siBJIEHHI 3Ta
MeXaHHKa BIOJIHE YJIOBJE€TBOpHTENbHA. TakuMm ob6pasom,
pasBHUTHE HaYKH He NepeyepKHYJO0 HbIOTOHOBCKYIO Mexa-
HHKY, OHO TOJIbKO YCTaHOBMJIO TpeJeJel, B KOTOPHIX OHA
cnpaBejsuBa. HBIOTOHOBCKas MeXaHHKa BoOLIJia KakK COC-
TaBHasi 4YacTb B oOllee 3JlaHue (PU3UYecKoil HayKH.

Hauano XX Beka XxapakTepHayercsg HACTOHUYMBBIMH
NONBITKAMH NPOHUKHYTH BO BHYTPEHHEE CTPOEHHE aTOMOB.

) B. U. JI e 1 u u. Ionnoe cobpanue counnennuii, 7. 18, crp. 275,

BBEJEHUE

KiouoM K BBHISICHEHHIO CTPOEHHSI aTOMOB [OCJIYXKHJIO H3Y-
YeHUe aTOMHBIX CHeKTpoB. IlepBhlii pasuTeNIbHBIH YCrex
B OODbSICHEHHH HabJIONaeMbIX CHEKTPOB MpHHEC]Ha TeopHs
atoma, passurass Hunbcom Bopom B 1913 r. Opmako 3ta
TEOpHUsl HOCHJI2 SIBHBIE YepThl HeNoc/eJ0BaTeJbHOCTH: Ha-
PSLY C MOTYUHEHHEM JBHXEeHHS 3JIEKTPOHA B 4TOME 3aKOHAM
KJIACCHYECKOIl MEeXaHMKH, OHa HaJjiarajla Ha 3TO IBIXKEHHE
crelualbHble KBAaHTOBLIE OrpaHHYeHHs. 3a 3Ty HemocJeNo-
BaTeJLHOCTh TEOPHH BCKOpPe MPUILIOCh PAaCnIaTUThCS.
[Nocne nepBbIX YCNEXOB B OOBSICHEHHH CHEKTPa MpPOCTEH-
IIer0 aToMa — BOJOPOAa — OGHapyXKHJach HeCrnocoGHOCTb
Teopun DBopa 0ObACHUTH TNOBEJeHHE aTOMOB C JABYMs H
GOJIBIINM YHCJIOM 3JEKTPOINOB.

Haspesa HeoGXOIMMOCTh CO3JaHHSI HOBOH IEJOCTHOM
Teopuy aTtomoB. Hauasio CO3JaHHIO TaKoH TeOpHH ObUIO
nosioxkeHo B 1924 r. cmenoii runortesoit Jlyu ne Bpoias.
K Tomy BpemeHH GbIJIO M3BECTHO, YTO CBET, 6YAYYH BOJIHO-
BBLIM IPOLECCOM, BMECTE C TEM B psifie ClyyaeB 0GHApYyKH-
BaeT KOPIYCKYJSPHYIO NPHPOAY, T. €. BelerT cefs Kak
noToK 4actuil. [Ie Bpoliab BhICKa3a/ MBIC/b, YTO H YaCTHIIBL
BellleCTBa, B CBOIO OuYepelb, JAOJKHBI OOHapy»KMBAaTh MpH
onpeieIeHHBIX YCJIOBHSIX BOJIHOBBIE CBOiCTBa. [mmoresa
ne Bpoiins Bckope nosyyusia OJiectaiee sKCIepHUMEeHTalb-
HOe TOATBEpIKAEHUE: GbIJI0 NOKA3aHO, YTO ¢ YacTHIAMH Be-
IIecTBA CBSI3aH HEKHil BOJHOBOII mpolecc, KOTOPHIH JOJDKeH
6LITh YYTEH NPM PacCMOTPEHHH MeXaHHWKH aToma. Pesyuibra-
TOM 3TOr0 OTKPBITHST OblN0 cozfanue dpsuHom Hlpenunrepom
u Bepuepom IeiizenGeprom HOBOIi (U3HYECKOH TEOpHH —
BOJIHOBOM HJTM KBAHTOBOH MeXaHMKH. KBaHTOBas MexaHHKa
JIOCTHIJIA TIOPA3UTENbHEIX YCHeXOB B OObsSICHEHHH aTOMHBIX
NPOLECCOB M CTpOeHHsl Bemecrsa. B Tex ciydyasx, Koraa
yIajock MpPeoiosieTh MaTeMaTHYeCKHe TPYAHOCTH, GBLIH IO~
JIyYeHB! pe3yJ/IbTaThi, NPEBOCXONHO COrJIacyroulHecss ¢ OMbl-
TOM.

[Mocnennue aecATHJIETHSI O3HAMEHOBAJHCh 3aMedyaTesib-
HBIMH JOCTIKEHHSIMH B 00JIaCTH M3YYeHHst aTOMHOro sjpa.
YueHble ¥ UHKEHEpH! B TaKOH CTeINeHH OBJANeNH fAepHBIMH
MPOUECCaMH, YTO CTaJ0 BO3MOMKHLIM IMPAKTHYECKOE HCIOJIb-
30BaHUe siiepHoi sHepruH. CoBeTCKOl (PH3HKE NPUHALJIEKHUT
B 3T0¥ 06J1aCTH OJIHO M3 Benyliux mect. B wactHoctH, 8 CCCP
6blia co3flaHa TepBasi B MHpPe aTOMHas 3JIEKTPOCTaHUMS.

Haxonen, B nocnepune rojsl CTeHH JaGopaTopuii, CO3-
IaHHBIX pPYKaMH yejoBeKa, ObIM PasBUHYTEI 32 IMpeaesibl
semMHOro wapa. 4 oxkrsops 1957 r. B Coserckom Corose
BIepBble B UCTOPHUH Oblj 3amylleH HCKYCCTBEHHBIH CIYTHHK
3emJiH, KOTOPEIH NpPEeACTaBJs cofol He6oapLIyIO JabopaTo-
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pHIO, OCHALIEHHYIO HaVyYHO-HCCJIEI0BATENLCKON annapary-
poit. 12 anpens 1961 r. coBepluinJics nepBHiil B MHpe noJeT
yeJIOBeKa B KOCMHYECKOe NMpocTpaHcTBO. IlepBhHIM coBeTCKHIl
kocmonaBT [Opuit AnexceeBny IarapuH obJeres BOKpyT
3emnu H Gnaromosyuso npuseminicsi. B Coserckom »xe
Corose GbIIH CO3JaHBI MEPBBIE KOCMHYECKHE PAKeTHl, KOTO-
pbie NOKHHYJH chepy 3eMHOro INPHTSXKEHHS M nepenau
Ha 3eMJII0 C MOMOULBIO PaHOCHIHAJIOB LEHHLIE Pe3yJibTaThl
MCCIEIOBAHHH KOCMHYECKOro NPOCTPAHCTBA M, B YaCTHOCTH,
¢ororpagpnu obpatHoit ctopoHh! JlyHer. B 1969 r. amepu-
KaHCKHe acTpOHaBTel NnobeiBanu Ha Jlywe., B 1975 r. aBe
COBETCKHE aBTOMATHYECKHE CTaHLUMH COBEPIUHJH MSATKYIo
nocafky Ha Benepe H nepejaju LeHHYI0 WHGOpMAUMIO O
(QU3HYECKHX YCJIOBHSIX Ha 3TOH mJlaHeTe, a Takxe (oTO-
rpagHu ee NOBEPXHOCTH.

Ilocnenuue rofibl 03HaMeHOBANHCh GOJIBLIIHMH JOCTHKE-
HHSIMH B 00JIacTH (M3HKH 3JIeMEHTapHBIX YacTHLl, yNpaB-
JIIEMOrO TepPMOsALCPHOrO CHHTe3a, KBaHTOBOI 3JIEKTPOHHKH,
(H3HKH TBepJIOro Tena H T. .

XXVII cpean KommyHHcTHYeckoM napthH COBETCKOro
Cotosa yTBepauai B KayeCTBE OCHOBHOH 3aJayH YCKOpeHHe
CONHa/IbHO-3KOHOMHYECKOr0 PasBWTHS1 Hallell CTpaHbl, yIi-
poyenne mupa Ha 3emse. JlIs pelleHHs STOM 3anauM He-
o6xoiumo YCKOpeHHe Hay4YHO-TeXHHYECKOro nporpecca, B
KOTOPOM Ba)kHasi poJib NpUHAMNIEXKHT Hayke. B oGnaciu
€CTECTBEHHBIX M TeXHHYECKHX HayK Cbe3l IOCTaHOBH.I
pasBHBaThb TEOPETHYECKYI0 H INPHKJIAJAHYIO MareMaTHKy,
HHQOPMATHKY W KHOEepHeTHKY, (H3HKY 3JIeMeHTapHbIX
HacTHL, aTOMHOro AJpa H TBepaOro tejsa, MHKPO- H KBaH-
TOBYIO 3JIEKTPOHHUKY H ONTHKY, PaiHOpH3HKY, a TaKXxe
HCc/leloBaHUA B 06JAaCTH aTOMHOH H TepMOsIepHOH 3Hep-
TeTHKH, MNpeo6pasoBaHus M mnepeflayd  3JCKTPO3HEprii,
OCBOEHHSA HETPagHUHOHHBIX HMCTOYHHKOB 3HEPrHH. Petuenne
3THX npobJieM CO34acT HeoOXO/HMble MNPEeANOCHIKH s
KapAMHANBHOrO YCKOPeHHs] Hay4YHO-TEXHHYECKOro Iporpec-
ca H TeM CaMbiM 11 pellueHHs OCHOBHOM - 3aiauyH — YCKO-
peHHs colMaNbHO-3KOHOMHYeckoro passutis CCCP.

TTEPEOE L

YACTDb1
®U3HYECKHUE OCHOBblI MEXAHHUKH

FTABA 1
KWHEMATHKA

§ 1. Mexanuueckoe JABHMKEeHHe

INpocrefieit GopMoi JBUXKEHHS] MaTepHH SIBISETCA MEXaHHYECKOE
JIBUXKEHHE, KOTOpOEe COCTOMT B NIEPEMELIECHHH Tesl HJHM MX HacTed Apyr
OTHOCHTeNbHO ApYra. Ilepemeliennsi Tesl Mbi HabJiojaeM [OBCEAHEBHO
B OObIeHHOH xH3HH. Orcioga cJieayeT HarJIsAHOCTb MeXaHHWUYECKHX
NpecTaBAeHHi. DTHM Ke OOBSCHSETCS TO, YTO H3 BCEX eCTeCTBEHHBIX
HayK MéXaHHKa Mpexje APYrux Nojsyuuaa LIHPOKOe pasBHTHE.

COBOKYNHOCTL TeJ, BbIJEJEHHAs /s PacCMOTPEHHs, HasHIBAETCH
MeXaHHuYecKOM cucrtemo H. Kakue Tesa ciefyeT BKIIOUHTD
B CHCTEMY, 3aBHCHT OT XapakTepa pellaeMoi 3afayy. B yacTHom ciyuae
CHCTEMa MOJKET COCTOSITh M3 OJHOr0-€JWHCTBEHHOro TeJa.

Beilme 6BIIO0 YKas3aHo, 4TO JABHXKEHHEM B MeXaHHKe HasblBaeTCs
H3MEHEHHe B33aHMHOrO pacrosoxeHnusi Te. Ecau BooGpasuth cebe
OTlleJIbHOE H30JIHPOBaHHOE TeJO, HaXojslleecs B NPOCTPAHCTBE, rie
HeT HHUKaKHX JPYrHX TeJ, TO Mbl He CMOXXEM TOBOPHTb O JBHXKEHHH
TAKOro TeJid, NOTOMY YTO HeT HHYero, rno OTHOLIEHMIO K YeMy 3TO TeJo
MOrJIo Obl M3MeHsTb cBoe nojioxkeHHe. OTCiofla cjiefyeT, YTO €C/H Mbl
cobupaemMcst H3yyaTh [BHMKEHHE KaKOro-iubo Tejia, TO 00si3aTesbHO
HYXHO YKasaTb, N0 OTHOLIEHHIO K KaKHM JADYrHM Te/JaM NPOUCXOJHT
JlaHHOE JIBHXXKEHHeE.

JIBM>XeHHe NPOMCXONHT KaK B NPOCTPAHCTBE, TaK H BO BPEMEHH
(MpocTpaHCTBO M BpeMsi — HeoTheMJeMbie (OpMbl CYLIECTBOBAHNA Ma-
Tepun). [TosTomy AN151 OnMcaHKs ABHXXEHHS HEOOXOAMMO TaKxXe onpejie-
J9Th Bpemsi. DT0 JieslaeTcsi ¢ TOMOLLBIO YacoB.

CoBOKYNHOCTh HeNOABHXHBLIX JPYr OTHOCHTENbHO JApyra TeJ, 1o
OTHOLUEHHIO K KOTOPBIM paccMaTpHBaercs JBHXKEHHE, W OTCUHTHIBAIOMHX
Bpemst 4acoB obpa3yeT CHCTeMYy OTCYETa.

JIBHKEHNE OIHOrO M TOrO XK€ Tejla OTHOCHTENIbHO PasjIHYHBIX CHCTEM
OTCYeTa MOKET MMEeTh pasHBIfi Xapakrep. [l mpumepa mnpeicTaBHM
cebe HabupawuHil CKOpocTb noe3f. IlycTb mo Kopuaopy OAHOroO M3
BaroHOB 3TOro Noe3fia HMIeT C NOCTOAHHOH CKODOCTBIO TacCaKHp.

;. BVBENMMMOTERK A
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18 rJl. I. KHHEMATHKA

Torna nBHKEHHE MacCa)KMpa OTHOCHTENBHO BaroHa Gyzer paBHOMEp-
HbIM, & OTHOCHTEJIbHO MOBEPXHOCTH 3eMJIH YCKOPEHHBIM.

Onucarth [BHXKEHHE Tesa 03HaYyaeT yKasaThb AJsi KaJIOro MOMEHTa
BpEMEHH ITOJIOXKEeHHE B NPOCTPAHCTBE H CKOPOCTh Tesa. J1isi Toro uTo6ul
3a/1aTh COCTOSTHHE MEXaHHYECKON CHCTeMBI, HYXKHO YKas3aTb MOJOXKeHHS
H CKOPOCTH BCeX TeJ, o0pasyiouiuX cucTemy. THNHYHAs 3ajaya mexa-
HUKH 3aKJIIOYaeTCsl B TOM, YTOObI, 3Hasi COCTOSIHHE CHCTEMbl B HEKOTO-
PBIH HaYaJbHBIH MOMEHT BpPEMEHH f,, a TaKxKe 3aKOHEI, YNPaBJSAOLLHE
ABHXXCHHEM, ONpPEJeJIHTH COCTOSIHHS CHCTeMbI BO BCE IIOC/TeRYOLIHe
MOMEHTEI BpEMEHH f.

OrmeruM, u4TO HU OfHa (HM3HYECKas 3a5iaya He MOXKET GHITh pelleHa
a6cooTHO TouHO. Beerjia nonyyator npubauxenHoe pewerne. CTeneHs
NpHONMKEHHA ONpeNessieTCsl XapaKTepoM 3ajauyl, Mesblo, KOTOpO#
XOTAT AOCTHYb. Pewas sajauy npHGIHMKEHHO, NpeHe6peraT HeKoTo-
PHIMH (haKTOpaMH, KOTOphIe B JaHHOM CJlyyae He CYIIeCTBEHHHL. Hanpu-
Mep, 4aCTo MOXKHO OblBaeT mpeHeOpeuYb pasMepaMH Tejla, JBHKEHHE
KOTOpOro Haydyaercsi. Ckax<eM, NPH PacCMOTPEHHH ABHIKEHMs 3eMIIH
BoKpyr CoslHIa BMOJIHE MOXHO npeHeOpeub pasMepamMy 3emJH. Ipu
STOM ONHCaHHE JIBHXXEHHS 3HAYHMTEJBHO YIIPOIIAETCS — MOJIOKEHHE
3emMJH B MPOCTPAHCTBE MOXKHO ONPEeeNHTH ONHON TOYKO.

Teno, pasmepamMu KOTOPOro B YCNOBHSX JNAHHOH 3afauyd MOXXHO
npeHeOpeyb, Ha3blBaeTCi MaTepPHMaJdbHONH TOYKO M. Bonpoc
O TOM, MOXHO JIH NaHHOe KOHKDETHOE TeJI0 pacCMaTpHBaTh KaK Mare-
PHaJNBHYIO TOUKY WJIH HET, 3aBHCHT HE OT pa3MepoB 3TOro TeJsa, a OT
ycnoBuii 3anaun. OQHO M TO Ke TeJO B ONHHX CJAYYasiX MOXeT GhiTh
COYTEHO 32 MAaTepPHAJbHYI0 TOYKY, B APYTHX >Ke JO/RKHO paccMaTpH-
BaTbCsl KaK NPOTSKEHHOE TeJo.

I'oBOpPST 0 KAKOM-TO TeJle KaK O MaTepHaJbHON TOYKE, MEL aberparu-
pyemcs oT ero pasmepoB. Bropast aGerpakiys, ¢ KOTOpOH NPHXOIMTCH
MMETP JIeJI0 B MeXaHHKe,— 5TO abCoJIIOTHO TBepHoe Teno. B npupone
HET CoBeplLIeHHO HeleopMHpPYeMbIX Test. Besikoe Teso mopm jelicTBHEM
NPHJIOKEHHbIX K HEMY CHJI B GoJblIeH HMJIM MeHblleH cTeneHH aedop-
MHpYeTCs, T. €. H3MeHseT CBOK GopMy H pasmepbl. OIHAKO BO MHOTHMX
ciyyasix neopMalHsiIMH Tesl TPH PACCMOTPEHHH HX JBHKEHHIH MOMKHO
npeHebpeyb. Ecan 3To HMeeT MecTo, TO TeJIO HasbIBAIOT aGCOJFOTHO
TBepAbIM. Takum o6pasom, a6 CONIOTHO TBEepPABM TEJOM
HaspiBaeTcq Teslo, JefopMauusiMH KOTOPOro MOXKHO B YCJIOBHSX JaH-
HOW 3alayd npeHeGpeuyb.

Bcsikoe ABHMEHHe TBEPAOrO Tesa MOXHO Pa3JOXKHTh HA JBA OCHOB-
HBIX BHJIa IBUXKEHHS — MO CTYyMNaTeJibHOEe MW BpallaTeJb-
Hoe.

IlocrynarenbHoe JBHKEHHE — 3TO TaKOe JBHMKEHHE, MPH KOTOPOM
7t06asi npsimasi, CBSI3aHHAS C ABHXYLIHMCS TeJIOM, OCTaeTcs napaJiiessb-
HO# camoii cebe (puc. 1.1).

Ilpn BpamaTteNbHOM [BHMKEHUH BCE TOYKH TeJla JBHXYTCS MO OK-
PYXHOCTSIM, UEHTPEI KOTOPEIX JIe2KaT Ha OJHOH H TOil XKe NpsaMoH, Hasbl-
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paeMoll ocbio BpameHnus (puc. 1.2). Ocb BpameHHsT MOXeET

HaxoAHThCs BHe Tesa (cM. puc. 1.2, 6). ;
ITockonbKy, TOBOPS O KaKOM-JHOO Tejleé KaKk O MaTepHaJbHOH

TOYKE, MBI OTBJIEKAeMCSi OT €ro NpOTSKEHHOCTH, MOHATHE BpalllaTellb-
HOTO JIBH)KEHHS BOKPYT MPOXOAfUIeH yepe3 HEro OCH K TaKOMy Tesay
HENPHMEHHMO.

ﬁ-“!

Pue. 1.1, Pue. 1.2

st Toro 4TOGLI NONYYHTH BO3MOMKHOCTH OMHCHIBATDL JBHXKEHHE
KOJIHYECTBEHHO, NPHXOAHTCA CBS3LIBATH C TeNTaMM, 06pasyollUMH CH-
CTEMY OTCY€Ta, KaKylo-THO0 CMCTeMy KOOp A M H a T, Hanpumep
AekapToBy. Torza nosoxen1e MaTepHaibHOl TOYKH MOXHO ONpPEJIe/IHTb,
3alaB TpH YHCJIA X, I, 2z — AeKap-
TOBBI KOOpDAHHATHI 3TOH TOYKH. CH-
CTeMy KOOPAMHAT MOXKHO peaJH3o-
BaTh, HabpaB M3 OJMHAKOBBIX Mac-
WITaGHEIX CTePXKHEH WK JIHHEeeK nps-
MOYTrOJIbHYIO perietky (puc. 1.3).
B yanax sToli pelieTkH HYXHO pas-
MECTHTE OJHHAKOBBlE CHHXPOHH3H-
POBaHHEIC JAPYr C Japyrom gachl. ITo-
JIO)KEHHe MaTepHaJbHOM TOYKH H
COOTBETCTBYIOIHE €My MOMEHT Bpe-
MEHH DErucTPHpPYIOTCst Mno OGJamxaii-
LWIHM K MaTepHaJibHOH TOYKe MacliTa-
6aM H yacam.

Hmethb mesio ¢ maTepuasibHON TOY-
KOH Dpoule, 4YeM C [POTSKEHHLIM :
Tejiom. ITostomy MeI cHavasia Gyaem H3yyaTh MEXaHHMKY MaTepHaJbHOM
TOYKH, a NOTOM IlepeiiieM K MeXaHHKe TBepjoro tena. ManoxeHue Mbl

||.|||4||||-;,_I-T
'

Pue. 1.3,
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Eig[{:hi C KHHEMaTHKH, a 3aTeM S3aliMeMmcsl AHHAMHKON. HanoMmauM
; HHEeMAaTHKa H3ydyaeT JBHKEHHe Tel, He HHTEpecysich an:
qmtamn, OGYC/IOB/IMBAIOIINMH  3TO JBHXKEHHEe. JL W Ha M H K a H3y-
a

€T JBHXXCHHE Tel B CBS3dH C TeMH NPHUMHAMH (B3aUMOJEHCTBHAMH

MeX1y TesaMH), KoTopbie 06yc.o
BJIUBAIOT TOT it
IBHMKEeHHS. WIM HHOH XapakTep

§ 2. Hekotopble cBenennss o BekTopax

Onpenesnenre BekTopa. BeKTOpaMH HasbIBAIOTCS BeJHUHHEL Xapak-
TEPH3YIOLUHECH YHC/ICHHLIM 3HAYEHHEM H HanpaBleHueM KpO,Me TOro
CKJIaJIbIBAIOLMECS T10 NPaBUJY Mapaliesiorpamma ). Ho'cneﬂﬁee Tpe-
GOBaHHe ABJISETCS BeChbMa CYILECTBeHHBIM. MOMKHO yKasaTh Takue Be}I}u-
IHHEBI, KOTOPLIE XapaKTepH3YIOTCSl YHCJIEHHbIM 3HAYEHHEM M HampapJie-
HHEM, OZHAKO CKJ/Ia/IbIBAIOTCA HHAYe, YeM BeKTophl. B kauecrse npp;me a
NIPHBE/IEM TOBOPOT Tesla BOKPYr HEKOTOPOH OCH Ha KOHEYHBIH YroJ :
J’II‘aKou MOBOPOT MOKHO H306pPa3HTb B BHAE OTPe3Ka JJIHHHLQ, Hanpa(g:
cae::;:g 10 OCH, BOKPYT KOTOPOH OCYIIeCTBJIACTCS MOBOPOT, B CTOPOLY,
x YIO C Hanpap/eHHeM BpalleHHsi NpPaBHJOM NPaBOrO BHHTA

a puic. 2.1 B BeDXHeM psily NOKA3aHbI ABA [OCJAEIOBATENBHHX [OBO-
PoTa 1apa ua yrasl 71/2, u3obpaxaemble OTPE3KAMH @; H @s. Ilepeoiit

4

A
7 7 A H —— b
@
P;I;-_'—!{/Z 5?‘2.-:2'.’.’/3

Z

(o

S

A%
3 ‘,mf :-'f-b‘/i"f;

Puc. 2.1.

MOBOPOT, COBepllaemblii BOKPYr ocH /—I, mepeBofuT Touky A iapa
B NOJIOKEHHE A’, BTOpOIi, CoBepllaeMblfi BOKPYr oCH 2—2,— B TOJIO-
:KEHHE”A . Takoro »xe pesysibTara (7. e. nepeBosia Toukn A B moJoxe-
HHe A”) MOXHO JIOCTHYB, NOBEPHYB WIap BOKPYT OCH 3—3 (CM. HUMKHK
PSR Ha puc. 2.1) Ha yron st. CrefoBaTe/sbHO, TaKoff MOBOPOT CJIeAYeT
pacCMaTpHBaTh KaK CYMMY IOBOPOTOB @; H ¢,. OfHaKo ero HeJb3d

1 F
Al zaecuf{!;fz‘:ic”gpﬁgg;z CTPOroMy ONpEeAENeHHI0O BEeKTOPOM Ha3bIBA€TCS COBOKYIHOCTh
J ) 3yIOLHXCS TP MTOBOPOTAX KOOPAHIATHBIX OCel I -
HOMY 3aKoHy (cm. [lpunoxenue III). ; e ¥ 5 s
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NOJYYUTH H3 OTPE3KOB @; H g, CJOXHUB HX MO NpaBHJy NapasJeno-
rpamma. Takoe ciroXkeHHe 1aeT OTPE30K JJTHHBI 71/} 2 Bmecto TpeGyemoli

naumb . TloBopot Ha yroa m/)/ 2 nepesogutr Touky A B Touky A"
Otciofa BHITEKaeT, 4YTO H3006pakaemble HamnpaBleHHBIMK OTPE3KaMH
NOBOPOTEL Ha KOHEYHHIE YIJIB He 00JajaloT CBOHCTBAMH BEKTODOB.

Yyc/ieHHOe 3HaAuYeHHe BeKTopa HaspiBaeTcst ero Mo Ay J e m. O6-
pa3Ho TOBOpSi, MOAYJb J@eT JJIMHY BekTopa. Moaynab BeKTOpa — CKa-
Jsip, NpHYEM BCeraa IMOJIOXHTENbHBIH.

Ha uepTexkax BeKTOphl H300paKaioTcsi B BHJe NPSIMONHHEHHBIX
OTPE3KOB CO CTPEJKoi Ha KoHue. [l/MHA OTpe3Ka Oonpejie/iser B ycra-
HOBJIEHHOM MacilTabGe MOAYJib BEeKTOpa, a CTpesiKa yKasblBaeT Hanpas-
JleHHe BeKTopa.

BeKkTophl NpHHATO 0603HayaTh GYKBaMM XMPHOro IUpH(Ta, Hanpi-
Mep, a, b, v, F 1 T. 1. Takas ke GyKBa 00LIMHOTO WPHPTa HCNOJb3YeTcs
1515 0603HAYeHHsT MOJYJ1si BEKTOpa, HanpHmep @ eCTbh MOAYJ/b BEKTOpa
a!). Muorma st 0003HAYeHHs MOZAYJISL TPHXOJMTCS TMOJIB30BATHCHA
CHMBOJIOM BE€KTOpa, 3aKJ/IOYEHHbIM MEXIY JABYMSI BepTHKaJbHbIMH
yepTouKamH: |al=Mony./io BekTOpa a. Takum cnocoGom o6o3Hayaercs,
HanpHMep, MOAYJb CYMMbI BeKTOPOB @; M as:

| a; +a, | = moayab BekTopa (a;--a,). )

B 5ToM ciyyae CHMBOJI a;--a, O3HayaeT CyMMy MOJyJjeil CKJajbiBae-
MBIX BEKTOpOB, KOTOpas, BooOule NOBOps, He paBHa MOAYJIO CyMMEI
BEKTOPOB (paBEHCTBO HMEET MeCTO JIHib B TOM CJyyae, KOrjia CKJ/ajbl-
Baemble BEKTODHI HMEIOT OJMHAKOBOE HalpaBjense).

BekTopbl, HanpaBJeHHble BJOJb NapasJiesbHbIX TP sMBIX (8 omny
H Ty e WJIH B NpPOTHBOMNOJIOXKHBIE CTOPOHBI), HA3LIBAIOTCS K O JI JI H-
HeapHB MH. Bekropb, KoTopble JeXaT B MapaJJieJbHbIX MJ10CKO-
CTSIX, HASHIBAIOTCS K O M 11 J1 @ K a p H bl M H. [locpeacTsom napasiieb-
HOTO MNepeHoca KOJJIHHEeapHble BEKTOPbl MOTryT ObIThb PaciosiOeHbl
BJOJb OAHOH M TOM e MpsIMOH, a KOMNJaHapHble BEKTOPbI MOTYT ObITh
CBelleHbl B OIHY IJIOCKOCTD.

CoBrnajafoliye no MOLYJI KOJJIMHeapHble BEKTOphl, HMerollle
OLMHAKOBOE HamMpaBjieHWe, CHMTAIOTCS PAaBHBIMH APYT APYrY ?).

CyioxeHHe ¥ BbuMTaHHe BeKTOPoB. ITpaKTHYECKH ClIOXKeHHe BEKTOPOB
y10GHee NpOM3BOANTH Ge3 mocTpoeHusi mapajsenorpamma. Kak Buuno

%) Tlpu nucbMe BeKTOpHl 0603HayatoTcs GyKBaMu CO CTPENKOH Hal HHMH (Hanpn-

-
Mep, ). B stom cayuae Ta xe 6yxBa 6e3 CTPeJKH 03Ha4aeT MOLYJb BEKTOPA.

2) Vmelotcst B BHAY TaK HasbiBaemble CBOGOJHB € BEKTO p bl, T. €. REK-
TOPBI, KOTOpHIE MOIYT OBITb OTJIOXEHH M3 JII00OH TOYKH MpOCTPAHCTBA. PaccMaTpuBa-
JOTCH TAKKE CK O b3S L M € B € K T O P bl, HA4aJI0 KOTOPLIX MOXeT GhITh ITOMEIEHO
B 2110610 TOYKY NPAMOl, BAOJAb KOTOPOH HAanpaBJieH BEKTOp, HCB A3 a HHBI € B € K-
TOpHI, T. €. BEKTOPH, NPHJIOKeHHEE K onpejesenHoit Touke. [locnennne /Ba B2 Bex-
TOPOB MOTYT GbITh BHIPa)KeHH! ueped CBOGOJHBIE BEKTODHI; 0 STOH MpHuKHE B OCHOBY
BEKTODHOTO HCYHCTEHHS TNOJIOKEHO NOHATHE CBOGOIHOTO BEKTOPa, HA3LIBAEMOIO
OOLIYHO TPOCTO BEKTOPOM.
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M3 pHC. 2.2, TaKO# e pPe3yJbTaT JOCTHIaeTcs, eclH Hayajio BTOPOTro
BEKTOpa COBMECTHTL C KOHIOM IEepPBOrO, a 3aTeM MPOBECTH M3 Hayasa
[IepBOro B KOHEL, BTOPOro pesyJsbTHpyoHil BeKTop. OcobGeHHo nesne-
coo0pa3eH Takoii IpHeM B TOM CJydae, KOTJa MPUXOMHTCS CKJIaAHBAT
GoJibliee YeM JBa KOJHYECTBO BeKTOpoB (puc. 2.3).

Qs

Puc. 2.3.

PasnocTbio ByX BeKTOpOB a 1 b HaskIBaeTCst TaKoi BEKTOp €, KOTO-
PEIM B Cymme ¢ BeKTOpoM b naet Bektop a (puc. 2.4; 06 H306paXKeHHOM
NyHKTHPOM BekTope —b peub uper Hmxke). Moaysb pasHOCTH ABYX
BEKTOpPOB, KaK H MOAYJb CyMMHI (cM. (2.1)), MOXKHO 3amucaTh TOJBKO C
NOMOILBI0 BePTHKANbHBIX YepTOUeK:

|a;—a,|=moxnysr BekTOpa (a; —a,), (2.2)

NOCKOJNIBKY CHMBOJI @;—@, O3Ha4yaeT pasHOCTh MOAYJeH BeKTOPOB
a; M a,, KoTopasi, BooOLle roBopsi, He PaBHa MOAYJIO Pa3HOCTH.

€q

=

Yo

Puc. 2.4, Puc. 2.5.

YMHOKEHHEe BeKTCpa Ha ckaasp. B pesysbraTe yMHOMEHHs BeK-
TOpPa @ Ha CKa/lap o Nnojiyyaercss HoBblH BekTop b=0ca, MOAYJb KOTO-
poro B |a| pa3 GoJsibwe, ueM MoOAyJab BekTopa a(b=|ala). Hanpas-
JIeHHe ke BekTopa b sin6o coBnanaer ¢ HampaBieHHeM BeKTOpa a (ec/u
@>>0), 260 NPOTHBONOJIOXKHO HANpaBJEHHIO BeKTopa a (ecan a<0).
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M3 CKa3aHHOro BHITE€KaeT, YTO YMHOXeHHe Ha —| H3MeHseT Hanpas-
JieHne BekTopa Ha oGpartHoe. CJiefloBaTe/ibHO, BEKTOPH & H —a HMEIOT
ONMHAKOBBHIE MOAYJH, HO NPOTHBOIOJIOXKHBEI 1O Hanpasjenuio. C mo-
MOILBIO pHC. 2.4 Jierko y6eluTbCsi B TOM, YTO BHIYHTAHHE H3 BEKTODPA 4
pekTopa b paBHO3HAYHO NpHOaBJIEHHIO K BEKTOpY a Bekropa —b.

V3 omnpeneseHyss onepalH¥ yMHOXeHHs BEKTOpa Ha CKajsp CJe-
JYeT, YTO BCAKHII BEKTOP a MOXKHO NPEACTaBUTb B BHJE

a=ae,, (2.3)

TI€ @ — MOjyJib BEeKTOpa a, e, — BEKTOp C MOAYJieM, PaBHBIM €IMHHLE,
HMEIOIIMIT TaKoe Ke HanmpaeJesue, Kak H a (puc. 2.5). Bektop e, Ha-
3pBaeTCs EIMHHYHBEM BEKTOPOM HWIH Op TOM BEKTOpa a.
OpT MOKHO IpeJCTaBUTh B BHiE

a
T 2.4)

OTKYJla CJelyeT, Y4TO OpT siBJsieTCs Ge3pasMepHON BeJHYHHOH.
OpTH MOMHO CONOCTABJISTH HE TOJbKO BEKTOpaM, HO M JIOGHM
HaNpaBJeHHsM B npocTpancTee. Hanpumep, €, €CTb OPT KOOPAHHATHOH
oCH X, €,-— OPT HOpPMaJlH K KpPHBOIl MJH MNOBEPXHOCTH, €y— OPT
KacaTeJqbHOH K KpPHBOH M T. I.
Jluneiinasi 3aBUCHMOCTh MeXJ1y BeKTOpamMH. PaccMOTpHM TpH HEKOJI-
JIUHEeapHHIX BEKTopa @, b ¥ ¢, KOTOphbie JIeXXaT B OJHON IJIOCKOCTH.

by -t — d
ﬁg\ g /
N \ £

d oa e Sf’r 1

aZy=acosy

=~y

b
Puc. 2.6. g Puc. 2.7.

U3 puc. 2.6 BuaHO, 4TO OGO 13 HUX (HANpHMEp, C) MOXHO BEIPA3UTh
yepe3 1Ba APYTHX C INOMOILBIO COOTHOIIEHHS
c=aa--pb, (2.5)
rie o ¥ P — HekoTophie YHcaa (178 H300pa)K€HHOrO Ha PHCYHKE
caydas a>>1, —1<<f<<0). Orciona 3akmroyaeM, YTO JiF0OO# BEKTOP ¢,
JIeXKaIlKi B OJIHOM IJIOCKOCTH C HEKOJITWHeapHBIMH BEeKTOpaMu a u b,
MOKeT OBIThb BHIPaX<€H Yepe3 3TH BEKTOphl € TNOMOLIbIO JIHHEHHOro
cooTHowenus (2.5). [Tpu ¢HKCHpOBaHHBIX BeKTOpaX a M b BCskmit Tpe-
THII BEKTOp OAHO3HAYHO ONpejessieTcsi ABYMs BejiHuMHaMH o u f.
ITycTh paHel TpH BeKTOpa a, b, ¢, Ka¥ el M3 KOTOPEIX HEKOMMJa-
HapeH ¢ ocTanabHblMK aByMs 1). o ananornu ¢ (2.5) Jerko coo6pasurhb,

) IlBa BeKTOpa BCeraa KOMIUIAHAPHEL 3TO CJEAYeT H3 TOrO, YTO Napasice/bHLIM
nepeHocoM MOXKHO COBMECTHTE HMX Hauyajd. TOI‘;I& OHH OKaXXyTCH PacroJIOKEHHEIMH B
OJIHOH NJIOCKOCTH. '
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uTO J1I0GOH BeKTOp d MOXKHO NpPEACTABHTh KaK JHHEHHYIO KOMOHHALHIO
3a[IaHHBIX BEKTOPOB:

d=ca+-pb--yc. (2.6)

[pu ¢uKcHpoBaHHBEIX BeKTOpax a, b u ¢ Jiobok BekTop d OZHO3HAYHO
onpejenseTcs TpemMs BeJIHYHHaMH o, B M y, KaxKAas H3 KOTOPLIX MOXET
ObITb KaK NOJIOXUTEIbHOM, TaK H OTPHLATEJBHOH.

lNpoexuus BekTopa. PaccmoTpuM HeKOTOpoe HampaBieHHWe B Mpo-
CTpPaHCTBe, KOTOpoe Mbl 3ajaauM ocbio [ (puc. 2.7). ITyctb BekTOop a
obpasyer ¢ ocbio [ yroa ¢ !). Bennuunna

a,=a cos ¢ 2.7)

(@ — monyab BeKTOpa) HasbiBaeTCs NpoeKuueidl BeKTopa a Ha ocb /.
[Tpoekuus o6o3Hayaercs Tol e OYKBOH, YTO H BeKTOp, C HoGaBJieHHEM
MHJEKCa, YKasblBalOLIEro Hanpap/eHHe, Ha KOTOpOe CHpPOeKTHPOBaH
BEKTOP.

Ilpoekuusi BeKTOpa ecTb BeJHYHHA anrebpamnyeckasi. Eciau BekTop
‘'obpa3yeT ¢ JaHHbBIM HalpaBJieHHeM OCTPHIH yroJi, To cos =0, TakK 4YTo
npoekuus noJjoxurenabHa. Ecau yroa ¢ Tynoi, 1o cos ¢<<O H, cJje-
JIOBaTeJIbHO, NPOeKUHsl oTpHuaTtesnbHa. Korja BeKTop neprneHAHKYJs-
PeH K JaHHOH OCH, NPOEKUHs paBHa HYJIO.

IMpoekuuss BeKTOpa HMEET NPOCTOH reomeTpHYyecKHit cmblca. OHa
paBHa PacCTOSHHIO MEXAY INpOoeKUHAMH Ha OChb HayaJa M KOHUa OT-
peska, M3o6paKalollero JaHHbI BekTop. B ciyyae @<<m/2 5T0 pac-
cTosiHHEe GepeTcst CO 3HAKOM TJIIOC, B cliyyae ¢>>1/2 — CO 3HaKOM MHHYC.

[lycrs a=a;+a,+as;+a, (puc. 2.8). M3 pucyHka nerko 3akJio-
YHTh, YTO MPOEKUMs pPe3yJbTHPYIOUIero BeKTOpa a Ha HEKoTopoe Ha-
npaB/ieHHe paBHA CyMMe INPOEKLIHH CKJalJblBaeMblX BEKTOPOB:

a;=a;;+as;+as;+a,. (2.8)

HanoMHuM, YTO nNpH CYMMHPOBaHHH NpPOEKUMH H300paXKEHHbIX Ha
puc. 2.8 BektopoB paccrosiuust 0—I, I—2 u 2—3 HY»HO B3fTb CO
3HAaKOM IJIOC, a paccTosinne 3—4 — co 3HaKoM MuHYC. Popmya (2.8)
cnpaBefiuBa NpH JIO0OM YHCJe CJaraeMblX.

- BelpaxceHHe BeKTOpa 4epe3 ero MNPOeKLHH Ha KOOPAMHATHBLIE OCH,
BosbMeM HeKapTOBEL OCH KOOPAMHAT M PacCMOTPHM BEKTOP a, JeXallui
B MJIOCKOCTH, NEpHeHAMKYJsApHOH K ocu z (puc. 2.9). Bmenem opThl
KOOPAMHATHHIX OCeH, T. €. elUHHYHBIE BEKTODH ey, €, H e, (e, Ha pH-
CYHKe He MNOKa3aH, OH MNepneHAUKYJspeH K IJIOCKOCTH PHCYHKa H
HanpaB/ieH Ha Hac). 3aMeTHM, YTO 3Ta TPOHKA OPTOB MOJHOCTBIO onpe-

1) Ecau npsMasi, BAOJAb KOTOPOH HampaeJjeH BEKTOp &, H OCh [ He MepeceKajorcs,
LISl ONpeleseHHs YIJa ¢ HYXHO B3SThb [epeceKalouyiocs ¢ ockio [ npsaMylo, napas-
JMeQIbHYI0 BEeKTOpY a. ¥YTOJ MeXAy 3Toi mpsamMoil H ocblo [ v GYeT HHTePeCcyoUuHM Hac
yriom ¢.
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JefsieT CHCTeMy KOOPAWHAT M II03TOMY Ha3pBaeTcsi Ga3HCOM

KOOPDAHMHATHOMH CHCTEMBHL. X
U3 puc. 2.9 BUIHO, YTO BEKTOP @ MOXKHO MPEACTaBUTH B BH/E JIHHEH=

HOH KOMGHHALHMH OPTOB €, U e, (cM. (2.5)):
a=a.e,+aye,.
PoJib Ko3(pHIHEHTOB & U 3 UrparoT NpoeKUHH BEKTOPA Ha OCH KOOpAH-~

HaT. B paccmarpuBaeMOM TNpHMepe MPOEKUHS a, OTpHLaTe/bHA, IO-
3TOMY BEKTOp @€, HMeeT HampaBpJieHHe, MPOTHBOIOJOXKHOE Hamnpas-

JIEHHIO OpTa €.

4
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Puc. 2.9.

Mpi B3sIH BEKTOp a, NEepPHeHAMKYJAPHBIH K OCH Z, BCJEACTBHE
vero a,=0. B obuem csayyae, Korja Bce TpH MPOEKUHH BEKTOpPd OT-

JIMYHEL OT HYJS,
a=a,e.ta,e,4a.e,. (2.9)

Takum o6pasom, J0GOH BEKTOP MOXKHO BHIPa3HTh Y€pe3 ero NpoeKLHH
Ha KOOpAHHATHBIE OCH H OPTHl 3THX ocell. B CBsi3M ¢ 3TUM MPOEKUHH
Ha KOOpAMHATHHIE OCH Ha3bIBAIOTCI KOMIMI O HE HTa M U BeKrTopa.
BelMuMHbL @, @,, @, PaBHBI (C TOYHOCTBIO JI0 3HAKa) CTOpPOHAM
NpsIMOYroJIbHOTO TMapaJiienenunena, GOJbLWIOH AHArOHaJbiO KOTOPOro
cayut BekTop a (puc. 2.10). IlosTomy HMeeT MeCTO COOTHOLUEHHE

a®=a:+al+tal. (2.10)
ITycte c=a--b. IlpeacraBuB Kajapiii W3 BEKTOPOB B COOTBETCTBHH
c dopmydoii (2.9), nonyunm:
c.e.+ce, +ce,=(a,+b,) e+ (a, +b,)e,+(a.+b)e,
(MBI BBIHECJH 32 CKOOKH OOLMe MHOXHTENH €., €, U €,). PaBHble Bek-

TOpPbl HMEIOT OJHWHAKOBHE INPOEKIHH Ha KOOpJAHHaTHbIE OCH. Ha stom
OCHOBaHHH MOXXHO HalHCaTb, YTO

cx=a,+b,, ¢,=a,+b, c.=a,+b, (2.11)
(cp. ¢ (2.8)). Popmyast (2.11) siBISIOTCS aHATHTHYECKHM BbIPaXKEHHEM

npaBuia ClAOXKeHHs BekTopoB. OHM cnpaBelJiMBBI INpPH JIOOOM YHC/IE
cliaraembix.
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Papuyc-Bektop. PajnycoM-BeKTODOM I HEKOTOPOH TOYKH Ha3bl-
BaeTCH BEKTOP, NPOBEJEHHBIH M3 Hayajla KOODJAMHAT B JaHHYIO TOYKY

(puc. 2.11). Ero NPOEKUHH Ha KOOPIMHATHEIE OCH PaBHEI J€KapTOBLIM
KOOpJAHHATaM JAaHHOH TOYKH:

famt A L 2.12)

CnenoBatenbHO, B COOTBE
: TCTBHH C (2.9) pamuyc-BeKTO -
CTaBHTb B BHJE dpainy el T

R A AT (2.13)
Cornacuo (2.10)
r=xttyren, 2.14)

Ckaisipoe npoussefesne BekTopoB. JIBa BekTOpa a H b MOXHO
YMHOXHTB IDYr Ha Apyra ABYMs Croco0amH; OAWH CHOCOG NpPHBOIMT
K CKa/IsIpHOH BeJIMYHHE, APYroH JaeT B pe3yJbTaTeé HEKOTOPHIH HOBEIH

Z A
— o a. o
RSl 1 i |
| X e R { ' ;
Li__..____]/ f ; {_ ;
_ z /7 T AT
%Y i R sy
/) At 1./
y Gt e g S S—
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Puc. 2.10. Pnc. 2.11,

BEKTOp. B COOTBETCTBHM C 3THM CYUIECTBYeT [Ba NPOHM3BEIEHHS BeK-
TOPOB — CKaJisipHoe H BeKTopHoe. OTMeTHM, 9TO onepauiy [IejeHns
BEKTOpPa Ha BEKTOpP He CYIIeCTBYeT.

Cka/sipHEIM NpOM3BeleHHEM BEKTOPOB a H b HasbiBaercs: ckausp,

PaBHEIH MPOM3BEJEHHIO MOZLYJEHl STHX BEKTOPOB Ha KOCHHYC yrJa o
MEXAY HHMU:

ab=ab cos o (2.15)

(puc. 2.12). Ilpu 3amucH CKassipHOTO NPOH3BENEHHsI CHMBOJIEL IEPEMHO-
XaeMbIX BEKTOPOB MNHMINYTCS PsSAOM 0e3 KakKoro-nubo 3HaKa MeXAy
HiMU. Beipaxenwe (2.15) ectb anreGpanyeckasi BelHYMHA: IIPH O OCT-
pom ab>0, npu a tynom ab<<0. CkajspHOe MpPOM3BEACHHE B3aHMHO
NEPNEHANKYJIPHEIX BEKTOPOB (2=1/2) paBHO HYJIIO.
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3ameTyM, YTO MOJ KBaJpPATOM BeKTopa BCErja MojpasyMeBaloT CKa-
JsipHOe MPOHM3BeJieHHe BEKTOpa Ha CaMoro cebs:

a?=aa=aa cos a=a’. (2.16)

TakumM 06pa3oM, KBapaT BEKTOpa PaBeH KBaJpary ero MOAYJIst. B yacr-
HOCTH, KBaJpaT JloGOro opTa paBeH elHHHIE:

e2=e;=e;=1. (2.17)

ITonyTHO OTMeTHM, YTO BCJeICTBHe B3aHMHOH MNEepMeHIHKYJIspPHOCTH
OPTOB CKafsipHble NPOM3BENeHUs BHJA €;€; PaBHBL HYJIO, €C/H i#k.

Ouenp ynoben cuimMBoJ KpoHekepa 8;, KOTOpBHIH OImpe-
IensieTcsl CJeLyIOmUM 00pasoM:

1, ecm i=k, 518
8y = 0, ecau iz=k. (2515)

C JCroNb30BaHHeM STOTO CHMBOJIA YCTAHOBJIEHHBIE BhHIUIE CBOMCTBA
CKaJISIpHBIX NIPOU3BEICHUI OPTOB KO-
OpAMHATHBIX OCEeH MOXKHO BBIPA3HTh
ojHo¥ GopMYyJIOK:

e, =08y (i, k=x, g, 2) (2.19)

(MHAEKCHI [ ¥ £ MOTYT NPHHUMATD He-
3aBHCHMO JpYr OT Jpyra 3Ha4YeHHs

X, Yy u 2. _

s onpenenenus (2.15) caeny-
€T, YTO CKalJsipHoe IpOousBeleHHe 7
KOMMYTATHBHO, T. €. He 3aBHCHT OT 4
Mopsiika COMHOXHTeJIeH: Puc. 2.12.

ab=ba. (2.20)
Buipaxkenue (2.15) MOXHO 3anucaTh HECKOJBKHMH croco6amH:
ab=ab cos o= (a cos &) b=a(b cos a).

Us puc. 2.12 BHAHO, UTO @ COS & PaBHO a; — NPOEKUHH BEKTOpa a
Ha Hanpabienne Bektopa b. AmasoruyHo b cos a=b, — NPOEKLUHH
BekTopa b Ha Hampapsenue BekTopa a. ITosTomy MOXHO CKasatb, HTO
CKaJIipHBIM NPOM3BeJIeHHeM ABYX BEKTOPOB Ha3bIBAeTCsi CKaJsdAp, PaB-
HEIJ NPOHM3BEleHHIO MOJYJIsi OJHOTO M3 NEePeMHOXaeMBIX BEKTOpPOB Ha
TNPOEKLMIO BTOPOro BeKTOpa Ha HanpaBjieHHe IepBoro:

ab=a,b=ab,. (2.21)

ITpuHsB Bo BHHMaHHe, UTO NPOEKLHsl CYMMBI BEKTOPOB paBHA CyMME
YIPOEKIMI CKJIa[bIBAEMBIX BEKTOPOB, MOXHO HamHCaTh:

a(btct...)=abt+ct..)pa=ab+Co1-- e
y =ab,+ac,+ ...=abtac+... (2.22)
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Orciofa cienyer, 4TO CKalisipHOE NPOM3BENEHHE BEKTOPOB JAHCTPHOY-
THBHO — NIpOM3Be/leHHe BEKTOPa a Ha CYMMY HECKOJBKHX BEKTOPOB
PaBHO CyMME NpOM3BeleHHH BEKTOpA a Ha KaXKJBIH H3 CKJ/IaJbIBAaeMbIX
BEKTOPOB, B3ATHIH B OTJAEJbHOCTH.

[pencraBus nepemHOXaeMble BeKTOph! B Bue (2.9) H BOCHOJB30-
BaBLIHCH JIHCTPHOYTHBHOCTBIO CKANSIPHOTO IIPOW3BENEHHS, MOJYYHM:

ab=(a,e,+a.e, +ae,) (b.e, + be,+b.e,)=
=a,b.e.e,+abe.e +abe.e, + ab.ee, -
+a,bee, +abee, +ab.ee, + abe.e, +ab.e.e,.

Tenepr yutem (2.19). B utore nonyunm BhipakeHue CKaJISipPHOrO Npo-
H3BEJICHHSA 4Yepe3 NPOEKUHH NepeMHOXKAaeMBIX BEKTOpPOB:

ab=a,b,+a,b,+a,b,. (2.23)

3ameTHM, YTO NPH MOBOPOTAX KOOPAHHATHBIX OCeil NPOCKLUHH BEKTOPOB
Ha 5T ocH meHsioTcs. OnHaKo BesMYMHa ab cos o OT BEIOOpa OCell He
3aBHCHT. OTClONa 32K/I0YaeM, YTO H3MeHEHHs MPOeKIHii BeKTOPOB a 1 b

d < TPH NMOBOPOTaX OCeH HOCAT TAKOH XapakTep,
\ \W YT0 MX KOMOWHauMs Buma (2.23) ocTaercs
LAt HWHBapPWAHTHOM (HeH3MeHHOM):
A N a,b,+ab,+a,b, = inv. (2.24)
n

Jlerko cooGpasuTh, YTO MPOEKILHIO BEKTO-
pa a Ha HanpaBneHue [ (cM. (2.7)) moxHO
Pue. 2.13. NPEICTaBHTL B BUJE

a,=aey, (2.25)
rne €; — OpT HanpasJjeHns [. AHaJorHyHO

a,=ae,, a,=ae, a,=ae,. (2.26)

BekTopHoe npoussenenue. BeKTOpHBLIM NpoH3BeeHHEM BEKTOPOB a
¥ b HaspiBaeTcs BEKTOp €, onpezessieMbiil (GopMyJIOk

¢=ab sin o-n, (2.27)

rie @ W b — MOJyJiH MepeMHOXXaeMbIX BEKTOPOB, O — YroJ MeXA1y
BEKTOPAMH, N — eAHHHYHLIH BEKTOD HOpMaJH !) K NJOCKOCTH, B KO-
TOPO¥ JieXKaT BeKTOpel a H b (puc. 2.13). Hanpasnenye n BuiGHpaeTcs
TaK, 4YToObl MOC/]eA0OBaTeJbHOCTh BeKTOpoB a, b, n o6GpasoBbiBana
NpaBOBHHTOBYIO CHCTeMYy. 2DTO O3Hayaer, YTO, €CJH CMOTPETh BCJel
BEKTOPY N, TO COBepluaemMbldf MO KpaTyaiilieMy MyTH MOBOPOT OT Mep-
BOro COMHOXXMTEJNISi KO BTOPOMY OCYIIECTBJISIETCS [0 YaCOBOH CTpEJKe.
Ha puc. 2.13 BeKTOp n HampaBileH 3a uepTex M I03TOMY H306paKeH

') OGosnayenre n npoute ¥ HaryisiiHee, YeM e,,.
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KpyXKomM ¢ kpectukom *). Hanpas/eHue BekTopa € COBNAA3eT C Ha-

npasJieHHeM .
CHMBOJIMYECKH BEKTOPHOE NPOW3BEJIeHHe MOXHO 3amucarb ABYMA
criocobamMu:
[ab] wmau aXxb.

Mbi GyieM M0J1b30BaTLCS [EPBbIM H3 HUX, PHYEM HHOTJA BO H30exaHie
myTaHUOBl Oylem CTaBMTh 3aNsATYI0 MEXJY COMHOMXKHTEJSMH. Hrak,

corqiacto (2.27)
[abl=ab sin a-n. (2.28)

W3 puc. 2.13 BHIHO, YTO MOAY/b BEKTOPHOTO NPOU3BEJEHHS HMeeT
NPOCTOii TeoMEeTPHUYECKHE CMBICH — BhlpaX<eHHE ab sin oo YHCJIEHHO
paBHO NJIOUA[{ MapaJijesorpamMma, MOCTPOEHHOrO Ha NepemMHOMXKAaeMBIX
BEKTOpax.

Hanpassienne Bektopa [ab] Mbl onpenenniy, CBsi3aB €ro C Hampas-
JieHveM BpallleHHs OT NepBOro COMHOXHUTEsT Ko BTopomy. Ilpn pacemor-
peHHH TaKHX BEKTOPOB, KaK pajuyC-BeKTOp I, CKOPOCTb V, CHJa F
M T. Il., BONpOC O BelGOpe HX HanpaBJieHHsi He BO3HHKAET — OHO BbITE-
KaeT eCTeCTBEHHBIM OGpa3oM H3 NPHPOALI camuX BeiuuuH. [lonoGHEe
BEKTOPHl HA3bIBAIOTCA MCTHHHBIMH (MJIH TNOJNSIPHBIMH). BeKTophl THIIA
[a, b], HanpaB/ienne KOTOPHIX CBA3LIBAETCS C HalpaBJ/eHWEM BpaLUEHHS,
HA3LIBAIOTCS MCEeBAOBEKTOPpAaMHU (WIH aKCHAJbHBIMH BEeKTO-
pamu). IIpy B3MeHeHHH YCJIOBHsI, HAallpHMEp NpH Mepexojie OT NMpaBoK
CHCTeMBI KOOPAHHAT K JIeBOH, HanpaBJICHHUS [ICEBJIOBEKTOPOB H3MeE-
HAIIOTCA Ha OOpaTHble, MCTHHHBIC XK€ BEKTOPBI MPH STOM OCTAKTCs Ge3
HU3MEHeHHH . :

Crnenyer UMeTb B BH/Y, 4TO BeKTOpPHOE MpPOHU3BeleHHe Oyaer mces-
JIOBEKTOPOM TOJIBKO B TOM CJy4ae, Korja o6a nepeMHOxaemMblX BEKTOpa
SIB/SIIOTCS MCTHHHBIMH (M/IH 06a — ITICeBJOBeKTOpamu). BekTtopHoe e
[IPOW3BE/ICHHE WCTHHHOTO BEKTOpa Ha ICeBIOBEKTOP OYAeT HCTHHHBIM
BeKTOpoM. lismeHeHHe YCJIOBHSI, ONpeesisiOlero HarpaBJieHHe MCeB-
JIOBEKTOPOB, Ha 0OpaTHOE NMPHBEJET B 3TOM C/IyYyae K H3MEHEHHIO 3HaKa
nepes BeKTOPHLIM NPOH3BeeHHeM H OJIHOBPEMEHHO K U3MEHEHMIO 3HaKa
nepej OAHHM M3 COMHOXHTeJeli. B nrore BeMuMHA, BbIpa)caemasi BeK-
TOPHBIM TPOH3BENEHHEM, OCTaHeTcs 6e3 H3MEeHEeHWH.

[TockonbKY HanpaBJieHHe BEKTOPHOIO NPOH3BEeJEHHs OfpeaelsierTcs
HamnpaB/ieHHeM BpallleHHsi OT NepBOro COMHOMKHTENs KO BTOPOMY,
pPesyJibTaT BEKTOPHOrO IepPeMHOXEHHSI 3aBHCHT OT MOpPSAKa COMHOXH-
tenefi. IlepectaHoBKa COMHOXKHTeJeH BBI3bIBAET H3MEHEHHE Hanpabiie-

') BeKToprl, MepncHAMKYJSpHEE K IJIOCKOCTH PHCYHKa, Mbl OyjneM H3o0paxath
KPYKOM C KPEeCTHKOM, eciii BEKTOp HanpaBJIeH OT Hac, H KPYXXKOM C TOUKOH B ero
LEHTpe, ec/IH BeKTOp Hanpae/eH Ha Hac. JLIs HarIfHOCTH MOXKHO NpPeACTaBIATh cebe
BEKTOp B BHJIE CTPEJIb C KOHYCOOGPa3HEIM HAKOHEYHHKOM H KPecToofpasiLIM onepeHHeM
Ha XxBocre. Torjla, ecim BEKTOp HampaBjieH Ha Hac (CTpena JIETHT K Ham), Mbl YBHIHM
KPYXOK C TOYKOM, eciiM e BeKTOp HampaB/IeH OT Hac (CTpena JIeTHT OT Hac), MH
YBHAHUM KPYXOK C KDPECTHKOM.
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HH51 PE3YJILTHPYIOUIEro BeKTOpa Ha MPOTHBONOJIOXHOe. Takum o6pasom
BEKTODHOE [POH3BE/ICHHE He 00/1afaeT CBOHCTBOM KOMMYTATHBHOCTH:

[bal=—Iab]. (2.29)

1 eMO}KHO JoKa3aTh, YTO BEKTOpHOE MNpOH3BeJeHHe AHCTPHOYTHBHO,
. €. uTo ]

la, (bi-+byt-. . )I=[ab,]+[ab,]+. . . (2.30)

PaccMoTpuM BEKTOpHEIE NPOH3BEJIEHHS OPTOB KOOPAMHATHBIX OCeH
(puc. 2.14). B cooTBeTcTBHM ¢ onpeseneruenm (2.28)

[ece.]=[e,e,]=[e.e,]=0,

[exey] e [e!;ex A
[e,e.]=— [e;e,j]]z ei, (2.31)
[eze"] S [exelz] =€,.

[TpenctaBuB nepemuoxaemple BekTophl B BuIe (2.9) H BOCHOJb30BAB-
LIHCh IUCTPHOYTHBHOCTBIO BEKTOPHOIO MPOH3BENEHHSI, MOJYYHM:

[ab] o [(axex = ayey 37 azez) ’ (bxex T byey ot bzez)] e
=ab.[e.e ]+ab,[e.e]tab.[ee]tap[ee]tab, [ee, ]+
+ablee.]+ab,[ee.]+ab, [ee]+ab.[ee,].
Yurst coorHouwlenust (2.31), mpugeM K CIEAYIOMEMY BBIPaXKeHHUIO:
[ab]=e, (a,b.—ab,) +e, (@b, —a.b,) +e. (@b, ~ap,). (2.32)
ITosyuennoe BbIpakeHHe MOXHO NPEACTaBHTH B BHJE ONpeNeNHTENs:

e; €, e
ay ay a

[ab] = : (2.33)

e SN

Cvewannoe npoussenenve. CMelaHHBIM (MM CKaJIsPHO-BEKTOD-
HBIM) NpOM3BEIEHHEM TPeX BEKTOPOB HashiBaeTCsl Bhipaxkenue a [bcl,

Bz

Puc. 2.14. Puc. 2.15.

T. €. CKaJIIDHOE NPOHU3BE/IeHHe BEKTOPa a Ha BEeKTOPHOE MPOU3Be/ieHHE
BeKTOpoB b 1 ¢. Corstacno onpenesnenusiv (2.15) u (2.28)

a[bc]=a{bcsin (b, c)}cos (a, n).
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3nechk (b, ¢) — yroix Mexuy b u ¢, (a, n) — yroJ Mexay BEKTOpOM a
¥ OpTOM N, ONPEJEeJIAIONHM HanpaBJeHie BEKTOpad [bel. Mz puc. 2.15
BUHO, 4TO Bhlpa)keHHe bc sin(b, €) YHC/IEHHO PaBHO NJOIAH OCHO-
BaHHs MapaJulelienunesia, NOCTPOCHHOrO Ha NEePEMHOMKAEMBIX BEKTOpax,
a BhpaXeHHe @ COS(a, m) YHCJIEHHO paBHO BBICOTE STOrO napaJJee-
nuneaa, B3ATOH CO 3HAKOM IIIOC, eCJIH YroJI (a, n) oCTpbIii, H CO 3HAKOM
MHHYC, ecad 3ToT yroa Tynoii. CrejoBaTeJIbHO, BBIPAKEHHE albc]
HMeeT POCTOll reoMeTPHUECKHi CMBIC/ — OHO YHMC/IEHHO PABHO o0peMy
napaJiiesienunesa, NOCTPOEHHOrOo Ha NEepeMHOXKAEMbIX BEKTOpax (B3s-
TOMY CO 3HAKOM IJIIOC HJIM MHHYC B 3aBHCHMOCTH OT BEJMHHHLL yr.ia
(a, n)). Ilpy BbuKCIeHHH oObeMa MNapaienenunesa pesy/brar HE
MOJKeT 3aBHCeTb OT TOTO, KaKas W3 ero rpaHed B3sTa B KauecTse OC-
goBaHus. Otciofia Clenyer, 470

albc]=blcal=c[abl. (2.34)

TakuM 00pasoM, CMeIaHHOe NPOH3BEeHHEe AOMYCKAeT UHKIHYCCKYIO
TepecTaHOBKY COMHOXHTEJNei, T. €. 3aMeHY KaX</Ioro M3 COMHOXHTE/IEH
ClleyIoUUM 32 HUM B LUKJIE:

a

7\
c<—Db

JiBoiiHOe BeKTOpHOe Npou3BejeHue. PaccMOTPUM ABOMHOE BEKTOP-
HOe NMpOHW3BeJeHHe TPeX BeKTOpoB &, b u ¢

d=la, [bcll.

Bcsikoe BEKTOpHOE NPOM3BENEHHE MEPNEHAMKYJSPHO K 06OMM COMHO-
x)uteqsm. ITostomy Bektop d nepneHAMKYyJspeH K OPTY n, Onpenessio-
memy Hanpasienue Bektopa [bcl. Ortciona BhiTeKaer, yto BekTop d
JIEXKHT B MJIOCKOCTH, 06pa3oBaHHOM BekTropamu b ¥ ¢, ¥ ClIefOBaTebHO,
MoeT ObiTh NpejCTaBleH KaK JIMHeiiHasg KOMOWHALMs 3THX BEKTOPOB:

d=ab-+fc

(cm. (2.5)). CoorBercTBYyIOUMiI pacueT Aaer, yTo a=ac, B=—ab. Ta-
KUM o06pasoM,

[a, [be]]=Db(ac)—c(ab). (2.35)

3anomuHaHHe 3TOH QopMYJIEl 00JeryaeTcs TeM, YTO €€ MOXKHO MPOYeCThb
Kak «0all MHHYC pab».

lNpousBoanas Bektopa. PaccMOTpHM BEKTOp, KOTOPLIH H3MEHSETCs
CO BpeMeHeM MO H3BeCTHOMY 3aKoHy a(f). Ilpoekuun 3TOro BekTOpa
Ha KOOPAMHATHBIE OCH NPENCTABRJISIOT coboi 3afaHHble (QYHKIHH Bpe-
Mmeru, CieoBaTesbHO,

a () =e,a, (1) +e,a, () +e.a, () (2.36)

(MBI peAnosiaraeM, YTo KOOPAHHATHHIE OCH He MOBOPAYHBalOTCH B IPO-
CTPaHCTBE, TaK YTO OPTBI OCell cO BpeMEHeM He H3MEHSHOTCH).
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ITycTh 32 NPOMEXYTOK BpeMeHH Af NpoekiMH BeKTopa NoJjyyaioT
npupauwennus Aa,, Aay, Aa,. Torga BEKTOp MNOJYYHT NpHpauieHHe
Aa=e, Aa,+e,Aa,+-e,Aa,. CKropocTb H3MEHEHHsI BeKTOpa a ¢o
BpeMeHeM MOXKHO OXapaKTepHsoBaTh oTHOLleHHeM Aa Kk At

Aa Ady Aay Aa,
3T=exﬁ+egft"+e’ﬁ' ' (2.37)
DT0 OTHOLIEHHE JaeT CPEeNHIO CKOPOCTh W3MEHeHHsi a B TeYeHHEe INpo-
MeXyTka BpemeHd Af. JlomycTHM, 4TO @ H3MEHSIETCSl CO BpEMEHeM
HeNpephiBHO, 6e3 CKauyKoB. Toria ueM MeHblue MPOMEXYTOK Af, Tem
ToyHee BesinynHa (2.37) XapaKTepH3yeT CKOPOCTh H3MEHEHHS a B MOMEHT
BpeMeHH ¢, npenwecTByomuit uuTepsany Af. CrenosatesbHO, CKOPOCTh
¥3MeHeHHs BEKTOpa a B MOMEHT BPEMEHH ! paBHa mpejie.ly OTHOLICHHS
(2.37), noayyaiomemycss NpH HEOrpaHHYEHHOM yMmeHblleHuH AL

CKOpPOCTb HW3MEHeHHs a= lim pat
at—0 A
— e lim A% pe lim ¥ e, lim A% 2.38)
ar—0 Al A0 A At Ot

Ecau ecth HekoTopasi GyHKUuS [ (f) aprymenrta {, To npejes OTHO-
LIeHHs npupalienns GyHkuMH Af K npupaluenuo aprymenTa Af, mosy-
yaloWuiicss NpH CcTpemaeHud Af K HYJIO, HaspBaeTCs NPOM3BOLHOMN
¢ynkuuy f no ¢ ¥ o6o3HayaeTcs cumBosioM df/dt. TlosToMy BEIpaxeHne
(2.38) MOXHO 3amucaTh CEAYIOLIMM 00pasoM:

da__ . day
Gy e T
INoayueHHBII pe3ysbTaT O3HAYaeT, YTO MPOEKUHH BeKTopa da/d! Ha
KOOpJHHATHbIE OCH PaBHBI MPOMH3BOJAHBIM 110 BPEMEHH NIPOEKUHH BEK-

TOpa a:
da iSday "da s day, (da __da,
(‘Ttllp-*_w, (dz)nP-yﬂ dt? a?;np.z-_ Hila (240)

B ¢m3KKe NpHHATO NPOH3BOJHLIE N0 BpeMeHH 0603HayaTh CHMBOJIOM
COOTBETCTBYIOLIEH BEIMUMHBI C TOYKOW Haj HHM, HanpHMep,

dq:' A d‘&q}ru— - da-_— . d?.a"“ -
a—t-—(P, EF—-—-Q}, E—a, a—zg—a. (2.41)

da da,
+e, o +e, 5 (2-39)

BoCno/ib30BaBIIMCh TaKuM o6o3HayenHeMm, dopmyse (2.39) MoxHO
npHAaTh BHA
a=e,a,+eaq, +ea,. (2.42)
Ecny B KauecTBe a(f) B3STb PaauyC-BEKTOp I(f) NBUKYLIEHCS TOYKH,
TO corJiacHo (2.42)
r=e.x+ ey;}-{— e,2, (2.43)
rae x, Y, z cyTh GyHKuuu or f: x=x(1), y=y (), 2=2(1).
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Iuddepeninanom («npupauenuem») ¢yukuuu f(f) HasbiBaercs
BbIpaXKeHHE
df=f'dt, (2.44)

rae f° — npoussoanas f mo £. Corvtacho (2.39) auddepenuuan («npupa-
JieHYe») BEKTOpa a onpejensiercss GopMyJioun
da—=e,da, e, da, e, da,. (2.45)
B uacrHoCTH,
dr=e,dx e, dy+e,dz. (2.46)
3amMeTHM, 4TO MpHpaLlleHHe GYHKUMH 332 OYeHb MaJiblif, HO KOHEUHbIH
NPOMEXYTOK BpemeHH Af npuOJIHKEHHO PaBHO
df

Af = [ AE=T AL, (2.47)

B npenene npu Af— 0 npuGimKeHHoe paBeHCTBO (2.47) nepexoant
B TOYHOE paBeHCTBO (2.44).
PopmyJay, aHaJOrHYHYo (2.47), MOXXHO HamucaTb U IS BEKTOPHOI

QYHKIHH:
Aa ~ 22 AL, (2.48)

Mpoussonnasi npoussenenust (yskumit. PaccmMorpuM  @yHKUHIO
b(f), KoTopas paBHa NPOH3BEACHMIO CKanisipHOH GYHKUHH @(f) Ha
BeKTOpHYI0 (yHKuHIO a(f): b(f)=¢(#)-a(f), nim coxpauenHo: b=qa.
Hafinem npupamenne ¢yHKuuu b:

Ab = A(ga) = (9+A¢) (a+Aa) —ga = ¢ Aa + aAp+Ag Aa.

IlpencraBuB npupailennsi GyHkuui B Buge (2.47) u (2.48), momyumm:

d d do d -
Ab =~ ¢ 5 AL +a Tk AL 2R 2 (AL,

dt dt
OTKyza
Ab __ da dp , dg da
a~egtagtg gt

B npeznene npu Af —- 0 370 npubamkeHHOE paBEHCTBO IpeBpallaeTcs
B ToyHoe. Takum o6pasom,

A2 (o) i by Sl 20
d‘_'éfgloﬁf_i:Tu((Pdt"l“adt'J"dzdtM)'

IMepBbie aBa claraeMBIX He 3aBHCAT OT Af ¥ NO3TOMY NpH mepexose
K npeneny e uameHsitorcs. Ilpenest TpeTbero C/iaraeMoro paBeH HYJO.
CrenoBartesibHO, 3aMeHHB b Ha ¢a, noJaydum:

d d d S
F(pa) =9z +a F=ga-+qa. (2.49)
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Tenepb paccMoTpHM CKa/IsipHOE IPOM3BENEHHE ABYX BEKTOPHBIX
¢Gynxunit a(f) u b(Z). Ilpupauenne 3Toro npoU3BeeHHS PABHO:

A (ab) =(a-+Aa) (b4 Ab) —ab=aAb-4-bAa-4AaAb ~

~ ab At ba At 4-ab (A¥)2.
Ortcrona
d . Af(ab . 3 3 .
37 (ab) = lim ab) _ lim (ab-+ ba+ab A1),
HJIH OKOHYAaTEeJbLHO
2 (ab) = ab -+ ab. (2.50)
Ymuoxus (2.50) Ha df, nonyyum nuddepenunan:
d(ab)=adb+bda. (©.51)

Briyueaum npousBoiHylo M AuddepeHunan Kpaapata BEKTOPHOH
¢yuxuuu. CorsacHo (2.50) u (2.51)

ea(ﬁ )
42— aa, (2.52)
de dt
€z (¢1gz) £ d (a?) =2ada. (2.53)
,’ Yurs, uyro a®?=a? (cM. (2.16)), MOXKHO HamKcaTh:
*'eﬁ %9a da=d(a) min ada—=d(a®/2). (2.54)
e
e Hakonen, paccMoTpHM NpPOH3BOIHYIO BeK-
Puc. 2.16. TOpPHOrO npowusserennss GyHKuuit a(f) u b(¥).

Ilpupauienye paccmaTpuBaeMoll QYHKUHH PaBHO
Alab]=[(a+Aa), (b+ Ab)]—[ab]= _
=[a, Ab]+[Aa, b]--[Aa, Ab] ~[a, b A{]+[aAf, b]+[aAf, bAL].
CooTBeTCTBEHHO

g7 [ab] = lim {[ab] +[ab] +[ab] At}.
Ocyuuectsns npesenbHENT nepexos, mpumeMm K QopmyJe
2 [ab]=[ab]--[ab]. (2.55)

TporsBoakas exuuHuHOro BekTopa. Paccyorpum opr e, BEKTOpA a.
O4eBHAHO, YTO BEKTOP €, MOMKET H3MEeHATHCH TOJNBKO 110 HarnpasJeHHIO.
ITycte 3a oyYeHb Maiblii POMEKYTOK BpemeHH Af BEKTOD a H BMECTe
C HHM OpT €, MoBOpauuBaercsi Ha yron Ag (puc. 2.16). Ilpu manom
A mopysnb BekTopa Ae, NpHO/IKEHHO paBeH yray Ag: [Ae,|~Ag
(oTpe3ok, wusobGpaxaomui Ae,, SBISETCS OCHOBaHHEM paBHOOeIpEeH-
HOTO TPEYroJIbHHKa CO CTOPOHAMH, PaBHBIMH €MHHMIE). 3aMETHM, YTO
ueMm MeHblie A, TeM ToyHee COGJIOAAeTCS HANHCAHHOE HaMM npub/u-

§ 3. CKOPOCTb 35

KeHHOe paBeHCTBO. CaM BekTop Ae, MOXHO MPEACTAaBHTH B BHIE
Aea s | Aea | *€Ae & ACP‘eAe:

IJle €xe — OPT BeKTOpa 'Aea. Ilpu crpemyienuu A@ K HYJIO OPT €ae
6yJer MOBOPauYMBAaThbCH W B Ipejesie COBMNANET € NepneHAHKYJsSPHbIM
K €, eIMHHYHLIM BeKTopoM e, (cM. puc. 2.16).
[lpousponnas e, no ¢ mo onpejie/ieHHIO PaBHa
de, + HAe, li Ag dg
—r = ——=lim —Zexe=-"1¢€].
dt a}}glo RE T g BT g L

Takum oGpasoM,

€ A—ie . (2.56)
Bennuuna @=do/df ecTb yrJoBasi CKOpPOCTh BpallleHHs BeKTopa a
(cm. §5). Opr e JeXHUT B TOH IJIOCKOCTH, B KOTOPOI NOBOPAYMBAETCs
B JIaHHLIF MOMEHT BeKTOp a, NpHYeM HampabJieH B TY CTOPOHY, B KOTO-
PYIO NPOHCXOAHT BpallleHHUe.

§ 3. CkopocThb

MarepuanpHast TOYKa NPH CBOEM JBHIKEHHM ONHCHIBAET HEKOTOpYIO
JHHHIO. DTa JIHHWS HaskBaeTC TP a e KT o P H e Ji Y). B saBucumoctn
OT (OPMBI TPACKTOPHH PA3IHYAT MPSIMOIHHEHHOE IBUMEHHE, LBHKE-
HHE TI0 OKDYXXHOCTH, KPHMBOJIHHEIHOe ABHIKEHHe M T. 1.

') OmMernM, uTo NOHSITHE TPAEKTOPHH NPHMEHHMO TOABKO K (KJACCHUCCKON
yacThne, KOTOPOH MOXHO NPHNHCATh B KaX bl MOMEHT BDEMEHH TOYHBIE 3HAYEHHS
KOOD/MHATLI M HMIIYJIbCa (T. €. ckopocTh). COIMIacHO KBaHTOBOH MEXaHHKe peasibHHE
HaCTHILI MOTYT GLITh 0XapaKTCPH3OBAHEI C ITOMOLILIO KOOPAWHATEL H HMIYJIbca JHIb
C HEKOTOpOli TodHOCTbIO. Ipenest 5Toli TOYHOCTH onpesieNIseTci COOTH O e H U e M
HeonpepenaeHnHnocTtH [eisenbepra

Ax-Ap =,
3necs Ax — HeonpereNeHHOCTE KOODAHHATH, Ap — HeONpelelleHHOCTh HMIYJIbCA
YaCTHILHI, —noctosuHadg| Ilaoaunxka, sHaveHue KoTtopoit paeHo 1,05

X10=3% Jx.c. 3HaK > o0sHayaer «G6OJblIC BeJHYHHLI NopsifKan.
3aMeHHB HMIYJbC NPOH3BEICHHEM MacCH Ha CKOPOCTh, MOXKHO HanHCcaTh

Ax-Av = Tijm.

13 31010 cooTHOmIENNs BUHO, YTO YeM MeHbLIE Macca YACTHIH, TeM MeHee onpeseseHs
HBEIMH nesaioTcs ee KOOpAHHATA H CKOPOCTE H, CJlefoBaTeJIEHO, MeEHee NIpHMEHHMBEIM
OKaskiBaeTCsi MOHsTHE TPAeKTOPHH. JNsl MaKpOCKONHYECKHX Tea (T. €. Ted, 06paso-
BaHHBIX OYeHb OOJIbLUMM KOJHYECTBOM MOJIEKYJI) HeONpeeNeHHOCTH KOOPAMHATH K
CKOPOCTH HE NIPEBOCXONAT NPAKTHYECKH NOCTHXKMMOK TOYHOCTH M3MEPEHUS 3THX BeJH-
“HH, BCJICJCTBHE Y€ro K TAKMM TeJlaM NOHATHE TPAeKTOPHH NPHMEHHMO 6e3 BCAKHX Oroe
BOPOK. JIsi MHKPOYACTHIL (37€KTPOHOB, MPOTOHOB, HEHTPOHOB, OTAEIBHLIX aTOMOB H
MOJIEKYJI) TOHSITHE TPAEKTOPHH OKA3LIBAETCH B SaBMCHMOCTH OT YCJIOBHI, B KOTOPEHIX
HPOHCXOIUT JBHXEHHE, JIHOO HeNpPUMEHHMBLIM COBCEM, JIHOO MPHMEHHMEIM C OTPAHH-
UEHHOH TouHOCTbIO. Hanpumep, nBHIKeHHE SIEKTPOHOB B SJIEKTPOHHO-Ty4eBoii TpyGKe
MOXHO NMPHOHMEHHO PAaCCMATPUBATE KaK NPOHCXOASLIEE IO HEKOTOPEIM TPAeKTOPHSM.
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ITycts maTepuanbHast Touka (B nanbieiilueM I8 KPaTKOCTH Mbl
Oynem HasbIBaTb €€ YaCTHIEH) nepeMecTHyiach BiOJb HEKOTOPOil Tpaek-
TOpHUH U3 TOYKH I/ B TOUKY 2 (puc. 3.1). Paccrosinne mMexny Toukamu I
M 2, OTCYHTAHHOE BJOJb TPAEKTOPUH, HA3bIBAETCSI I Y T € M, NpOiijeH-
HBEIM gacTuueil. Mol 6ynem o6o3HayaTh ero GYKBOI .

[psiMmonuHelHBIH OTPe30K, NpPOBEEHHBIH W3 TOYKH [ B TOUKY 2,

Ha3piBaeTcsl mepemelle HHeM yacthipl. OG0O3HAYHM €ro CHMBO-
JOM Tyo. TIpeanonos<uy, YTO yacTHIa COBeplLIaeT NMOCJeI0BaTe/bHO ABA
nepeMelleHus:: Iip H Fa3 (puc. 3.2). Cymmoll 3THX nepeMelleHHtl ecTecT-
BEHHO Has3BaTb TaKoe IepeMelleHHe Iy;, KOTOpOe NMPUBOAHT K TOMY Ke
pesyJsibTaty, YTO W NepBLIe JBa mepemelueHust Bvecte. Takum o6pasom,

z

Tpaenmoyig
/

Tiz

Puec. 3.1. Puc. 3.2.

nepeMellieHHsT XapaKTepH3YIOTCSl YHCIEHHBIM 3HayeHHeM M Hanpaplie-
HHEM M, KpOMe TOro, CKJaiblBaloTCs 1O MpaBHJY NapaJliesorpamma.
Orciona cnenyer, 4to nepemelieHHe €CTh BEKTOP.

¥4

4s

r+dr

/4
Puc. 3.3. Puc. 3.4.

B o0biieHHOMN KH3HH MO CKOPOCTBIO MOHHMAKOT MYTh, NTPOXOAHUMEI
YaCTHIEH 3a eIHHULY BpeMeHH. Eciii 3a paBHbIe, CKOJIb YTOAHO MaJible

NMPOMEXKYTKH BPeMEHH YacTHlla NPOXOAHUT OAHWHAKOBEIE IIVTH, JIBHXKEHHE

YaCTHLGI HA3HIBAIOT paBHOMEp HEI M. B 3ToM ciyuyae ckopocTs,
KOTOpO¥ 06J1afiaeT YacTHLA B KaXK/Iblif MOMEHT BPeMEHH, MOXKHO BBHIYHC-
NUTh, Pa3fiesiMB MyThb S Ha Bpems f.

B ¢u3sHKe Nox CKOPOCTHIO NOHMMAKOT BEKTOPHYIO BEIHUHHY, XapaK-
TEPUBYIOULYIO He TOJIbKO OBICTPOTY NMepeMeleHHsT YaCTHIb! N0 TPAeKTO-
PHH, HO H HampapJeHHe, B KOTOPOM JABHXKETCS YacTHLA B KaIblii MO-
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MEHT BpeMeHH. Pasobbem TPaeKTOPHIO Ha GeCKOHEWHO MaJible yYacTKH
quMHBL ds (puc. 3.3). KaxmoMy H3 yyacTKOB CONOCTaBHM GeCKOHEYHO
MaJjioe mepemenienue dr. PasaenuB 370 mepeMelleHHe Ha COOTBETCTBYIO-
[HH NPOMEXYTOK BpemeHH df, MNOJYy4YHM MCHOBEHHYIO CKOpOCTb B
JaHHOH TOYKE TPAaeKTODHH:

v=3_p (3.1)

TakuM o0pa3oM, CKOpPOCTh €CThb INPOM3BOAHAsl pajauyca-BeKTopa Ya-
cTHUB! TO BpemeHH. [lepemeurenue dr coBnajaeT ¢ 0ECKOHEYHO MaJbM
3JieMeHTOM TpaeKTopuu. CiefoBare/ibHO, BeKTOp V HamnpaBjeH IO
KacaTeJbHOH K TPaeKTOpHH (cM. pHC. 3.3).

Paccy»xzast Gosee crporo, st moayuerust dopmyJet (3.1) HYKHO
NOCTYNHTb CJeYIoWUM 06pa3oM. 3a(HKCHPOBAB HEKOTOPHIH MOMEHT
BPEMEHH #, PacCMOTPHM INpHpalleHHe paauyca-BekTopa Ar 3a masblit
npomexyTok Bpemenn Afl), cienyrommii 3a ¢ (puc. 3.4). OrHouenue
Ar/At naer cpennee 3uaueHne CkopocTH 3a Bpems Af. Ecin Gparth BCe
MeHbIIHe poMexxyTKH Af, orHourenue Ar/A{ B mpesesie JacT 3HaueHue
CKOPOCTH V B MOMEHT BpeMeHH f:

PaRATIER A
v=lim 7= (3.2)

Mgt npuiay K gopmyae (3.1).
Haiinem moznysib BhipakeHusi (3.2), T.e. MOAYJB CKOPOCTH V:
Ar Bt fimee] (3.3)

lim —
Af—>0 At At—0 At

B aroii dopmyse Henb3s Hanwcath Ar Bmecto |Ar|. Bexkrtop Ar ectb
Mo CyHIECTBY pPa3HOCTh ABYX BEKTOPOB (I B MOMeHT #+Af munyc r
B MoMeHT #). [TosTomMy €ro MomyJib MOXHO 3alHCATH TOJIBKO C NOMOILLKIO
BepTHKaJbHEIX yepTouer (cM. (2.2)). Cumpon [Ar| o6o3nayaer MORY.Jb
NpUpalleHus: BeKTopa I, B TO BpeMsi Kak Ar mpejcTaB/isieT co6oi MpH-

pauiesue MonyJsi Bekropa r: Alrl. 2
Obe 3TH BeJMYMHBI, BOOOLLE I'OBOPS,
He paBHBI ApPYr APYTY: 7

|Ar| = A|r| = Ar. > j'dr

B stom MoxHO yGenuThCA Ha Clle- Puc. 3.5.
Ayiouiem npumepe. ITycts BeKTop T

NnojyyaeT TaKoe MNpHpalleHHe AI', YyTO MOAYJb €ro He H3MEHSEeTCH.

1) CumBosioM A (mesnbTa) nONBL3YIOTCS B JBYX CIAyYasix:

a) 115 0603HAYEHHS TPHPALlEHMS KaKoi-1H60 BenuunHEL B paccmarpriBaeMoM
clyyae Ar ecTh NpHpallieHye pajnyca-BeKTopa r 3a Bpems Af;

6) ans 0603HayeHHs OOJH Kakoif-1H6o BeHuHHbl, Hanpumep At ecTh yacTk BCEro
BpEMeHH f, B TeueHHe KOTOPOrO MPOHCXOIHT JBHXeHHe, As — yacTb BCEero NYTH S,
POXOAMMOT0 " YacTHLel,



38 IJI. 1. KHHEMATHKA

Jr+Ar|=1r] (puc. 3.5). Torma npupamenvue MOALYJS BEKTOpPa PAaBHO
Hy/mo (Alr|]=Ar=0). B 70 e BpeMs MOXLYJb NMPHUpAlIEHHsS] BEKTOpa T,
T. e. |Ar], otivyen or Hyas (OH paBeH AJHEE oTpe3ka 2—3). CKrasan-
HOe CIIpaBel/IUBO IJist JiioGoro BeKTopa a: B obuieM ciyyae [Aals=Aa.
U3 puc. 3.4 Bunxo, uto nyTth As, BooOlle roBopsi, OTJHYEH NO BeJH-
guHe OT MOAyJas mnepememieHHst |Ar|. Oxnako, ecau 6paTh OTPe3KH
IyTH AS H nepememieHHd Ar, COOTBETCTBYIOIIME BCEe MEHBIUMM IpoMe-
JKYTKam BpemeHU Af, To pasnuune mexxny As u |Ar| 6yzer yOuIBaTh H HX
OTHOILLIEHHE B Mpefiesie CTAHET PaBHBIM EXHHHIE:

As

lim ——=1.

At—0Q [Ar]
Ha 3ToM ocHOBaHuH MOXKHO 3ameHHTE B ¢opmyne (3.3) [Ar| uepes As,
B pe3yJIbTaTe Hero NOJYYHTCS BEIpaXKeHHe

SNSRI S
e @
Tarkum obpasom, MOAYJbL CKOPOCTH paBeH IPOM3BOAHON MYTH MO Bpe-
MEHH.

OueBHZHO, 4YTO BeJMYHHA, Ha3biBaeMmasi B OOLIAEHHON »KH3HH CKOpO-
CTEIO, Ha-CaMOM JieJie NIPeACTaBsieT Co60i MOLY/Ib cKOpocTH V. ITpu pas-
HOMEDHOM JIBHXKEHHH MOJAYJb CKOPOCTH OCTaeTCS HEH3MEHHbIM (U=
=const), B T0 BpeMs KaK HalpaBJleHHe BEKTOPA V H3MEHSIeTCS Ipo-
H3BOJILHEIM 06pa3oM (B YaCTHOCTH, MOMKET ORITH ITOCTOSTHHBIM).

B cootBetcTBHH C (opmy.sioit (3.1) sJemeHTapHOe IepemelleHHe
YaCTHULI PaBHO

dr=vdt. i (3.5)

Wnorna mist HarmsaHoctH Mel GyJeM o603HauyaTh SJeMEHTapHOE nepe-
MEIIeHNe CHMBOJIOM dS, T. €. nmucath (3.5) B Buze

ds=v dt. (3.6)

Bektop CKOpOCTH, KaK M BCAKHI JPYroil BEKTOpP, MOXHO IIpeicTa-
BUTb B BHJE

v=u.e, 1v.e +40.e, (3.7)
rpe Uy, Uy, U, — NPOEKUHH BEeKTOpa V Ha KOOpPAHHATHEIE OCH. Bmecre

C TeM paBHHIH V BEKTOpP I cOryacHo ¢opmyse (2.43) BHITJSIMT CJeayio-
muM obpasoMm:

r=xe - ye,+ze,. (3.8)
W3 cpaBuenust Beipaxenuit (3.7) u (3.8) BuITeKaer, 4TO
Up=X, U=y, U=z (3.9)

CnenoBatesibEO, MPOEKUHsi BEKTOpa CKOPOCTH HA KOOPAHHATHYIO OCh
PaBHa MPOH3BONHOH IO BpPEeMEHH COOTBETCTBYIOLICH KOOPAWHATEI JBH-
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xyuleiics yactuupl. IlpuusiB Bo BHEManHe (2.10), nonyunM gopmyay:

v=]/3c=+_i;2+z'ﬂ. (3.10)

Bektop CKOpOCTH MOXHO INpPEeICTaBHTL B BHAE V=U€,, Tle U—

MOZYJb CKOpOCTH, a €, — OpT BeKTopa v. BBeiem opT KacaTelbHoiH

K TPaeKTOPHM T, YCJOBMBIIHCH HAMpaBJsTb €ro B Ty e CTOPOHY,

yto U V. Torja, oYeBHIHO, OPTEL €, H T COBNAAyT, TaK YTO MOXHO HalH-
caTb CJenylollee BbIpa:Ke€HHE:

Vv =1ve,= UT. (3.11)

ITonyuum elme o;md BhIpaxKeHHe sl v. C 5TOi LeJblo TMOACTAaBHM
B dopmyay (3.1) paamyc-sekrop B BHAe r=re,. CoraacHo (2.49)

v=r=re,-|re,. (3.12)

Jlnsi NpOCTOTH OrPaHHYMMCS CJlyyaeM, KOTJia TPaeKTOpHs SIBJISETCS
NJIOCKOH KPHBOH, T. €. TaKOH KPHBOH, BCe TOYKH KOTOPOil JIeXKAaT B Of-
HOH myocKocTH. [lpumem 3Ty nJo- 7 v
CKOCTh 3a IIJIOCKOCTh X, Y. B dopmy- /R
Je (3.12) BekTop Vv OKasajcsa mnpen- vy \
CTaBJIEHHBIM B BHJIe CYMMBI JBYX CO-
crapasiolux (puc. 3.6). Ilepsas co- e
CTaBJISIIOast, KOTOPYIO MBI OGO3Ha-
YHM V,, PaBHa Z
Vaire),. (3.13)

Ona HanpaBJieHa BJIOJIb pajiHyca-BeK- e

TOpa I H XapakTepuayeT OBICTPOTY €y )
HaMeHenMs mMoayas r. Bropas cocra-
BSIONAS, KOTOPYIO Mbl OGO3HaYHM
Vg, PaBHa Puc. 3.6.

Vo =re,. (3.14)

Ona xapakTepusayer OLICTPOTY H3MEHEHMsl pajuyca-BeKTOpa no Ha-
IpaBJeHHIO.
Bocnosib3oBaBLinch ¢opMyJioi (2.56), MOXHO HanucaTb, YTO
- dq)

er=‘a‘z' e¢ -~ (peq"

N

Ile ¢ — YroJl MeXIy painycoM-BeKTOPOM H OCBIO X, €p — IepIleHNH-
KYJISIPHBIH K pajiycy-BeKTOpY OpT, HampaBJeHHbl B CTOPOHY BO3pa-
cranusi yraa ¢ (B dopmyae (2.56) 3ToT optT Okl OO03HaueH ey). Ilox-
craBuB 310 3HayeHue B (3.14), monyuyum

Vo= rc[:eq,. (3.15)

M Bpenn o6osHayeHHs Vo W €q, YTOOBI NOAYEPKHYTh, YTO COCTaB-
JSIOIIAsT Vo M COOTBETCTBYIOLIHH OPT CBf3aHHI C H3MEHEHHeM yrJja @,
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OueBHJIHO, YTO BEKTOPHI V, H Vg B3aHMHO mepreHnukynspHel. Cie-
[I0BaTeJLHO, :

o=} v?—!—vﬁ,:]/rz—l-r’rp‘. (3.16)
PaccmoTpum Bonpoc 0 ToM, Kak, 3Has BEJHYHHY CKOPOCTH B Kax-
JIbli MOMEHT BpEMEHHM, BBHIYHCIHTE MNYTh, [OPOXOAMMBLIN YacTHUEH ¢
MOMEHTa BpEMEHH f; IO MOMeHTa f,. PasobbeM MNpPOMEXYTOK BpeMeHH
t,—t; Ha N manbiX, He 06s3aTeNlbHO OJMHAKOBHIX NPOMEXYTKOB: Afy,
At,, . .., Afy. Bech nyThb s, NpoiiieHHBIH YaCTHIEH, MOXXKHO NpeacTa-
BHTb KaK cymmy nyteit As;, As,, ..., ASy, NPOHJIEHHBIX 32 COOTBETCT-
BYIOILHE NMPOMEXYTKH BpemeHu Af:

N
s=As;+As,+. .. -{—;AsN:{EAsE.
=[

B cootBetcTBHE ¢ dopmyoii (3.4) Kawnoe U3 CaraeMbiX MOMKET OBbITh
npHGAMKEHHO TNpPEeJACTaBJEHO B BHJE

As;~v; AL,

rae Af; — npoMeXXyTOK BpeMeHH, 3a KOTOpbIH Obl1 mpoiiieH nytsh As;,
a U; — ONHO M3 3HayeHHMHl ckKopocTH 3a Bpemsi Af;. CienoBaTelsbHO,

N
“
s~ }_1 ;AL (3.17)
i=
Hanucansoe paBeHCTBO BEIMOJIHSIETCS] TeM TOYHeEe, YeM MEHbLIE IpoMe-
XYTKH BpemeHH Af;. B npenene mpu crpemyieHHH Bcex Af; K HyJiio
(KoJIHYEeCTBO TPOMEXYTKOB Af; GyneT NpH 3TOM HEOrpaHHYEHHO BO3-
pactatb) NpPHOMHXKCHHOE PaBEHCTBO CTAHET TOYHbLIM:

N
. N
s= lim v, AL,
At ;0 5%1 AT
Ilonyyennoe Boipax<eHHe NPENCTaBIsieT CoGOi ONpeieNneHHbIH HH-
Terpan ot GyHKuuH v(f), B3ATH B npesesnax oT & 1O f,. Takum o6pa-

30M, MYTb, IPOXOAMMEI YaCTHLICH 8a NIPOMEKYTOK BPEMEHH OT f; JO i,
paBeH

s={v()at. (3.18)

IlonyepkueM, YTO 31eCh WJET peyb O MOAyJe CKOpPOCTH. Ecau B3sTh
HHTErpaj oT camMoil CKOPOCTH V (£), TO MONYYHTCS BEKTOpP NepeMelleHHs
YacTHIE! U3 TOYKH, B KOTOPOIi OHa GblJIa B MOMEHT #;, B TOYKY, B KOTOpPOH
OHAa OKa3ajiaCb B MOMEHT f:

1y 1y

Svyat={dr=ry, (3.19)

¢ ¥

(M. (3.5)).

§4. YCKOPEHHE e

Ecau u306pasuth rpaduk 3aBHCHMOCTH U OT ¢ (pHc. 3.7), TO mpoit-
JEHHBIH NYTh MOXHO NPEICTABHTL KaK ILIOM@Lb (Uryphl, OrpaHHYeH-
goli Kpusoi v(f) M npsMbIMH {=l; U {={,. JleiCTBUTE]bHO, MPOH3-
pejienre U;Af; UNCNEHHO paBHO mjo-
manx i-# nojocku. Cymma (3.17)
paBHa IJIOLIAH, OTPAHHUEHHOH CBep-

Xy JIOMaHOH JnHHeH, 00pasoBaH- [
HOIl BEPXHHMH KpasiMM BCeX Nojo6- !
HBIX NOJOCOK. IIpn crpemieHVH BCeX R
Af; K HYJIO IIMPHHA TOJOCOK YObI- :
BaeT (ONHOBPEMEHHO YHCJIO HX pac- ¥
T€T), M JOMaHas JWHWSL B Npelene  p 4 o t,

coabercs ¢ Kpupoit v=v(f). Takum
00pa3oM, NyTh, NPOHAEHHbIH 3a Bpe- Puc. 3.7.
M$ C MOMEHTa f; 10 MOMEHTa [,, YuC-
JIGHHO paBeH IJIOWaJH, orpandyenHol rpaduxom Qynkund v=0(f),
OChIO BpeMeHH { ¥ NPAMBIMH {={; H t={,.

3amMeTuM, YTO CpejiHee 3HaYeHHe MOJYJs CKOPOCTH 32 BpeMsi OT Iy
Io {, MO OmpeleJeHHIo PaBHO *)

LU= TS

IMoacTapus cloja Bbhipaxkerue (3.18) mud s, moayyum:
ty

oyt {oar. (3.20)

fismep
1

AHAJOrMYHO BBHIYMCJISIOTCS CpPefHUE 3HAYeHHs JIIOGBbIX CKa/sPHBIX HIH
BekTOpHLIX GyHKuuii. Hanpuvep, cpeanee 3HayeHHe CKOPOCTH DABHO

s

1
1 Ao ABre
vy = &—uﬁ" () di =12 (3.21)
-(CM. (3.19)). Cpenuee 3uaueHve (QyHKUHH y(X) Ha NPOMEKYTKE OT X
JO X, onpenensieTcsl BbIpaXKeHHeM

X

<y = - y (x) dx. (3.22)

Xo— X1
X

1

§ 4. Yckopenue

CKOpOCTb YACTHUEI V MOXKET H3MeHSATbhbCs CO BPpEMEHEM KaK Mo Benn-
YHHe, TaK W [0 HanpasJjeHHio. DpICTpoTa HaMeHeHHs BEKTOpa Vv, Kak
H ObicTpoTa M3MEeHeHMs JioOoi (QYHKUHH BpPEMEHH, ONpEneNsercs
TIPOH3BOJHOM BeKTopa Vv 110 {. OGO3HAYUB 3Ty NPOU3BOAHYIO OYKBOI W,

1) Jlns o6osHauenus CpeiHEro 3HaUYCHHsA KaKOk-1160 BeTHUHHE MBI GYNIeM SaKJio-
YaTh CHMBOJI 5TOH BeIMYMHLI B YIVIOBLIE CKOOKH { ).
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MOJYYIHM:
sl AW ddy :
w= lim —=-7=V. 4.1
ato At dt (4.1)

Bennunna, onpenensiemast ¢dopmysioir (4.1), HaskiBaeTcs y CK O p e-
HHYEeM YaCTHIHL.
3ameTuM, YTO YCKOpeHHe W HIpaeT MO OTHOLUEHHIO K V TaKyio Ke
poOJib, KaKyI0 BEKTOpP V HIpaeT IO OTHOWIEHHIO K PajuyCy-BeKTOpY T.
PaBHble BEKTOPHl HMEIOT OJMHAKOBBIE NPOEKLUUM Ha KOOpJAHHATHHIE
ocu. CiepoBaTenlbHO, HanpHMep,

7T dv LG s
*— \dt np.x  dt ol
(cM. (2.40)). Bmecre ¢ Tmem corsacho (3.9) vy=x=dx/df. Tlostomy
g dy dx\gmndic g =
dt di\at) dirE_ %
Mul NONTySHH, YTO NPOEKIHMsT BEKTOPAa YCKOPeHUS Ha OChb X PaBHA BTO-

poil MPOH3BOHOH KOOPAMHATHL X IO BPEMEHH: W,=X. AHaJOruyHbe
BBHIDQXKEHHST MOJYYalOTCs ]/ NPOEKUHH YCKOPEHHS Ha OCH y H 2.
Takum obpasom,

e s e e, (4.2)
IToxcraBum B Gopmyay (4.1) Beipakenune (3.11) ans v:
d
~ 7 (©9). (4.3)

Hanomsunm, 9TO T ecTh OPT KacaTesIbHOH K TPAeKTOPHH, HallpaBJIeHHBI
B Ty Xe CTopoHy, 410 H V. CorsacHo (2.49)

w =gt} ot. (4.4)

CJIe,H,OBaTEJ'[I:HO, BEKTOD W MOXKHO NpEeACTaBHTbh B BHIE CYMMBI JABYX
cocraBasolux. OnHa H3 HHX KoJiiHHeapna € T, T. €. HalpabJieHa
M0 KacaTeJIbHOH K TPa€KTOPHH, H IO3TOMY obo3HayaeTcs W, H Ha3blBa-
€rcd TAHTrEeHUIHaAaJbHBM YCKODEHHEM. Omua paBHa

Wy = UT, (4.5)

Btopas cocraBngioniasi, paBHas vT, HanpapJieHa, KaK MBI NOKaxeM
HHXKe, 110 HOpMaJH K TPaeKTOPHH H MO3TOMY 0003HAyaeTcst W,, M Hasbl-
BaeTCsI HOPMAaJNbHHEM YCKOpeHHeM Takum obpasom,

W, = UT. (4.6)

Hccnenyem cBoiicTBa 06eHX COCTABJISIOLIMX, OFPAHHUMBLINCD IS
NPOCTOTBI CJIy4yaeM, KOrjia TPaeKTOpHs SABJSETCSA IJIOCKOH KPHUBOH.
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MonyJib TaHreHUHABbHOTO YCKOpeHus (4.5) papeH
[wel=|0]. (4.7)

Eciu v>'0 (ckopocTb pacTeT TNO BeJHYHHE), BEKTOp W, HamNpaBJieH

B TY 7K€ CTOPOHY, YTO ¥ T (T. €. B Ty e CTopoHy, uto H v). Eciu << 0
(ckOpOCT CO BpeMeHeM YMEHbLIaercsi), BEKTOPhI V M Wy HanpaBJeHbl

B NPOTHBONOJIOXKHEIE CTOpoHBI. Ilpn paBHOMepHOM ABHXeHHH v=0,
H CJIeOBaTeJbHO, TaHTeHIMaJbHOrO YCKOpDEHHsS HeT.
UToObl BHIICHUTH CBOMCTBa HOPMaJbHOrO YcKopeHHs (4.6), Hy»xHO

YCTaHOBUTB, YeM onpefeisercd T, T. €. ObICTpOTa H3MEHEHHs CO Bpe-
MeHeM HanpaBJeHHsl KacaTejbHOM K TpaeKTOpHH. JIerko cooGpasuTh,
yrto 372 GhICTpoTa GyneT Tem GoJiblie, YeM CHJIbHEe HCKPHBJIEHA Tpaek-
TOpUsSI ¥ YyeM OBICTpee nepemeliaercst 4acTuila Mo TPAEKTOPHH.

CreneHb MCKPUBJIEHHOCTH MJOCKOH KPHBOH XapaKTepusyeTcs K p H-
B U 3 HO i C, KoTopas onpejefsercsi BeIparKeHHEM

C=lim £2=12, (4.8)
As»0 DS ds

rae Ap — yroa Mexnay KacaTeNbHBIMM K KPHBOM B TOYKaX, OTCTOSIIIKX

npyr ot apyra Ha As (puc. 4.1). Takum 0Opasom, KpHBH3HE Olpeneser

CKOpPOCTb ITOBOPOT2 KacaTesNbHOH NpH MepeMellleHHH BIOJb KPHUBOK.
Benuunna, obpaTHas KpuBu3He C, HasbiBaeTcss paAHyCOM

KpPHBY3HL B IaHHOH TOYKe KPHBOI M

obosHauaercsa OYKBoH R:

| s Asiigilds

R=&== ggo Aot Aok (4.9)
Pajuyc KpUBH3HBI IPeCTaBJsieT co60k paau-
yC OKpPYXKHOCTH, KOTOpasi CJIMBAaeTCsl B JaH-
HOM MeCTe C KPHBOH Ha 6eCKOHEUHO MaJioM ee
yuactke. LIeHTp TaKOH OKPY»XHOCTH HashlBa-
€Csi LEHTPOM KPHBH3HB IS AaH-
HOH TOYKH KDHBOH.

Pajuyc M UEHTP KPHBH3HHI B TOuKe I
(cm. puc. 4.1) MOXKHO ONMpEAEHTb CJEAYO-
mHM obpasom. BosbmeM HenojasieKy OT TOY-
ku I Toury I'. IlocTpouM B 3THX TOUKax
Kacaresibuble T ¥ T . IlepneHauKyJapel K
KacaTeJbHBIM TTepeceKkyTcsi B Hekotopol Toyke O°. 3ameTnm, 9TO AJISA
KpPHBOH, He SIBJSIOUIEHCS OKPYKHOCTBIO, PaCCTOSHHS R" u R" 6ynyr
HEMHOTO OTJIMYaThCst APYT OT apyra. Ecau Touky I” npHGIMXKATh K TOY-
ke I, nepeceyenue nepneHAHKyJsipos O° Gyner mepeMeliaThCsi BAOJB
npsmoif R’ ¥ B mpeJiesie OKaXkeTcsi B HeKoTopo# Touke 0. Dta Touka H
GyleT LEeHTPOM KPHBU3HHI mist Touku I. Paccrostust R* u R” 6yayr
CTPeMHTBCS K O6uieMy npejieny R, paBHOMY pajHycy KpHBH3HGHL. [lefi-

Puc. 4.1,
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CTBUTEJIbHO, ecJH ToukH I u I’ pacnonoxeHel 6JH3KO APYr K Apyry,
MOXKHO HamucaTb, 9To A@AAs/R’ waum R'~As/A¢g. B npenene npu
A — 0 310 NpUOIMIKEHHOE PaBEHCTBO NepeijeT B CTPOroe paBeHCTBO
R=ds/dp, coBmajawouiee C omnpejeJeHHeM pajuyca KPHBH3HBEI (CM.
(4.9)).

O6patuMcsi K BbIUMCIEHHIO W, (cM. (4.6)). Cornacho (2.56)

- R dq)

T=_ 0, (4.10)
rlie 1 — OpT HOpPMaJH K TPaeKTOPHH, HaNpaBJieHHBIH B Ty CTOPOHY,
B KOTOPYIO NOBOPAYHBAETCSI BEKTOP T NPH ABHKEHWH YaCTHLBI IO TPaeK-
TopuH (B dopmy.ie (2.56) anasoriunblii opT Gbl 06osHayeH e). Bean-
uMHY do/di MOXHO CBSi3aThb C PajHyCOM KPHBH3HBI TPAEKTOPHH M CKO-
pocTeio yacTHubl v. M3 puc. 4.1 cienyer, uro

As v At
SR AR

rie A — yros moBopoTa BekTopa T 3a Bpemsi Al (coBmapaioumii ¢
YIJIOM MeX1y nepnenaukysspamu R’ u R"), v’ — cpeansisi ckopoCTth
na nytu As. Otcriona

Ap v

T

B npenene npu Af—- 0 npubIHKEHHOE pPaBEHCTBO CTaHET CTPOTHM,
CpeAHsisi CKOPOCTh U NPEeBpPaTHTCs B MTHOBEHHYIO CKOPOCTh U B TOuYKe [,
R' — B papuyc KpuBH3HBI R. B pesyabTaTe DOJYUHTCS pPaBEHCTBO

Eip O (4.11)

(C — xpuuana). CrnenoBaTesibHO, ObICTPOTA MOBOPOTa BEKTOpa CKO-
POCTH, KaK MBI H MpEANoJaraH, MponopuHoHaibHa KPUBH3HE TPAEKTO-
pHH M CKOPOCTH I€pPeMEIICHHS YaCTHUbl M0 TPAEKTOPHH.

TMoncrasus (4.11) B ¢dopmyny (4.10), monyunm, yro T= (v/R)n.
HakoHel, NoACTaBHB 3TO Bhipaxenue B (4.6), npHieM K OKOHYaTeJbHOM
¢dopmyJie 1151 HOPMAJbHOTO YCKODeHHsI:

wn—_-%n. 4.12)

Wtak, BEKTOp YCKOPEHHs IpH ABHKEHWH YaCTHIIE! IO IJIOCKOH KpH=

BOil ONpeessieTcss CJELYIOUIHM BbIpaXKeHHeM:

w:wt—|—wn=z]t+%2n. (4.13)

Monynb BeKTOpa W paBeH

w=V W FFwsE =V, 2+ @*/R)2 4.14)
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[lpu npsiMonuHeHOM ABHXXEHHHM HOpPMajbHOE YCKOpEHHEe OTCYTCT-
ByeT. 3aMeTHM, 4TO W, 06pallaercsi B HyJb B TOUKe Iieperu6a KpHBOJIH-
geitHoll TpaekTopuu (B Touke 7/7 Ha puc. 4.2). Ilo o6e cTOpOHLI OT 3TOH
TOYUKM BEKTOpHl W, HanpapjeHbl B pas- w,
Hble CTOPOHbI. BekTop w, He MOMKeT H3-
MEHSATBCS CKayKOM; H3MEHEeHHe HarpabJie- 77
HUS Ha IPOTHBOIIOJIOXKHOE TPOUCXOJMT
HJIaBHOCOﬁpaIIIeHH(‘.M W, B HYJb B TOYKE
neperuoa. Wy

IlycTh 9acTHIA [ABHXETCS pPaBHOMEp- Puc. 4.2.
HO C INOCTOSIHHBIM IO BeJUYHHE YCKO-
perneM. IlockosbKY TNpH paBHOMEPHOM JBHXKEHHH CKOpOCTb He
uamMeHsieTcs no BeauduHe, 70 W,=0, TaK yto w=w,,. [locTosHcTBO NO
BEJMYHHE W,, O3HayaeT, uro v*/R=const. OTciona 3akJjioyaem, 4TO
R=const (v=const BcnexcTBHE PaBHOMEPHOCTH ABMXKEHMS). 3HAUMT,
YaCTHIA JBHXKETCS MO KPUBOH MOCTOSSHHOH KPUBM3HEL, T. €. 110 OKPYXK-
HocTH. TakuM o6pa3oM, B Cllyyae, KOrJa YCKOpeHHe YaCTHIB! TOCTOSHHO
MO BeNMYHHE M HANpPaBJEHO B KaKJBIHi MOMEHT BpPeMeHM NephneHJHKY-
JIIPHO K BEKTOPY CKOPOCTH, TPAEKTOpHel YacTHIUBI OYNeT OKPYKHOCTb.

§ 5. KuHemaTHKa BpamaTeabHOI0 JBHKEHHS

IToBopoT Tena Ha HEKOTOPHIH YroJ ¢ MOXKHO 3a1aTh B BHIE OTPE3Ka,
AJIHHa KOTOPOro paBHa ¢, a HanpaBJeHHEe COBMAjaeT C OChbio, BOKpPYL
KOTOpO# NPOM3BOAMTCS NOBOPOT. JIJsi TOro uTOOBI YKasath, B KaKyiO
CTOPOHY COBEPIIIAETCSI NMOBOPOT BOKPYT
JNaHHOH  OCH, CBSI3bIBAOT  Halpae-

Puce. 5.1. Pue. 5.2.

JeHHsI MOBOPOTa M M300paKaloliero €ro OoTpeska NMpaBHJIOM
MPaBOro BHHTA: HanpaBJeHHe OTPe3Ka AOKHO OLITb TaKHM,
utoOhl, risjs BAObL Hero (pHc. 5.1), MBI BHIeNH NMOBOPOT COBEpIIAlO-
IMMCsT O 4acCOBOM CTpeJsiKe (Bpalulasi ToJIOBKY MPaBOro BHHTA NO 4Ya-
COBO# CTpesiKe, Mbl BbI30BeM ero nepemelienue oT cebs). B § 2 Geuto
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nokasauo (cM. puc. 2.1), 9TO DOBOPOTH HAa KOHEYHBIE YIJIB! CKJanbBa-
I0TCs1 HE N0 NpaBHJy NapajesorpaMMa M I03TOMY He fBJSIOTCS BeK-
Topamu. MHaue 0GCTONT neJio i1 MOBOPOTOB Ha OYeHb MaJible Yriibl Ag.
IlyTh, mpoxoauMblll JIOO0H TOYKOH TeJa NPH OYEHb MaJIoM NOBOPOTE,

MOXKHO CYHTATh NPsiMOJIHHEHHBIM (pHC. 5.2). [ToaToMy ABa COBepIIaeMBIX

“ 0
} |
| > i
(A wy
1
|
a
Puc. 5.3. Puc. 5.4, Puc. 5.5,

MOCJ/IENOBATEIbHO MaJblX mopopota Ag; 1 Az 06YCJIOBIHBAIOT, Kak
BHIHO W3 DHCYHKa, TakKoe ke mnepemeiuieHHe Ars=Ar;+Ar, JoGoi
TOYKH Tea, KaK M NoBOpPoT Ag, mnoayyaembii H3 A@; H Agg
CJI02KEHHEM [0 NPaBHJy napaJenorpamma. OTcioia CJIEAYeT, YTO OYeHb
MaJibie TIOBOPOTEI MOXKHO pacCMaTpHBaTh KaK BeKTOPH (MHI OyjeM 3TH
BEKTOpPEl 0003HauaTh cumBosamMH A@ uau dg). Hanpasnenue BexTOopa
[IOBOPOTA CB5I3bIBAETCSi C HampaBJeHHeM BpaileHHs Tena. Cuesnopa-
TENbHO, d@ SBJSETCS HE HCTHHHBIM BEKTOPOM, a IICEBAOBEKTOPOM.
BektopHas BeJHYHHA
— 1im Ao __de

cn—g:_ngo A= at (6.1)
(rme Ai — Bpewms, 3a KOTOpoe CoBeplLiaeTcsi NOBOPOT Aq) HashIBaercs
YyrJoBOi CKODPOCTBIO Tes1a l). ¥YrjoBas CKOPOCTb @ Halpas-
JIeHa BJ0JIb OCH, BOKPYI KOTOpOH Bpauiaercsi TeJlo, B CTOPOHY, onpeje-
JISEMYIO NPaBHJIOM NPaBoOro BHHTA (pHC. 5.3), H INpeACTaBJseT Cob6oi
ncepJoBeKTOp. MoayJb YrJyIoBoi CKOpPOCTH paBeH dg/df. Bpauenue ¢
NOCTOSIHHOKM YIJIOBOK CKODOCTbIO Ha3hIBaeTCsi PaBHOME P H H M.
Ecanu BpauieHHe siBNsieTCsi paBHOMEPHBIM, TO W=@/f, rjie ¢ — KOHey-
HBIH yroJi nopopoTa 3a Bpems ¢ (cp. ¢ v=s/f). Takum oGpa3om, npH
PaBHOMEPHOM BpalleHHH ® IOKa3blBaeT, HAa KaKOH Yroj noBopayH-

B3ETCS TeJIO 32 €IMHHLYY BpPEMEHH.
PapHomepHoe BpallleHHE MOXKHO XapaKTepH30BaThb IepHonom obpa-
menuss 7, MoJ KOTOpHIM INOHHMAIOT BpeMsi, 32 KOTOpOe TeJo jejaeT

1) PaccMorpennylo B § 3 ckopocTh V MHOT[2 Ha3HBAIOT J M H e il H 0 1,
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OJiMH 060pOT, T. €. MOBOpauKHBaercst Ha yroJ 27. IToCKOJbKY npoMexyT-
Ky BpemeHH A{=T COOTBETCTBYeT yroJ noeopora Ag=2m, T0

0=2/T, (5.2)
OTKYyJa
T=2r/0. (5.3)
Uncno 06opoToB B €IHHHIYY BPEMEHH V, OYeBHIHO, PAaBHO
v=1/T=0w/2s. (5.4)

Ha (5.4) caenyer, 4To yrjioBasi CKOPOCTb paBHa 27, YMHOXEHHBIM Ha
YHCJIO 0OOPOTOB B €IMHMIY BPEMEHH:

0=27v. (5.5)

ITousiTust meproja obpalleHHs M YHcJa 000OpOTOB B €IHHHIY Bpe-
MEHH MOXKHO COXPAaHHTh H JJisd HEPaBHOMEDHOTO BpallleHHdA, NOHHMas
O] MCHOBEHHBEIM 3HaueHHeM 7' TO BpeMsi, 32 KOTOpOE TeJI0 COBEPIIHJIO
Obl OfHH 000pOT, ecJH Obl OHO BpallajoCch PAaBHOMEPHO C JaHHBIM
MIHOBEHHBIM 3HAUYeHHEM YIJIOBOI CKOPOCTH, a NOA v MOHHMAas TO YHCJIO
060pOTOB, KOTOpOe coBeplIaso Gbl TeJIO 3a eJHHHILY BPEMEHH IIpH aHa-
JIOTHYHBEIX YCJOBHSAX.

Bexrop ® MOXeT M3MEHSITLCS KaK 3a CUeT HM3MEHEHHS CKOPOCTH
BpallleHHsi Tejla BOKPYT OCH (B 3TOM CJy4ae OH H3MEHsSieTCH IO BeJiH-
YHHE), TAK M 33 CYET MOBOPOTA OCH BpALIEHHsS B MPOCTPAHCTBE (B 3TOM-
c/lydae @ M3MEHSIeTCSl 10 HanpasJenuio). ITyctb 3a Bpemsi Af BeKTOp @
nosyuaer npupauende Ao. lameseHne BekTOpa YrJIOBOH CKOPOCTH CO
BpeMeHeM XapaKTepH3yeTcsl BeJHYHHOH

. Aw do
b .J:l—r[»l o At dt’
KOTOPYIO HasHBAWT YT JOBH M YCKODPeHHeM. YIJIoBoe yCKO-
peHHe, KaK H YrJoBasi CKOPOCTh, SIBJSIETCS MCEBJOBEKTOPOM.

OrzieNibHBIE TOYKH BpALIAIOLIErocsl TeJia MMEIOT Pa3JiH4HBIE JHHeH-
HEle CKOpocTH V. CKOpOCTb KaKIOH M3 TOYeK HeMpepLIBHO H3MEeHseT
CBOe HampaBieHHe. BesMYyHMHA CKOPOCTH ¥ ONpefefisieTcsi CKOPOCTBIO
BpallleHHs] Tesla @ H paccrosHueM R paccMaTpHBaeMOH TOYKH OT OCH
Bpaulenusi. I[Tyctbk 33 Maselii NPOMEXYTOK BpPeMEeHH TeJjO NMOBEePHYJOCh
Ha yron Ag (puc. 5.4). Touka, Haxoisiiasicsi Ha pPacCTOSHHH R OT
OCH, NPOXOAUT IpH 3TOoM NyTh As=RAg@. JIuHefiHass CKOpPOCTb TOYKHU
paBHa

(5.6)

. As . A . Ag do
v= lim == lim R—=—=R lim —+=R —* = Ro.

Takum o6pasowm,
v=0R. (5.7)

Dopmyana (5.7) cBA3LIBaeT MOAYJIH JHHEHHOH B YrJOBOH CKOPOCTEH.
alileM BBIpaXKeHue, CBSI3bIBaloOllee BeKTOPH v M @. Iosoxkenue pac-
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eMaTpuBaeMoit TOYKHM Tesa OylieM ONpeNeNisiTh pPaiHyCOM-BEKTOPOM
'T, TPOBElCHHbIM M3 JIeXKallero Ha OCH BpallleHHsl Hayasa KoopauuHat O
(puc. 5.5). M3 pucyHka BHIHO, 4TO BeKTOpHOe mnpouspenenue [or]
COBNIajla€T MO HAaNpaBJIeHUIO C BEKTOPOM V H HMEET MOAYJb, PaBHBIi
or sin a=0R. CrneroBaresbHO, '

=lorl. (5.8)

MonyJib HOPMaJIPHOTO YCKOPEHHSI TOYeK Bpallaioulerocs Tejia paBeH
Iw,|=0v*/R. IloacTraBuB ciofa 3HauyenHe v u3 (5.7), moyyynm:

(W, |=0R. (5-9)

Ecau BBeCTM NeprneHAMKYJspHBII K ocH Bpaulenuss Bektop R, npo-
BelleHHbIH B JAaHHYIO TOUKY 7Tesa (cM. pHc. 5.5), cooTHomeHHo (5.9)
MOXKHO NMpPUAATH BEKTOPHBIK BMI:

w, —— o°R. (5.10)

Munyc B 370# (GOpMYJie CTOHT NOTOMY, YTO BEKTOpPhl W, H R mnmeior
I POTHBOMNOJIOXKHbIE HanpaBJeHus.

[NpeanonoxuM, uYTO OCh BpalleHHS Tella He TNOBOpayHBaeTCs B
npoctpaHcTee. CorslacHo (4.7) MOAYJb TaHreHIHAJbHOTO YCKOpPeHHs
paseH |dv/dfl. Bocnosp3oBaBKCh CoOTHoLleHHeM (5.7) M yuts, 4TO
paccTostHWe paccMaTpHBaeMOll TOYKH TeJia OT OCH BpalleHHus R=const,
MOXXHO HanHcaTh:

At—»0 Al

=| lim R 42 =Rl lim 32 |= Rp,

At—-0 Al

At—0 Al

we] ‘at-»e t

rie B — MoayJb YrJIOBOro ycKopeHusi. CrenoBaTenbHO, MOLYJb TaH-
FeHIHaJbHOrO YCKOpDEHHsl CBsI3aH C MOAYJEM YIJOBOTO YCKOpPEHHs
COOTHOLIEHHEM

|we|=PBR. (6.11)

Takum o6pasoMm, HOpMaJbHOE H TaHre€HHHaJbHOe YCKOPEeHHs PacTyT
JIMHEHHO C YBeJUUYEHHEM PACCTOSIHUS TOYKH OT OCH BpALIEHHS.

TJTABA 11
JAWHAMUKA MATEPHAJIbHOW TOYKH

§ 6. Knaccuueckas mexanuka. I'panuubi ee npHMEHHMOCTH

KuneMaTHKa JaeT onHcaHHe IBHKEHHs TeJ, He 3aTparuBasi Bonpoca
O TOM, TOYEMY Teso JBHXXETCS HMEHHO TaK (HampumMep, paBHOMEPHO
110 OKPY?KHOCTH, HJIH PaBHOMEPHO-YCKOPEHHO 1O npsMoi), a He HHaue.
JluHamMuKa H3yyaeT JBHXKEHHe TeJl B CBsi3M C TeMH NpPHYHHAMU

‘(B3auMONEHCTBHSAMH MEXAY TeJlaMH), KOTOpble OOYCJIOBJIMBAIOT TOT

WJIH HHOM Xapakrep ABHKEHHS.

B ocHOBe TaK HAsHIBAeMOil KJAaCCHYECKOH WJIM HBIOTOHOBCKOIN Me-
XaHUKH JIe)KaT TPH 3aKOHA AUHAMHKH, CHOpMY/IHPOBAHHbBIE HetoToroM
B 1687 r.

3akonst HpioroBa (KaK H BCe OCTajbHbIE (M3HYeCKHE 3aKOlbi) BO-
SHMKIM B peayJibTate 0GOOWieHKsl GONBLIOrO KOJHMYECTBA OMBITHLIX
¢akToB. [IpaBHIBHOCTL MX (XOTS M AV OYEHb OGLIHPHOrO, HO BCe 2XKe
OPpaHMYEHHOro Kpyra sIBJieHHii) MOATBEPXKAeTCsi COIIaCHEM C ONBITOM
TeX CJeNCTBHH, KOTOpble M3 HHX BBITEKAIOT.

HbioTOHOBCKAS MeXaHHKA JOCTHIJIa B TeUeHHe NBYX CTOJNIeTHH TaKHX
OrPOMHBIX YCIEXOB, YTO MHOTHE (PH3HKH XIX crosieTus OblIH YOex IeIbl
B ee BcemoryuiecTe. CUMTaJ0Ch, YTO OGBLACHHMTH JioGoe (H3HuecKoe
gBJIeHHe O3HAuYaeT CBEeCTH ero K MeXaHHUeCKOMY mpoueccy, MOAYHHSI0-
memycst 3akonam Helotona. OHaKo ¢ pa3pHTHEM HaYKH 00HAp YKHJIHCh
HOBBIEe (haKTHI, KOTOPHIE He YKJIaJBBaIHCh B PaMKH KJ1aCCHYECKOH MeXa-
HUKH. OTH (akThl NOMYYHJIH CBoe OODbSCHeHWe B HOBBIX TCOPHAX —
CHielMaNbHOH TEOPHH OTHOCHTEJBHOCTH W KBAHTOBOH MeXaHWKe.

B crnenMasbHOM TEOPHHM OTHOCHTEJNbHOCTH, CO3aHHON DUHIUTEHHOM
B 1905 T., MOABEPIJINCH pajuKaJbHOMY INEPecMOTPy HBLIOTOHOBCKHE
npejcTaBjieHust O NpPOCTPAHCTBE H BpeMEHH. DTOT NepecMoTp MpHBe
K CO3JAHHIO «MEeXaHMKH OOJBIIMX CKOpOCTeN» HJIH, Kak ee HasplBaloT,
pesTHBUCTCKOH MexaHnku. Hopas mexanWKa He NpHBeNa, OJHAKO,
K IOJHOMY OTPMIAHMIO CTapOoil HBIOTOHOBCKOH MEX2HHKH. YpaBHeHHs
PENSITHBHCTCKOM MEeXaHUKH B npesienie (AIst CKOPOCTeli, MalbiX Mo Cpas-
HEHHIO CO CKOPOCTBIO CBETa) NepeXoisT B YpPaBHEHHSA KJ1aCCHYECKOMH
Mexanpku. Takum o6pasoM, KiacCHueCKas MeXaHHWKa BOLIA B PeJsTH=
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BHCTCKYIO MeXaHHKY KaK ee YacTHHIIl clydyafl ¥ COXpaHHJa CBOe INpex-
Hee 3HayeHHe JJIs ONHCaHUS ABHXKEeHHH, MPOHCXOASIIHX CO CKOPOCTSIMH,
3HAYHTEJBHO MEHBIIHMH CKOPOCTH CBETA.

AHanoru4Ho OGCTOUT JEJI0 H C COOTHOLIEHHEM MEXLY KJ1aCCHUEeCKOM
M KBAaHTOBOH MeXaHHKOH, Bo3HHKLIeil B 20-X rofiax Halllero BeKa B pe-
3yJibTaTe PasBHUTHS (U3UKH aToMa. Y PaBHEHHS KBAHTOBOH MEXaHHKH
TaKxe JaloT B npefieie (Ms Macc, OOJBIIHX MO CPABHEHHIO C MaccaMH
aTOMOB) YpaBHEHHsI KJaCCHYeCKOH mMexanuKH. CiieloBaTesNbHO, KJaCCH-
Yyeckasi MeXaHHKa BOILJIa W B KBAaHTOBYIO MEXaHHKY B KauyeCTBe ee Ipe-
JeJIGHOrO CJIydasi.

Tarum oOpasoM, pa3BHTHe HayKH He NepeuyepKHYJO KJaCCHYECKYIO
MeXaHHKY, a JIMIb [0Ka3ajo ee OrpaBHYeHHYI0 npuMeHHMocTb, Kiac-
CHYeCKas MeXaHMKa, OCHOBBHIBAIONIAsiCSl Ha 3akoHax Hbiotona, siBJs-
€TCs MEXaHHKOi Te OoJbIUMX (N0 CpaBHEHHIO C MacCoH aTOMOB) Macc,
JNBHXKYIUHXCSI C MaJbIMH (O CPaBHEHHIO CO CKOPOCTBLIO CBETa) CKOPO-
CTSIMH.

§ 7. llepsuii 3akon HploTOHA.
HHepuuanbHble CHCTEMBI OTCYeTa

IlepBoiit sakon Hblotona ¢opmyaupyeres crepyrommum obpasom:
6CAKOE Meao HAXOOUMCS, 6 COCMOSHULL NOKOSL UNU PABHOMEPHO20 U NpPAMO-
AUHELIR020 OBUICEHUS, NOKA 6030eliCmaue o CmopoHbt Opyeux men He
sacmasum e20 usmerume smo cocmosnue. Oba Ha3BaHHBIX COCTOSTHHS
OTJIHYAIOTCS T€M, YTO YCKOPEHHE Tejia paBHO HYJIO. Ilostomy dopmy.u-
POBKE INEpBOro 3aKOHA MOXHO NPHAATh CJAeYIOUMH BHA: CKOPOCTH
moﬁorvo TeJia OCTaeTcsl NOCTOSTHHOM (B YaCTHOCTH, PaBHO¥ HYJIKO), MOKa
:gs;ienc_mue Ha 3TO TeJIO CO CTOPOHEI APYIHX TEJ He BHI3OBET ee U3Me-

HHA.

[Tepsuifi 3akon HblOTOHA BHINOJNHAETCH He BO BCAKOH CHCTEME
orcueta. Mer yxe OTMeYaNHM, YTO XapaKTep ABHMKEHHS] 3aBHCHT OT
BBIGOPA CHCTEMBI OTCUeTa. PacCMOTpHM JiBE CHCTEMBI OTCYeTa, IBHKYIIIHe-
Cs IPYr OTHOCHTENIBHO JAPYra C HEKOTOphIM YycKopeHweM. EciH oTHO-
CHTEJIbHO OJIHOH W3 HHUX TeJIO MOKOUTCS, TO OTHOCHTENBLHO Ipyrod oHo
OYEBHJHO, OYHET JABHraThCsi C YycKopeHHeM. CJeOBaTeNbHO, nepan";
3akoH HbIOTOHa He MOXKeT BLIIONHATLCS OAHOBDEMEHHO B OGEHX CH-
cTeMax.

Cucrema oTcuera, B KOTOPO# BHIOJHSIETCS nepBbiit 3aKoH HbloToHE,
Ha3plBaeTCss HHepHHaJdbHO#H. CaM 3aKOH HasHIBalOT MHOTAA
32aKOHOM HHep U H Cucrema oTcyeTa, B KOTOPOIT NepBLIil 3aKOH
HbloToHa He BHIMOJIHAETCS, HAa3HIBaeTCS HeHHepUHaNbHOH CHCTEMOk
orcyeta. MHepumanbHeIX CHCTEM CylecTByeT GeCKOHEYHOe MHOMECTBO.
JlioGast CHCTEMa OTCYeTa, ABHAKYILASICA OTHOCHTEJBHO HEKOTODOH HHep-
IIHA/IbHOM CHCTeMbl MPSIMOJIHHEHHO M PaBHOMEPHO (T. €. C MOCTOSHHOI

CKOPOCTBI0), GYEeT TaKKe nHepuuanpHoi. Iloapo6ree o6 atom Gyner
CkasaHo B § 12.

§ 8. MACCA K UIMIIVJIBEC TEJIA b1

OnBITHEIM NYTEM YCTAHOBJIEHO, YTO CHCTEMa OTCYeTa, LeHTP KOTOpOH
coBmeinen ¢ CONIHIEM, a OCH HanpaBJeHbl Ha COOTBETCTBYIOIHM oOpa-
30M BHIGpaHHBIE 3BE3Nbl, SIBJISIETCA C OYeHb BLICOKOH CTENeHbIO TOY-
HOCTH HHepuuadbHoii. OHa HaspBaercsi TeJHOUMEHTPHYec-
KOl cucTeMOB oTcuera (FeIHOC — MO-TPEYECKH COJHIE).
JioGas cucrema oTcuera, ABHXKYLIafcs PABHOMEPHO H NpSAMOJMHEHHO
OTHOCHTELHO TeJHOLEHTPHUECKOH CHCTeMbl, OyleT HHepUHasbHOM.

3eMilsi JIBHIKETCS. OTHOCHTENMBHO COslHILA ¥ 3Be3Jl 10 KPHBOJIMHEHHOH
TPaeKTOpPHH, HMeiomedl ¢opmy 37aunca. KpHBOMHHEHHOEe NBH)XEHHE
BCErZia NPOHCXONMT C HEKOTOPEHIM YycKopehhem. Kpome Toro, 3emiis
coBepiuaeT BpauleHue BOKpYr cBoe#t ocu. [lo 3THM NpHYMHAM CHCTEMA
OTCuera, CBsi3aHHasi C 3eMHOHM [OBEPXHOCTbIO, JBHIKETCs C YCKODCHHEM
OTHOCHTEJIHO FEJHOIEHTPHYECKOH CHCTEMBI OTCY€Ta H He sfABJsercs
uHepupaibHoi. ONHAKO yCKOPEHWE TAKOH CHCTEMBl HacTOJBKO Mavo,

"uyro B OOJIBIIOM YHCJIe CAy4YaeB €€ MOXKHO CHHTaTb NMpaKTHHYECKH HHEp-

nnanpuoii. Ho MHOMA HeHHepLUaIbHOCTh CHCTEMbI OTCUETa, CBA3aHHOM
¢ 3emJelf, OKasblBaeT CYIECTBEHHOE BJIMsHHE Ha Xapakrep paccmar-
PHBAaEeMBIX OTHOCHTEJIbHO Hee MeXaHuueckux spjenuil. Hekoropble u3
TAaKHX CJydYaeB MBI PaCCMOTPHM BNOC/IENCTBHH.

§ 8. Macca u HMnyJabC Tena

BozpelicTBHe Ha JaHHOE TeJO CO CTOPOHBI APYFHX TeJl BHISBIBAET
H3MEHeHHe ero CKOpOCTH, T.e. coobulaer NaHHOMY Tely YCKOpEHHe.
OnBIT NMOKAa3LIBAaeT, YTO OJMHAKOBOE BO3JEHCTBHE COOOWIAET pPa3HbIM
TenaM pasHLe MO BeJHYHHE YCKOpeHHs. BcsiKoe TesNo «npOTHBHUTCS»
NONBITKAM M3MEHHTH €ro COCTOSiHUE JBHKEHHS. DTO CBOKCTBO TeJI Hasbl-
BaeTci HHEPTHOCT b10. B KavecTBe KOJMYECTBEHHOH Xapakre-
PHCTHKH MHEPTHOCTH HCTOJIb3yeTCsl BeIHuuHa, HasblBaeMass M ac co i
TeJa.

Yrto6bl ONpejeiuTh Maccy HEeKOTOPOro TeNa, HYKHO CPABHHTL e
¢ Maccofi Tesla, NPUHATOrO 32 3TaJIOH Macchl. MOXKHO TaKXke CPaBHHTDH
Maccy JIAHHOTO Tesia C Maccoil HEKOTOPOTO Tella C Y2Ke W3BECTHOH Mac-
coit (onpemeneHHoN nyTeM CpaBHEeHHs ¢ 31ajoHom). Onepaumio cpas-
HEHHs. MacC my ¥ ma ABYX MaTepHa/bHBIX TOYEK (YaCTHL) MOXKHO OCy-
HIeCTBHTL clefylomum obpasom. [locraBuM 3TH YacTHLBl B TakHe yc-
JIOBHs!, YTOGH MX B3aHMOJEHCTBHEM C APYTHMH TeJaMH MOXHO OblIO
npene6peys. CrcreMa Tes, B3aUMOAEHCTBYIOUIHX TOJBKO MEXAY coboit
H He B3aUMOJEHCTBYIOUIHX C APYTHMH TeJaMu, HasbiBaercss 8 aM K H Y-
T 0 . ChenoBaTe/bHO, MbI paccMaTpHBaeM 3aMKHYTYIO CHCTeMY ABYX
yacTHi. EcC/H 3acTaBHTh 3TH YacTHLE B3aUMOJEHCTBOBATH (Hanpumep,
MOCPEICTBOM CTOJIKHOBEHHSI IPYT C JIPYrom), HX CKOPOCTH mOJyuat
npupaiesus Avy u Av,. OneiT 1aet, YT0 3TH NPHPaILeHHs BCETa NPOoTH-
BOTOJIOXKHBI 110 HAMPABJEHHUIO, T. €. OTIHYAIOTCH 3HaKOM. OTHOIeHHe
ke MOJyJlell NpHpalleHnii cKopocTell He 3aBHCHD OT Croco6a H MHTEH-
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CHBHOCTH B3aHMMOJENICTBHSI NaHHLIX ABYX Tel !). DTO OTHOlIEHHEe NpH-
HHMAeTCsl PaBHBIM OOPATHOMY OTHOLIEHHIO MAcC PacCMATpPHBAEMbIX TeJ:

[R5 ¢ Bty
|Ave | my
(6osiee HHepTHOE TeNO, T. €. Teso ¢ Gonbluell Maccof, nperepreBaer
MeHbllIee H3MEHEHHE CKOpOCTH). IIpHHAB BO BHHMaHHE OTHOCHTEIBHOE

HanpasJ/ienHe BeKTopoB Avy u Av,, cooTHouienne (8.1) MOXHO HanucaTh
B Blijie

(8.1)

mlﬂ\ﬁ:—mgﬂvz. (8.2)

B HBIOTOHOBCKO/ Mexanuge (T.e. MeXaHHKe, B OCHOBY KOTOPOIt
TOJIOXKeHE!l 3aKoHbl HbloTona) Macca Tesia mpeanonaraercst nocTosHHo
BEJIMYHHOH, He 3aBHCSIUEH OT CKOPOCTH TeJa. IIpH CKOpOCTSX, MajblX
10 CPaBHEHHIO CO CKOPOCTBIO CBeTa ¢ (NpH u<<C), 3TO NpEJoJoKEeHHE
NPAKTHYECKH BHINO.IHsIeTCA. BOCMONb30BABLINCH MTOCTOSTHCTBOM MacChl,
MpeicTaBHM paBeHCTBO (8.2) caepyrowum o6pasom:

A (myvy) =—A (m.v,). (8.3)

» / Tlpoussenenue macchl Tema Ha ero CKOpPOCTb HAa3bIBaGTCH M M-
nyJbcoM Tena *). O603HaYMB UMIYJIbC GYKBOI P, MOJTYYHM:

p=mv. (8.4)

Onpenenenve (8.4) cnpaBelivBo Ansi MaTepHaJbHBIX TOYEK (4aCTHI)
H NPOTSKEHHBIX TeJ, ABHXYIIHXCs MocTynaTesbHO. B cayyae npors-
XKEHHOI'O TeNa, NBHXKYLIErocsi HEeNnocCTymnaTesibHO, HYXKHO MNpPEICTaBHTh
TEJIO KaK COBOKYMHOCTH MaTepHa/bHLIX TOYeK ¢ Maccamu Am;, onpe-
AENUTL UMIYJIBCBl Am;v; 3THX TOYEK M 3aTeM CJIOMMTb 3TH HMMYJbChI
BEKTOPHO. B pesynbrate nosayuurcs noJmbiil HMITYJIbC TeJa:

_"‘
p=2Amy; (8.5)

[Tpy nocrymatenbHOM ABMXKEHHH Teda BCe V; OJMHAKOBHL H (hOpMYJa
(8.9) nepexomut B (8.4).

Samenus B (8.3) npousBejienHst mv AMNYJbCAMH P, HPHIEM K COOT-
Houwenuio Ap;=—Ap,, otkyna A (p,4-p,)==0. Pasenctso mymo npu-
palleHus BeJHYHHbl O3HAYaeT, YTO Cama BeJHYMHA OCTAeTCsl HEeH3MeH-
HOM. TaKIEM 06pasoM, MBI MPUIUIH K BBIBOLY, YTO MOAHGUL UMAYALC
BAMKHYMOU cucmemsl 06Yx 63aUMOOeLCMBYIOUUX  4acmuy OCIMaemes
NOCMOSHHbIM:

p=p;-+p.=const. (8.6)

[puBesiennoe BhIlle YTBEPXKAEHHE COCTABSICT COAEpaHHe 3 a K O H a

il
]' 310 CrpaBelIMBO B Clyuae, KOrja HauanbHbele H KOHCYHLIC CKOpPOCTH Y4acCTHI
MaJibl NO CpaBHEHHIO CO CKOpOCTBIO CBeTd c.

2 -
) bf'c-rapenwee HasBaHHe 3TOH BeJHYMHLI — KOJIHYECTBO JBHIKEHHs TeJa.

.

§9. BTOPOH 3AKOH HBIOTOHA 53

CoOXpaHeHHs UMNYJabca. B§ 27 MBI pacCMOTPHM STOT 3aKOH
oonee noapoGHO.

OTMeTHM, YTO B pessiTHBHCICKOW Mexamuke (cm. rai. VIII) Boipa-
JKeHue JUIsl HIMIYJbca HMeeT no cpaBueniio ¢ (8.4) Gosiee CIOXKHBIH BHL:

mv (8‘7)

PeR Vi—c2/c

31ech m — Tak HasbiBaeMasi M acca I O K 0 51 Tena (mMacca Tena npu
v=0), ¢ — CKopocTb cBeTa B BaKyyme. Buipaxenue (8.7) MOKHO HC-
TOJKOBATh TaK, YTO Macca TeJa He OCTaeTcsi MOCTOSHHOM (KaK mpearno-
JlaraeTcss B HBbIOTOHOBCKOH MEXaHHWKe), a M3MEeHfercsi CO CKOpPOCThbIO 1o
3aKOHY

| m (o) = s (8.8)
Toraa Beipaxkenve (8.7) MOXHO NpPEACTaBUTL B Blje
p=m()V, (8.9)

aHaJOTHYHOM BhIpaXkeHHI0 (8.4).

Onpenensiemasi gopmyJyioit (8.8) macca m(v) Ha3sbiBaeTCsi p € J1 -
TUBHCTCKO# MacCCOM HIH MaccoOM JABHXEHHH.
B nanbneiinem Mmbl 6ynieM of6o3HayaTb €€ CHMBOJIOM I1,.

§ 9. Bropoit 3akon HbloToHA

I

Bropoii 3akon HbIOTOHA I71acHT, YTO CKOPOCIG UBMEHERUS Usnyabla

meaa pacxa Oetcmeyiouell a meno cune F:
dp

Ypasuenne (9.1) naspiBaeTci ypaBHEHHEM JIBHXEHH A
TeJa.

3ameHHMB coracHo (8.4) p MpoOH3BeAEHHeM MV H YuTs, UTO B HEIOTO-
HOBCKOII M€XaHHMKe Macca Mpeanosaraercsi MOCTOSHHOM, MOXHO Ipej-
cTaBUTh cooTHoweHue (9.1) B BHIe

mw=F, ©.2)

rne w=v. Takum 06pasoM, Mbl OpHLIN K Apyrod (GopmyJiHpOBKe
BTOpOro 3akoHa Helotona: npoussedenue maccol meaa Ha e20 YCKOperue
Pasro Oedicmsyrouieli Ha meao cuie.

Cootrowenye (9.2) BL3bIBAJIO U POAOINKAET BbI3LIBATh Cpei (U3H-
KOB MHOro cnopoB. Jlo CHX nop HeT OOuIenpHHATOr0 HMCTOJIKOBaHMHS
3TOro cooTHomweHHsi. CJIOXKHOCTE COCTOWT B TOM, UTO HE CYLIECTBYeT
HE3aBHCHMBIX CNOCOGOB onpenesenuss BeansnH m W F, Bxoasummnx
B ypapHenne (9.2). Jlas onpefe/ieHns ofHol U3 HUX (m nau F) npuxo-
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RUTCS MCNONB30BaTh COOTHOMEHHe (9.2), CBsA3bIBaIOIEe 3TY BEJNHUMHY
C Ipyroii u ¢ yckopenuem w. Tak, Hanpumep, B Kuure C. 3. Xaiknna
«Du3uyecKkve OCHOBBI MeXaHHKH» (Duamatrus, 1963 r.) Ha crp. 104
ynTaeM: «laK Kak sl YCTaHOBJEHHS Croco6a M3MepeHHsl MacChl Tesia
HCNOJIb3YeTCA TOT 2Ke BTOpoH 3aKoH HbloToHa (BenMuMHA Macchl Tena
onpejeNsercss ONHOBPEMEHHbIM H3MEPEHHeM CHJIBI H YCKOPEeHHS), TO
BTOpOiT 3akoH HrloTona conepkuT, ¢ OfHON CTOPOHE!, YTEEPXKAEHHE, UTO
YCKOpeHHe NMpOonopLHOHANBHO CHJIe, @ C APYIOl — ONpefesieHHe Macchl
TeJa KaK OTHOLEHHS CHMJbL, AEHCTBYIOLIENl Ha Teso, K coolLiaeMoMy
STOM CHJIOH YCKOpEHHIO).

P. ®eiinmMan no nopoay cmelcaa BTOPoro 3akona Heiotona roBopur
crenyiomee: «CripocHM Jke: B YeM CMBICI ... ¢opmydsl F=mw? Mu
HHTYWTHBHO NOHHMaeM, YTO TAKOe Macca; MBI MOXEM TaKXe omnpeje-
JINTb yCKOpeHIie, €CJTH HaM NOHATHO, YTO TaKOe MECTO H 4TO TAKOe BPEMs.
CMBICT 3THX MOHATHE MBI NOSTOMY He GyfeM oGCy»Kiath, a COCpeaoTo-
UMMCSl Ha HOBOM MOHSATHH cHabl. M 3pech oTBeT TOXe Becbma mpocr:
eC/IM TeJIO YCKOPSIeTCsl, 3HaYHT, Ha Hero JiefcTyeT cuila. Tak rosopar
saKonbl Helotona, 1 camoe TouHOE M KPacHBoe M3 MBICJAHMBIX ONpesee-
HHII CHJIBI COCTOSAJIO GBI B TOM, YTO CHJA €CTh Macca Tesa, YMHOMXEHHas
Ha ero ycKopeHHe...». OHaKo «...06Hapy>XHB OCHOBHOH 3aKOH, yTBEpX-
AAIOLLKF, YTO CHJIa €CTh MAcCa Ha YCKOPEHHE, a IOTOM ONpPENeJHB CHIY
KaK NMPOM3Be/IeHHe MacChl Ha YCKOPeHHe, Mbl HHYEro HOBOTO He OTKpHI-
BAeM ... TAKHE BBICKA3LIBa{Hsl HE MOTYT COCTaBHTb COJEPIKAHHE (DHIUKH:
3ayeM e eif FOHATL Onpeje/eH s N0 KPYry... U3 OAHOTO ONpeNeeH s
HHKOr/la HHYEro HHKTO HE BLIBOAMJ... MICTHHHOE XKe comepXkaHHe 3aKo-
HoB HbloToHa TaKoOBO: Npeanosiaraercs, 4To Chjla o6JanaeT He3asucis-
MbIMU Ccéolicmeamil B NOTIOJIHEHWE K 3aKOHY F=mw; Ho xapakmeprsie
HE3aBHCHMBIE CBOWCTBA CH.T He ONMHCAJ MOJHOCTBIO HH HLIOTOH, HH KTO-
HHOY b ewe...» (PeffHMaHOBCKHE JIEKUKMHU 110 H3HKe, B |, cTp. 209—
210, «Mup», 1965).

ITonyepruenm, yTo BTOpOl 3aKOH HbloTOHA (TaK e Kak M JBa Apy-
THX 3aKOHA) SIBJISIETCsl SKCIePHMEHTANbHBIM 3aKoHOM. OH BOSHHK B pe-
3yJbTate OOOOMIEHHS NAHHBIX ONBITOB H HaGIIOJEHHH.

B vacrnom ciyyae, korma F=0 (1. e. npu oTCYTCTBHH BO3ZeHiCTBHS
Ha TeJO CO CTOPOHBI APYrHX TeJs), YCKOpeHHe, Kak caenyer u3 (9.2),
TaKXe PaBHO HYJIO. DTOT BLIBOJ COBIANAeT C YTBEPXKAEHHEM MepBOro
3akona Hrtotona. ITosTomMy mepeLiii 3aKOH BXONMT BO BTOPOIl KaK ero
yacTHbIl cayuaii. Hecmotpsi Ha 3To, mepBriil 3aKoH (opMyaHpyercs
HE3aBUCHMO OT BTOPOrO, TaK KaK B HEM MO CYTH 3aKJIOUYEH NOCTYJaT
(yTBepzieHHe) O CYIIECTBOBAHNH HHEPLUHAILHEIX CHCTEM OTCYETA.

33K/IOYEHHE OTMETHM, 4YTO IDH HE3aBHCHMOM BhIOOpE EIHHMIL
MacCel, CHJIBI H YCKOPCHHS BHIpaXK€HHE BTOPOr0 3aKOHA HYXHO MHCAaTh
B BHJE ’

mw=KF, : (9.3)
rae k — Ko3ddHIHEHT NPONOPUHOHAILHOCTH.

§ 10. EJMHHLIEI H PASMEPHOCTH ®H3HMYECKHX BEJHYMH 55

§ 10. EpHHHUb B PasMepHOCTH (PH3MYECKHX BEJHYHH

3aKoHEl (U3HKH, KaK yXKe OTMeyasoch, YCTaHABJHBAIOT KOJHYECT-
BeHHbIE COOTHOLIEHHs] Mexay (M3HYeCKHMH BennunHamu. [as ycra-
HOBJICHHSI TAKMX COOTHOLUEHHH HEOOXOAHMO HMETh BO3MOXHOCTL H3Me-
PSATb pas/IHYHbe (PH3HYECKHE BEJHYHHEL

H3aveputh Kakywo-Mu00 (M3HUeCKyl0 BeJHYHHY (Hampumep, CKO-
pOCTb) O3HAYaeT CPABHHTH €e C BEJIMYHHOH TOTO Ke BHja (BO B3ATOM
IpHMepe — CO CKOPOCTHIO), NPHHSITOM 33 eNHHHMILY.

BooGuie rosopsi, mis Kaxuoi (H3HYeCcKoH BeJHYHHEI MOXKHO OBIIO
Obl yCTAaHOBHTL €€ €JMHMIY NPOH3BOJbLHO, HE3aBHCHMO OT APYIHX.
OpHaKO OKasbIBaeTCs, YTO MOKHO OTPAHHYHTHCH NPOH3BOJBHBIM Bbl-
60pOM eIMHHILL IS HECKOJbKHX (MHHMMYM TpeX) B NpPHHUMINE JHOOBIX
BEJUYHH, NPHHATEIX 33 OCHOBHEIE. EJHHHIEI 2Ke BCeX NMPOYNX BedHYHH
MO2KHO YCTAHOBHTH C IOMOLIBIO OCHOBHBEIX, BOCIOJb30BABLIHCH IS
9TOH LeH (QU3HYECKHMH 3aKOHaMH, CBSI3BIBAIOLIMMH COOTBETCTBYIOLLYIO
BCJIHYHMHY C OCHOBHBLIMH BeJIHYHHAMH HJIH C BeJII-i'-lI‘IHa_.\‘lH, JJIs1 KOTOPBLIX
€MHHIIBI YXKE YCTAHOBJEHbl NOJAOOHBIM 00pa3oM.

[ToscHUM ckazaHHOe cJiefylouuM npumepoM. Ilpeanosoxxum, 91O
MBI YK€ YCTAHOBHJIH €IHHMIB! AJIsi Macchl H yckopennsi. CooTHOueHke
(9.3) cBsi3bIBaeT 32KOHOMEPHBIM OOpPa3oM 3TH BEJIMYHMHBL G TpeTheH
(U3HYECKOIT BeJIMYHHOKM — cuyIoi. DBrifepeM eAuHHLY CHJIBL TakK,
yTOObl KO3((UILHEHT NpPONOPLHOHANLHOCTH B 3TOM YpaBHEHHH ObLI
paeeH epunuue. Toraa dopmyaa (9.3) npuHlMaer Gojee NMPOCTON BHA:

mw=F. (10.1)

M3 (10.1) crepyer, yto ycTaHOBJIeHHasi eAMKHLA CHJEL NPEJCTaBAsSED
co00H TaKylO CHJY, noj JeHCTBHEM KOTOPOH TeJIo C Maccoi, paBHOH
eliHHIe, NOJyYaeT YCKOpEHNe, paBHOe Tak:kKe eJuHHile (NOoACTaHOBKa
B (10.1) F=1 u m=1 paer w=1).

ITpu ykasaHHOM cnocofe BbIOOpa enHHL, (H3HYecKHe COOTHOLICHHS
npHHHMalOT Goslee mpocToii BuA. Cama e COBOKYNHOCTH EAMHHIL 00-
pasyer onpeneseHHYIO CHCTEMY.

CyiecTByeT HECKOJBKO CHCTEM, OTJIHYAIOWHXCA BLIOOPOM OCHOBHEIX
enunul. CHcTeMbl, B OCHOBY KOTOPHIX MOJIOZKEHBI €JWHHIbL AJHHbI,
Macchl M BpeMeHH, HasbpiBaloTe a 6 COJI IO T H bl M H.
~ Ilpunarteit B 1981 r. rocymapcereenusiit crapapt I'OCT 8.417—8l
(CT C3B 1052—78) BBOAMT Kak 00s3aTeNbHylo MemxAyHapOAHYIO CH-
cTeMy eminul, oGosnayaemyio cumBojom CH. OcHOBHBIMH €HHHUAMH
CH sapnsioresi: equHMIa JIHHLL — MeTp (COKpaileHHoe 0003HayeHy e —
M), eIMHHIIAa Macehl — KuJorpamM (Kr) M eIMHHIIA BpeMeHH — CeKyHJa
{c). Takum oGpasoM, CH npHHAMICKHT K yucay aOCONIOTHBIX CHCTEM.
Kpome ykasanupix tpex ejuunn, CH npurnMaer B KauecTse OCHOBHBIX
eIMHHILY CHJIBI TOKa — ammnep (A), eaMHHIY TCPMOJMHAMHUYECKOH TeM-
nepatyphl — Kenppuln (K), eIMHHMIy CHJLI CBeTa — Kanjeldy (KA)
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H eJUHHIY KOJIMYeCTBa BeliecTBa — MOJb (Mosb). O6 3THX elHHHMuAx
6yneT MATH peyb B COOTBETCTBYIOLMX pasfenax Kypca. :

B 1983 r. npuHaATO HOBOEe omnpejeneHHe MeTpa, OCHOBAHHOE Ha
KOHCTaHTe CKOPOCTH CBeTa. ITO MO3BOJHJIO CYIIECTBEHHO MNOJAHATH
TOYHOCTb JIMHEeHHbIX W3MepeHuit. Ilo HoBOMYy onpeneneHuI0O MeTp npei-
craBiseT co60H pacCcTosHHE, NMPOXOJAMMOEe B BaKyyMe IJIOCKOH 3JIeKT-
poMarHHWTHOH BoJsiHOM 3a 1/299 792 458 pomo cekynzbl. HoBoe onpe-
feJieHHe MeTpa JaHO € YYeToM COBPeMEeHHBIX JOCTHXKeHHH JiaszepHOMH
TeXHHKH H KBaHTOBOIl 3JICKTPOHHKH. MeTp npHOJIHKEHHO paBeH
1/40 000 000 mome AJMHMHEI 3eMHOrO MepHAMaHa. [IpUMEHSIOTCS TaKke
KpaTHble W JONbHbIE eIHHHUBL: KuJomerp (1 km = 10° M), cantHMerp
(I cm = 102 M), mumnumerp (I MM = 102 M) u 1. &

Kunorpamm npencraBisier coGoii Maccy MNJIaTHHO-HPHAHEBOTo 1)
Tesa, XpaHsuwerocs B MexxayHapojiom 6iopo mep u BecoB B CeBpe (6113
IMapuxa). 3710 TeNO HA3LIBAETCH MEXAYHAPOIHBLIM MPOTOTHIIOM KHJIO-
rpamma. Macca nporotuna 6auska k macce 1000 cM® uHCTOIl BOIBI NpH
4 °C. T'pamm paser 1/1000 KuJorpamma.

CexkyHza onpefensieTcss KaK NPOMEXYTOK BpeMeHH, paBHBLiI CymMe
9192 631 770 nepuHOOB M3NMYYeHHs, COOTBETCTBYIOIENO Mepexony
MEeXIy ABYMsl CBEPXTOHKHMHM YPOBHAMH OCHOBHOTO COCTOSIHHSI aTtoma
uesun-133. Cexkynpa npuGnusutensHo pasHa 1/86 400 cpeanux cod-
HEYHBIX CYTOK. :

B ¢(u3suke npumeHsiercss Takke aGCONIOTHAs CHCTeMa eIHHHIL, Ha-
3piBaemas CI'C-cucrtemoli. OCHOBHBIMH €JHHHMIIAMH B 3TOH CHCTEME SiB-
JAIOTCA CaHTHMETP, I'PaMM H CeKYHHa.

EQvHHLBI BBEJGHHbIX HaMH B KHHeMaTHKe BeJHYHH (CKOPOCTH H
YCKOpeHNns1) ABJAIOTCA MNPOH3BOJAHBIMH OT OCHOBHBIX eHHMIL. Tak,
3a eJIMHHMILY CKOPOCTH NPHHHMAEETCs1 CKOPOCTh PABHOMEPHO ABHIKYLUE-
rocsi Tesa, NPOXOMslIero B eIWHHIY BpeMeHH (CeKyHAY) MyTb, PaBHBIH
€IHHHLE JJIHHBI (MeTpy HMJIM cautumeTpy). OGo3HayaeTcst 3Ta eIHHHILA
m/c B CH 1 cv/c B CI'C-cicteme. 3a ejHHIlY yCKOPEHHS! NPHHUMAETCS
YCKOpPEHHe paEHOMEPHO-TIEPEMEHHOr0 JBHXKEHHSI, INPH KOTOPOM CKO-
pOCTD Tejla 32 eHHHILY BPeMeHH (CeKyHAay) n3MeHsieTcs Ha elHHHuY (Ha
M/c wau cMm/c). OGo3Hauaercsi 3Ta eaHHHna M/c® B CH u cm/c? B CI'C-
cHCcTeMe.

Enunnna cunst B CH HaseiBaercst HbtotoHoM (H). Cornacko (10.1)
HBIOTOH paBeH CHJie, Moj JeficTBHeM KOTOPOi Teslo ¢ Maccoi 1 Kr noay-
yaer yckopeHHe 1 m/c®. Epununa cuaesr B CI'C-crcreme Ha3biBaeTcs
mmof:“ (nun). Onua nuHa paBHA cHJe, MOJ JCGHCTBHEM KOTOPOH TeNo ¢
Maccoli 1 Kr nosnyyaer yckopeHue | cm/c?. Mexxly HBIOTOHOM H AWHOM
HMeeTCd CJelyloilee COOTHOLIeHHe: d

1 H=1 kr-1 M/c®= 10® r.10%2 cm/c? = 10° puH.

1 5

ﬁ) CnyiaB maatHuLl ¢ upuanem o61ajaet GoJLLIOH TBEPAOCTHIO H KOPpPOSHOHHOI
}'CTOIH)HIBOCTI:IO (T. . Majno nojBEDKEH XHMMYCCKOMY BO3ACIICTBHIO OKPYXaMoulcii
cpeasr).

§10. EJMHMUEI U PABSMEPHO(GTH ®HM3HYECKHX BEJIHYHH T

B TexHuKe mWHpoKO npumensiiack cucrema MKI'CC (nassiBaemas
OObIYHO TexHHYeckKoi cucremod eaunun). OCHOBHbIMH  eJHHHIAMU
5TOI CHCTEeMBI SIBJISIOTCS METp, €MHULIA CHJIBl — KHJIorpamMm-cHia (Krc)
W cekyHaa. Kuiorpamm-cuia onpeieisiercs Kak CHJa, coolulaloilas
macce B 1 Kr yckopeuue, paBHoe 9,80655 m/c?. M3 atoro onpenenenns
cnenyet, uro 1 xre=9,80655 H (npubanxenno 9,81 H).

3a exunnny maccel B MKI'CC corsacio (10.1) poskna ObITE NMpH-
HSITA Macca TaKoro TeJja, KOTopoe Moj AeHCTBHEM CHJBL B 1 Krc rnony-
yaeT yckoperue 1 M/c?. Ota elnHHuUA 0603HAYaeTCs Kre:C*/M, Cneiu-
anbHOrO HA3BaHHs oHa He HmeeT. OueBHAHO, yTo 1 Kre- c®/m=9,80655 kr
(npuGausntensHo 9,81 Kr).

M3 cnocoba mOCTpOEHHsI CHCTeM eIHHHIL CJIEAYeT, YTO H3MEeHeHHe
OCHOBHEIX e[MHHIl BJledeT 3a coOoi H3MEeHeHHe NPOHM3BOAHBIX E€IHHHIL.
Ecnu, nHanpumep, 3a €[HHHIY BpPEMEHM NPHHATH BMECTO CEKYHAbI
MHHYTY, T.e. YBeJHYHTb eIHHHLY Bpemend B 60 pas, To emuHHua
CKOpOCTH yMeHbluuTcs B 60 pas, a eaMHHLA YCKOPEHMS YMEHBLIHTCS
B 3600 pas.

CoOTHOILeHHe, TOKa3blBaiollee, KaK H3MEHseTCs eIHHHMUA KaKOii-
JU60 BeJMYMHbI NPH H3MEHEHHH OCHOBHBIX €IMHMII, HasblBaeTCs p a 3-
MepHOCTbI0 3T0fi BennuuHbl. Jlasi oGO3HaueHHs pPasMEpHOCTH
POM3BOJIBHON (DH3HYECKON BeJHYHMHBI MHCNOJb3Yercs: ee OYKBEHHOe
oGo3Hauenye, B3gTOe B KBajpaTHble CKOOKH. Tak, Hampumep, CHMBOII
[v] osnauaer pasmepHOCTb CKOPOCTH. LNl pasMepHOCTeH OCHOBHBIX
BEJHMYHH HCHOJNB3YIOTCH CrelHaibHple O0003HAYCHHS: N5 JVIHHBL [}
aas maccst M n ans spemenu T. Takum o6pasomM, 0603HaYHB IJIHHY
6ykBoii [, maccy GYKBOH m H Bpems OYKBOi1 f, MOXHO HaNHCATb:

[N=L; [ml=M; il{]l=T.

B ykasaHHbIX OGO3HAUEHHsIX Pa3MepPHOCTb NPOW3BOJLHOH (u3Hue-
ckoii Benuuune! umeet BHA LEMPTY (a, B u p MOryT OLITh KaK MOJIOHCH-
TeJbHBIMH, TaK U OTPHLIATE]bHBIMH, B Y4CTHOCTH, OHH MOTYT PaBHATECS
HYJ/i0). DTa 3amuchb O3HayaeT, YTO MpPH YBEJIHYCHHH €IWHHLbI JIHHbL
B 11, pa3 elliHIA JaHHOH BeJHYHHBI YBeIHUHBAeTCs B nf pa3 (CooTBet-
CTBEHHO YMCJO, KOTOPHIM BBIPAXKaercsi 3HaYeHHe BeJHUHHbI B 3THX €/IH-
HHUAX, YMEHbLIaeTCs B nY pa3); NpH YBeJHYEHHH eIHHHIbI MaCChl B 11,
pa3 eIMHHLA JAHHOH BeJHYHHbl yBeJIHYHBAETCH B n pas u, Hakomer,
NpH YBeJHUEHHH eAHHHIL BpeMeHH B 73 pas AMHHLA IAHHOH BeTHYHHbI
yBeJHYHBaeTCA B 13 pas.

[TocKoJbKY (pM3HUECKHEe B3aKOHBI He MOryT 3aBHCeTb OT BhIOOpa
eAMHHL QUIYPHPYIOLMX B HMX BEJIHYMH, Pa3MepHOCTH OOeHX Hacreil
ypaBHeHH{l, BbIPaXKAIOUIHX 3TH 3aKOHBL, JOJKHbI ObITb OXMHAKOBBIMH.
310 yCJOBHE MOXET GbITh HCMO.b30BaHO, BO-TCPBbIX, IUIs NMPOBEPKH .
NPaBIJABHOCTH MOJYYEHHBIX (H3HYECKHX COOTHOWIEHMH M, BO-BTOPBIX,
JUIsL YCTAHOBJIEHHs pasvepHocTell QH3uyeckux Beqnynd. Tak, Haopu-
Mep, CKOpoCTh ompenessiercsi kak u=As/At. PasvepHoctb As paBHa
L, pasmepHoctb Af paBHa T. Pa3mepHocTb NpaBoli YacTy HaMHCaHHOrO
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cooTHowenus: pasHa [As]/[Af]=L/T=LT~*. Pa3amepHoCTh JIeBOJ yacTH
LOJ2KHA OBITh TakoM »xke. CleloBaTesibHO,

[o]=LT-> (10.2)

HanncanHoe cooTHoweHHe HaskiBaeTcss (OpMYJOH pPa3MepHOCTH, a ero
npaBasi YacTb — Pa3MepPHOCTBIO COOTBETCTBYIOLIell BeNHYHHEI (B JaH-
HOM CJ1yYae CKOPOCTH).

Ha ocuoBauuM cooTHOweHHst w=Au/Af MOXHO YCTaHOBHTb pas-
MEPHOCTb YCKOpeHHs:

PaamepuocTb CHJIBL
[Fl=[mllw]=MLT-2.

Ananoruyso YCTaHaBJHBAIOTCA Pa3MEPHOCTH BCeX NPOYHX BeJIHYHH.

§ 11. Tpernii 3akon HploTOHA

Besikoe peiicTBue Tesl IPYr Ha Jpyra HOCHT XapaKTep B3auMOel-
CTBHSA: eCJlH TeJo I AeHCTBYeT Ha TeJo 2 ¢ cuioi Fyy, TO ¥ Tes10 2 B CBOIO
oyepelb AeHcTBYeT Ha Teyio I ¢ cuioir Fy,.

Tpernii 3axon HrioToHa yTBepkjaer, uTo cusul, ¢ kKomopeimu Oeli-
cmsyiom Opye KHa Opyea e3aumodelicmeyroujue meaa, PasHbl no GeAULUHE
U NpomueonosodHCHeL NO Hanpaéseruro. Vicnonb3ys NpHBeJeHHbIE BhILIE
0603HaYeHHsi CHJI, CONEepKaHHe TPeTbero 3aKOHAa MOXKHO NpeACTABHTh
B BHJe paBeHCTBa:

Fi;=—F,;. (11.1)

U3 tperbero 3akona HrioToHa BITEKaeT, UTO CHJILI BO3HHKAIOT I10-
NapHO: BCAKOHM CHJe, NPUJIOXKEHHOH K KaKOMY-TO Tesly, MOXHO COMNO-
CTABHTh PaBHYIO el MO BeJHYHMHE H NPOTHBONOJOMXKHO HaNpaBJeHHYIO
CHJY, IPHJIOKEHHYIO K IPYroMY TeJsly, B3aHMOJIEHCTBYIOLIEMY C JaHHBIM.

Tperuii 3akon HeloTona GuiBaeT cnpaBensiuB He Beeraa. OH BBHIOJN-
HfIETCSl BNOJTHE CTPOrO B CJy4ae KOHTAKTHBIX B3aHMofeHCTBHH (T. e.
B3aHMOJEHCTBHH, HaOJIOJAIOWHUXCS NPH HENOCPELCTBEHHOM COMPHKOC-
HOBEHHH Tell), a TaKXKe NPH B3aHMOLEHCTBHH HAXOAAUIMXCS Ha HEKOTO-
POM PAacCTOSTHHH JAPYT OT APYra HOKOAUUXCA MeA.

B kayecTBe npuMepa HapyLIeHHs TpeTbero 3akoHa HeloToHa moxer
CIY>XMTb CHCT€Ma H3 JABYX 3apsKEHHBLIX YAaCTHIL €5 H €;, ABHXYLIHXCS
B paccMaTpHBaeMbld MOMEHT TaK, Kak IoKa3aHo Ha puc. 11.1. B anek-
TPOIMHAMHKEe JIOKasbIBAa€TCsl, YTO, KPOME MOJYHHSIOUEHCS TpeTbemy
3aKOHY CHJIBl 3JI€KTPOCTaTHYECKOro B3aumojeficTBHsi Fi,, Ha mepsyio
4aCTHLlY GYAeT HeiHcTBoBaTh MarHHTHasi cuna Fy. Ha Bropyio xe wac-
THUY AefCTBYeT nuwb cuna F,;, paBHas —F;,. BenHunHa MarHHTHOMX
CHJIBI, JIeHCTBYIOLIEH Ha BTOPYIO YacTHL, AJsi H306paXkeHHOro Ha pH-
CYHKe clyyas paBHa Hy/o. OTMETHM, YTO NMpH CKOPOCTSX WYaCTHII,

§11. TPETHA 3AKOH HBIOTOHA 59

MHOIO MEHBIIMX CKOPOCTH CBeTa B mycToTe (npH v;<Zc¢ H v,<Zc), cuna Fy
npeHe6pEKHMO MaJjla MO CPABHEHHIO C CHJIOH Fys, Tak YTo Tperuii 3aKoH
HruloToHa oKasblBaeTcsl MPaKTHYeCKH CrpaBelJIHBLIM H B 3TOM Cllydae.

Tenepb pacCMOTpPHM CHCTEMY M3 ABYX 3JEKTPHYECKM HEHTpaJIbHBIX
YaCTHIL mj U M., YAAJEHHBIX APYC OT Jpyra Ha pPacCTOsHHE 7. Benen-
CTBHE BCEMHPHOrO TATOTEHHS 3TH YaCTHUBl NMPHTATMBAIOT ApYr Apyra
C CHJIOH

F=y22. (11.2)

B jaunom ciyyae B3aMMOJEHCTBHE YaCTHIL OCYLIECTBJISETCS Yepe3 Ipa-
BHTalMonHOe noJse. CkaXkeM, nepBasi YacTHLA CO3/laeT B OKpY»KalouieM

\ ee NpOCTPAHCTBE MOJe, KOTOpPOe NposiBisier cebs B
TOM, YTO Ha MOMEIIEHHYIO B KBKYIO'JIHGO TOYKY 3TOro

g NOJs yacTHUY M, OeHCTBYET CHJIA NPUTSKEHHS K
nepBOi YacTHue. AHAJOrMYHO BTOpas YacTHIA CO3ja-
7 17 eT moJie, Kotopoe nposBiser ce6d B [JeHCTBHH Ha

nepByio uacthiy. OnNBIT faeT, YTO H3MEHeHHsS IOJS,
06YyC/IOBJEHHBIe, HapUMep, H3MEHEHHeM IMOJIOXKEeHHs

F L1
 (§41 co3/alouled NoJie YacTHIbI, PAacnpOCTPaHSIOTCS B Mpo-
{ CTpBHCTBG HE MIHOBEHHO, @ C XOTS H OYEHDL GOJIb[HOI‘:I,
) HO KOHEYHOH CKOPOCTbIO, PaBHOM CKOPOCTH CBeTa B
| nycrote c.
1
F
2t Vil
12
7y e 4
oy ) e --....__.......___‘___:&5
£ IR ERARA. I R
‘| ¢ i 7 ko Fy T2
Puc. 11.1. Puc. 11.2.

I1peAnosioxHM, YTO MCPBOHAYAJILHO YACTHUbLL My M M, NOKOSITCA B
nonoxkenusix I u 2 (puc. 11.2). Cunnl B3aumoneicteusi Fy. ¥ Foy paBHbl
Mo BeJMYHHE W TMPOTHBOMOJOXHBL 10 Hanpasjenwio. Temepb nycTb
YacTHUA /m; OYeHb GBICTPO (CO CKOPOCTBIO, MOYTH PABHOM €) CMECTHTCS
B nosioxkenue I'. B 3701 Touke Ha uacTHLlY m; GyIeT AeHCTBOBAaTb CHJa
Fi,, MeHblIass no Benuyune (r'>>r) W MHaye HanpaBieHHas, yeM Fy,
(HanoMHMM, YTO TOJie YaCTHUBI m, OCTaeTcs HeHamenHbiM). Ha Bropyio
e YaCTHIly, NOKa BO3MYLIEHHE I0Jis, BbI3BaHHOE CMELIEHHEM Iy,
He JOCTMTHEeT TOYKH 2, OyIeT Npojo/uKaTh JAeHcTBOBAaThL cHa Fay.
CrnenoBaTesbHO, TOKA JABHrajach YacTHLA /1; M B TeYEHHE HEKOTOpOro
BpEMEHH MOCJe TOro, KaK OHa OCTaHOBHJIACh B TOuKe I, TPeTH# 3aKOH
Hetotona Gein HapylueH.

Ecnu 6bl YacTHIA my MepeMelianach H3 TOYKH I B TOUKY [ ' co CKo-
POCTBIO ¥, MHOrO MeHbllell ¢(v<<c), HJIH CKOPOCTL PacmpoCTpaHeHHS
BO3MYylUeHHH nosis Obla GecKoHeyHo OOJIbLIOH, TO MCHOBEHHbI 3Ha-



60 . 11. JHHAMHKA MATEPHAJIbHOHA TOYKH

YeHHA MoJis B TOUKE 2 OTBeyasd 6Bl MOJOXKEHHAM YacTHUBI /7 B TOT XKe
MOMEHT BpeMeHH, H CJeloBaTelbHO, HapylueHHH TpPeTbero 3aKoHa He
Habawganock OFIL.

HreroroHoBcKasi MexaHHKa BooOlle crnpaBefijiiBa JIHILE AJIS CKOpO-
cTedl IBH)KEHHS, MHOrO MeHbUIHX CKOPOCTH cBeta (npu v<Lc). [Tosromy
B paMKaX 3TOH MEeXaHHKH CKOpPOCTb PacnpocTpaHeHHA BO3MYLIEHHH
nona cuutaercss GCCKOHEYHOil, a TperHil 3akoH HblOTOHA BEINOHSAIO
LHMCSl Bcerja.

§ 12. INpuHuun oTHocHTeabHOCTH lanunes

PaccMoTpHM IIBe CHCTEMBbI OTCYETa, ABHXKYIIHECS ApPYr OTHOCHTENLHO
JApyra c nocTosiHHOH CKOpOCTbIO Vg. OIHY M3 3THX CHCTeM, 0603HAayeH-
Hyr Ha puc. 12.1 Oyksoit K,

I\ R 6yJemM yCIOBHO CUHTATh HENOJ-
p BHxkHOH. Torma Bropas cHcre-
mMa K’ Gymer nBuraTecs npsi-
MOJIHHEHHO W  paBHOMEpHO.
0 0| Y

0 < ». BriepeM KOOpAMHATHBEIE OCH

z L - 4 %" x, y, z cicteMbl K u ocH X',

/l“”a?t _7/‘—“"-’ T y', 2" cuctemnl K' Tak, uto6bi

z 7 OCH X W x’ COBNajaiu, a ocH y

Puc. 12.1. HYy',aTakxez u z' OblIH na-

s paJIeNbHEl APYr APYTY.

Haiinem cBsi3b Mexay KoopAaMHATaMM X, y, z HEKOTOPOH TOYKH P

B cucreme K u Koopnumaramu x', y’, 2’ Toii e ToukH B cucreme K'.

Ecmi Havath OTCueT BpemeHM ¢ TOTO MOMEHTa, KOrjJa Hayaia KOoOpH-

HaT OGEHX CHCTeM COBNAfalH, TO, KaK cienyer Ha puc. 12.1, x=x'-+u,t.

Kpowme Toro, oueBnaHO, 4to y=y' u z=2'. J106aBHB K 3THM COOTHOLIE-

HHAM TNPHHATOE B KJACCHYECKOH MeXaHHKe NpeAnoJoXKeHHe, uTo

BpeMs B OO6EHX CHCTeMaX TeyeT OAWHAKOBHIM 00pasoM, T. €. uto (=1’
NONYYHM COBOKYIHOCTL YeThIpeX ypaBHEHHH:

x=x"4vt’, y=y', z=2', t=t', (12.1)

HasbiBaeMblX Mpeo6Gpas3oBaHusaMu Faauaes.

IlepBoe u nocnennee u3 coornowenni (12.1) okaspiBaoTes cnpabes-
JIMBLIMH JIMILIb NMPH 3HAYEHHAX Uy, MaJbIX MO CPABHEHHIO CO CKOPOCTLIO
CBeTa B BaKyyme, KOTOPYIO Mbl OyfieM obGo3Hauyate OyKBOH ¢ (v,&c).
Ilpu vy, CpaBHMMEIX ¢ ¢, npeoGpa3opanus Tanuies AOMKHLI GLITh 3a-
MEHEHBLI 6oJiee o0uMME npeoGpasoBaHusiMi Jloperua (cum. § 63). B pam-
KaxX HbIOTOHOBCKOM MexaHHKH dopmyisl (12.1) okassiBaoTCsi cripaBel-
JIMBBEIMH € GOJIBIIOH CTENEeHbI0 TOYHOCTH,

IMpoauddepenunposas cootHomenua (12.1) no Bpemenu, Haiizem
CBfA3b MEXJIY CKOPOCTAMH TOYKH P 10 OTHOIWEHHIO K CHCTeMam

¥t e
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orcyeta K u K':

.

’

X=x +U, HIH U,=0,~ Uy
é:y' HJTH 'uy:v;, (12.2)

A4 MIH  U,=U0;.

Tpu ckanspueix coorHomenus (12.2) sKBHBAJIGHTHLI CJEAYIOEMY
COOTHOMIEHHIO MEX/1y BEKTOPOM CKOPOCTH V IO OTHOIUEHHIO K CHCTeMe
K H BeKTOpOoM CKOpPOCTH V' MO OTHOLIEHHIO K cHcTeme K':

ARG X (12.3)

Yro6bnt yOemuTbCsi B 3TOM, AOCTAaTOYHO CINPOEKTHPOBATH BEKTOpPHOE
paBenctBo (12.3) Ha ocH x, y, 2.

Qopmyasr (12.2) u (12.3) nawT NpaBHJIO CJIOXKEHHS CKOPOCTeH B
KJlaccHYecKoi " Mexasuke. Cheayer HMeTb B BHAY, UYTO COOTHOLUEHHE
(12.3), Rak M Jro60e 1pyroe BEKTOPHOE COOTHOLIEHHE, OCTAeTCs Chpa-
Be/JJIMBBIM NPH NPOM3BOJLHOM BEIGOPE B3aWMHBIX HanpaBJieHHHM KOOp-
auHatHeX ocel cucteM K u K'. CooTtHouweHus xe (12.2) BenonHgores
TOJILKO NpH BEIGOpE Oceil, NOKa3aHHOM Ha puc. 12.1.

B § 7 ormeuanioch, YTO Jir06af CHCTeMa OTCYeTa, ABHKYILASACA OTHO-
CHTENILHO HEKOTOPOH HHEepPUHANbHOH CHCTeMbl C MOCTOSHHOH CKOpO-
CTbIO, OYAeT Takxe HHepuuasnbpHOH. Teneps Mbl HMeeM BO3MOXHOCTb
JOKa3aTk 3TO yTBepxkieHHe. Iyig storo mpoanddepeHuupyem no Bpe-
MeHu cooTHowerue (12.3). Yurs, YTO Vo NOCTOSIHHA, NMOJYYHM:

v=v' WiH w=w. (12.4)

Orciona cnenyer, uTo ycKOpEeHHE KakKoro-jiubo Tena BO BCEX CHCTeMax
OTCYeTd, JBHXKYUIUXCA APYr OTHOCHTEJIbHO Ipyra NpAMOJHHEHHO H
PaBHOMEPHO, OKAa3LlBaeTcsi OfHMM H TeM e, [losTomy eciy onHa M3
3THX CHCTEM MHEplHa/bHa (3TO 3HAYUT, YTO NPH OTCYTCTBHH cHll w=0),
TO W OCTaJIbHble 6YyT HHEPILHANbHbIMU (W TaKKe PaBHO HYJIO).

Cnira F, peiicTBylomiasi Ha yactHuy B cHcreme K, COBmajiaer ¢ CH-
noit F', nelictByromelt Ha uactuuy B cucteme K': F=F'. 910 cnenyer
M3 TOro, YTO CHMJIa 3aBHCHT OT PAacCTOSIHHH MEeXAY NAHHOH YacTHLeH
H JeficTBYIOIHMH Ha Hee YacTHLAMH (H, BO3MOXHO, OT OTHOCHTENbHBIX
CKOpOCTEH YacTHIL), 8 3TH PACCTOSIHHA (M CKOPOCTH) NOJIaraioresi B HbH0-
TOHOBCKOH ME€XaHHKe OAHMHAKOBbIMH BO BCeX HHepUHaJbHBIX CHCTE-
Max. Macca Tak»ke OIHHAaKOBa BO BCeX CHCTeMaXx.

M3 Bcero ckasaHHOro clielyer BbIBOJ, YTO ypasHeHUs OuHaMUKU He
UBMEHAIMCA npu nepexooe om 00HOU UHEPYUANbHOU CUCMEMbL Omc4ema
K Opyeodi, T. €., KaK IOBOPAT, HHBAPHAHTHBI NO OTHOILUEHHIO K Npeos-
Pa30BalHi0 KOOPAMHAT, COOTBETCTBYIOLIEMY NEpeXoiy OT ONHOM HHep-
LUHaNLHOM CHCTeMbI oTcyeTa K Apyroit. C MexaHHYecKOH TOYKH 3peHHus
BCe HHEpHUaJbHBIE CHCTEMBI OTCYETA COBEpPLIEHHO 3KBHBAJIEHTHBL:
HH OJHOHM H3 HMX HeJb3sl OTAATh npejrouteHue nepes Apyrumu. [pak-
THYECKH 3TO NPOABJSETCA B TOM, YTO HHKaKHMH MeXaHHYECKHMH ONbi-



62 rJ. 1I. JUHAMHKA MATEPHAJIbHOA TOYKH

TamH, NPOBEJICHHHIMH B NpejenaX JAaHHOH CHCTeMBl OTcyera, HeJb3s
YCTaHOBUTh, HAaXOJAUTCA JIH OHA B COCTOSIHHH IOKOSI HJIH B COCTOSIHHM
PaBHOMEPHOrO H IpsiMOJIMHeHHoro nBixenusi. Haxonsce, manpumep,
B BaroHe rnoesia, ABHxYyulerocsi 6e3 TOJYKOB MPAMOJIHHEHHO H PaBHO-
MEpHO, MHI, He BEINVISIHYB B OKHO, HE CMOXXEM OIPEeNE/HTb, ABHKETCS
Barod MJIH nokoutcs. CpoboaHoe majeHue TeJ, ABHxeHHe OpolueHHBIX
HAMH TeJl ¥ BCe ApYrHe MeXaHHYeCKHe mpouecchl OYAYT B 3TOM Ciyyae
IIPOMCXOJUTD TaK e, KaK U B cayyae, ecjin Obl BaroH ObII HENOABHIKEH.

VKaszaHuble o6CTosTeNbCTBA Ol BhisicHeHsl eule agmneem. Ilo-
JIOKEHHEe O TOM, YTO BCe MEXaHHUECKHEe $IBJIEHUS B pA3/IMUHBIX HHEp-
UHaJbHEIX CHCTEMaxX OTCYeTa IPOTEKaloT OAHHAKOBBIM 0Opasom, BCJeX-
CTBHE YEro HHKaKVMMHM MeXaHUYECKHMH ONbiTaMH HEBO3MOMKHO YCTaHO-
BHTb, IOKOHTCST JaHHAS CUCTEMa OTCYETa HJIM [ABHXKETCsS IPSIMOJHHEHHO
M paBHOMEPHO, HOCHT Ha3BaHWE MPUHHLUINA OTHOCHTEJ b-
HocTtu Tanuuaesd.

§ 13. Cuanl

B coBpemenHOM (u3NKe PasnHualOT YeTHIpE BHAA B3aHMOJCHCTBHIL:
1) rpaBuTauHOHHOE (MJIH B3aUMOJEHCTBHE, 06YCJIOBJIEHHOE BCEMHPHBIM
TSArOTEHHEM), 2) SJIEKTPOMAarHuTHO® (OCYIIECTBIsIeMOe Yepe3 3JeKTpH-
YeCKHe W MAarHUTHBIE NOJis), 3) CHJIBHOE WIH sifiepHoe (oBecneunBalomiee
CBfI3b YaCTHILl B aTOMHOM sifipe) H 4) cjaGoe (OTBETCTBEHHOE 32 MHOTHE
NPOLECCHl ‘Pacaja 3JeMEHTapHEIX YacTHIL).

B pamkax Kjaccuyeckoii MEXaHHKH HMEIOT €O C IPABHTALHOH-
HBIMH H SJICKTPOMAarHHTHLIMH CHJIAMH, a TaKKe C YNPYrHMH CHAAMH
¥ CHJIaMH TpeHUs. JIBa MOCJTeIHHX BHIa CHJI ONPELesISIoTCsT XapaKTepoM
B3aVMOJICHICTBHA MeX1Y MOJIeKyJami BeinecTsa. CHJTBI B3aUMOACHCTBUS
MEXJY MOJIEKYJIaMH HMEIOT 3JIeKTPOMarHHTHOe NpoHcxoxaenne. Creno-
BaTeJIbHO, YNPYrHe CHJIbI M CUJIbl TPEHHS SABJIAIOTCS MO CBOEH NpHpone
3J1€KTPOMArHHUTHEIMH, '

I'paBUTaUMOHHEIE M 3JIEKTPOMATHUTHHIC CHJIBI SBASIOTCH OYHAA-
MEHTAJIbHEIMH — HMX HEJIb3sl CBeCTH K APYruM, 6osiee mpOCTHIM, CHJIaM.
Ynpyrue e CHIBI H CHJIBI TPEHHS He SRJISIOTCS (YHIAMEHTAJIbHBIMHY.

3aKoHb (YHIAMEHTAIbHEIX CHJI YPe3BHINANHO MPOCTHL. Bennuuna
TPaBHTALMOHHON CHJIBI onpenetisietcsi Gopmysoit (11.2). Benuunua
CHJIEI, C KOTOPOH B3aHMOJIeIICTBYIOT NBa MOKOSIIMXCS TOYEUHBIX 3apsija
gi M ¢», naercs 3akoHom Kysona:

F =k (13.1)

(R — xO3()DHIMEHT NPONOPHHOHANBHOCTH, 3aBUCSLIUE OT BEIGOpa eH-
HUIL BXOJIAIMX B (OPMYJIy BEJIMYHH).

Ecnu sapsaner gBukyTes, To, Kpome cuanl (13.1), Ha Hux JEHCTBYIOT
MarHuTHeIe CHJIBL. MarnuTHas cusla, JeficTBYIOUiasi Ha TOYEYHBIH 3apsif
g, RABHXYIIMHACA CO CKOPOCTBIO V B MarHMTHOM TOJ€ C MHAyKiuel B,

_cly4yae, ecid CHJa, OOYCJOBHB- -

§ 14. YIIPYIHE CHJBI 63

onpezenserca GopMyaoi
F=Fk'q[vB] (13.2)

(k" — KO3(pHUIMEHT IIPONOPLHOHATIBHOCTH).

Dopmyast (11.2), (13.1) u (13.2) sBasiorcs TOYHBIMH. JLas ynpyrux
CHJI B CHJI TPEHUS] MOXHO NOJIYYHTH JIHIIb NPHOJHKEHHLIE SMNHpHYe-
cKHe ¢opMyJIsl, KOTOpEIE pacCMaTPHBAIOTCA B CJIEAYIOIIMX naparpadax.

§ 14. Ynpyrue cuab

ITon neiicTBHeM NPUJOXKEHHBIX K HEMY CHJI BCSIKOE peajibHOe TeJo
nehopMHpYETCsi, T. €. M3MEeHsieT CBOM pasmepel u ¢opmy. Ecnu nocie
TIpeKpalleHus AefiCTBUS CHJ TeJIO IPHHUMAeT epBoHaya/bHbe PasMepHl
H dopmy, nebopmanks HasbBaer-
ci ynpyro#. Ymopyrue Je-
dopmanuy HaOMIORAIOTCS B TOM

wasa nedopmanulo, He IPeBOCXO-
IHT HEKOTOPHIH, Onpe/eseHHbIH
JUIST KaXKJOro KOHKPETHOro Tefia
npeges (mpejes ynpyrocty).

F <=4 000000 —>F

Puc. 14.1. Puc. 14.2.

BosbMeM mpyxuHY, HMELYI0 B HelehopMHPOBAHHOM COCTOSTHHH
IJIUHY lp, ¥ NPHJIOXKHM K €€ KOHLAM paBHLIe [0 BeJHYHHe, NPOTHBOIMO-
JIOXKHO HanpasJsieHHble cuibl Fy u F, (puc. 14.1). Ilon nmefictBHeM 3THX
CHJI NMpYXHHA pacTsHeTcs Ha HeKoTopyio BeauuyusHy Al, nocne yero
HaCTYNHT paBHOBeCHe. B coCTosiHMM paBHOBecHsi BHeLIHHE CHJbl F; H
F, 6ynyT ypaBHOBelueHbl YIPYTHMH CHJIAMH, BOSHHMKIIMMH B MpYXHHE
B pesyantate jaedopmauud. OnplT Aaer, 4To NpH HeOGoJbIIHX Jedop-
MauUAX YAJIHHEHHE NpPYXXHHbl Al OKaswIBaercst IPONOpHHOHAJIbHBIM
pacrsiruBaiowieir cune: AlwoF (F=F;=F,). CoOTBEeTCTBEHHO Yynpyrast
CHJIa OKa3blBAeTCsl NPONOPLHOHAJbLHOM YAJHHEHHIO TP YXKHHBIL:

F=EAL (14.1)

KosduuuesT nponopuuoHaibHOCTH £ HasbiBaercss K 03 ¢ & U I u-
€EHTOM X ECTKOCTH NPYXHHHL
YTBepKJIEHHE O NPONOPLHOHAJBHOCTH MEXAY YNpPYrof CHIOR H
medopMatiHedl HOCHT Ha3BaHHe 3aKoHa I yka. ‘
YOpyrue HaTAXeHUsI BO3HHKAIOT BO Bcel mpyxuue. Jliobas yacTsh
NPY>KHUHBI IGHCTBYET Ha JAPYrylo 4acTh C CHJIOH, onpenensiemoit opmy-
Joit (14.1). Ilostomy, eciu paspesaTh NPYXKHHY IONOJAM, Ta XKe IO
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BeJIHYHHE ynpyras cusa GyfieT BO3HHKaTh B KaXJOH M3 NOJIOBHH NpPH
B JiBa pas3a MeHblleM yanuHennH. OTciola 3aKJioyaeM, YTO NPH 3aJaHHBIX
MaTepHasie MPYXKHHBl ¥ pasMepax BHTKa BeJIMYMHA yNpYyroi CHJel Of-
penesieTcss He aGCOJIOTHBHIM YIJIHHeHHeM npyxHHbl Al, a OTHOCHTEJb-
HBIM yasiusexHem Al/l,. i

[IpyH CXaTHH NPYKWHBEL TaKKe BO3HHKAIOT YIPYTHe HaTsDKeHHS,
HO gapyroro 3Haka. O6oGuium Gopmyay (14.1) ciepyrouium oGpasoMm,
3aKpenum OMH KOHEL NMPYXKHHBEI HeMoJABHXHO (puc. 14.2), a yanuHe-
HHe NpYXHHB OyleM paccMaTpuBaTh KaK KOOpJAMHATY X APYIOro
KOHIIa, OTCYHTHIBAEMYIO OT ero II0JIOXKeHHS, OTBeYalollero HeaedopMu-
poBanHoii npyxuHe 1). Kpome Toro, o6o3HauuM NpPOEKUHIO Yynpyroii
cuabt Fy,, Ha ock x yepes F.. Torna moxHO Hamucath, 4TO

Fa——hx (14.9)

(w3 puc. 14.2 BHAHO, YTO NPOEKUHS YIPYrOH CHJLI HA OChb X H KOOpJH-
HaTa x BCEr[a HMeIOT Pa3Hble 3HAaKH).

OnHOpPOIHLIE CTepXKHU BeAYT ce0si NpH PACTSXKEHWH MJIH OJHOCTO-
POHHEM CXKaTHH NOAO6HO mpyxuHe. Eciu K KoHIam CTepXKHS NPHJIO-
JKHTh HanpapJjeHHbie BHoJb ero ocH cuiel Fy u F, (Fi=F,=F), nei-
CTBHE KOTODHIX PABHOMEDHO pacnpenesieHo IO BCEMY CEYeHHIO, TO
JUIHHA CTEPXKHSA [y MOJYYUT IOJONKHTENbHOE (NMpH pacTskKeHus) JH6o
oTpunaTenbHoe (MpH cxkaThu) npupauenue ?) Al (puc. 14.3). B kaue-
CTBe BeJIWUMHBI, XapaKTepu3ayoulel aegopmauuio CTepKHs, eCTECTBEHHO
B35iTh OTHOCHUTEJbHOE H3MEHEHHe ero NJIMHBI:

S AT (14.3)

OnwiT JiaeT, 4To JIJIST CTEp>KHei M3 NaHHOro Marepuaja OTHOCHTEJb-
HOe YJUIMHEHHWe NpU ynpyroi JAedopMaiiu npornopHMOHATbHO CHIe,
NPUXOAsIIe/iCS HA eJUHHILY MJIOLaAH MONePeYHOro CEeYeHHsl CTepKH:A:

e=al (14.4)

(¢ — K03()PULHEHT TPONOPLHOHANBLHOCTH).
Be.HH'-IHHa, paBHas OTHOLIEHHIO CHJLI K BeJHYHHE ]'IOBePXHOCTH,
Ha KOTOPYIO JeHCTBYeT CHJia, HAas3bIBAETCS H a Il p 5 >k € H H e M. Bua-
rojiapsl B3aWMOJIEICTBHIO yacTell Tesla Ipyr ¢ ApYroM HanpshkeHue nepe-
JaeTcd BO BCE TOYKH Tesa — BEChb o0BeM CTEPIKHHA OK4a3LIBaeTCHd B Ha-
NpsXECHHOM COCTOSAHHH. Ecnu cuna HaﬁpaBHEHa o HOpMaJiiH K noBepx-
HOCTH, HaIpsXXeHHe Ha3biBaeTCd HOP M a J b H BI M. ECJ’!I‘I CHJia

1) Ha puc. 14.2, 6 nouna oTpeska, Ha KOTOPbLH CMeCTHJICS KOHeLl NpYXHHEI,
0603HaYeHa — X 5TO BEI3BBAHO TeM, YTO AJHHA OTPE3Ka — IOJOXKHTeJNbHAS BEJHUHHA,
KOODJIHHATA € X B 3TOM CJyyae OTPHUATENBHA.

2) VsMeHenne JAJIHHBI CTEPXKHS CONPOBOX/IAeTCsl COOTBETCTBYIOUMM H3MEHEHHEM
NONEpeYHbIX pPasMepoB CTEpPIKHH,

§ 14. YIIPYTHE CHJBI 65

HanpagJjeHa MO KacaTeJbHOH K NMOBEPXHOCTH, Ha KOTOPYIO OHA JAEHCT-
BYeT, Halpsi>K€eHHEe Ha3blBA€TCsA Ta HT € H ILHAaJ bHBB M. Hopma.nb-
HOe HanpsukeHHe NPHHATO 0003HayaTh OYKBOH O, TaHreHUHaJbHOE —
OYKBOH T.

Ornowenue F/S B dopmyJe (14.4) npencrasiser coboil BHopMaabHoe
HanpsixkeHue o. CrefioBaTesbHO, 3TOH (OpMYyJIe MOXHO NMPHAATh BUA

e=00. (14.5)

Jns XapakTepHCTHKHM YNPyruX CBOHCTB MaTepHalja IOJb3YIOTCs
peauuuHoii E=1/a, KoTopasi HaskBaetcs mMmoayaem lOHT a.
Uamepsierca 3Ta Beauuuna B nackaasx (1 IMa=1 H/1 m?).

3amenuB B (14.5) @ Ha E, noJyyHM COOTHOLIEHHE:

e=0/E, (14.6)

B3 KOTOpPOro cJjenyer, 9to mMoaysb KOHra paBeH TakKOMY HOPMaJbHOMY
HaNpSKEHHMIO, MPH KOTOPOM OTHOCHTEJIbHOE YIIMHEHHe Oblyio Obl PaBHO
eqrHNUIE (T. €. NpHpallerye JTHEL Al

5 6bll0 Ol PaBHO  NepBOHAYAJIbHOM

a F
Pt alead wling
! L
/ ,’
P y; ;,}J 1{
I Pl
———
F
Pue. 14.3. Puc. 14.4.

anuse ly), ecnu Gbl crosp Gospiine ynpyrue jedopmauui GblIH BO3-
MOXKHBI (B Jlei"ICTBHTﬁJ'IbHOCTH NpH 3HAYHTEJIBHO MEHbLIIHX HanpaxKEeHHAX
NPOHCXOAHT paspylueHHe CTepXKHsl, €lle paHblle AOCTHIaeTCs MpeqeJ
YNpYyrocTH).

Pemnp ypasnenue (14.4) otHocutesnbHo F 1 3amenuB e uepes Al/l,
a o yepes l/E, noayuum ¢opmyJay

F=%§N=¢AL (14.7)

rle k — TMOCTOSHHBIA N5 JaHHOro crepxkHs Kosdepunment. CooTHo-
menue (14.7) Buipaxkaer 3axon I'yka wisi crepxus (cp. ¢ (14.2)). Ha-
NOMHHM, YTO 3TOT 3aKOH BBINOJHSETCS TOJbKO 0 TeX NOp, MoKa He
JocTHraeTcss npejes ynpyrocrtH.

B 3akJIoueHHe pacCMOTpHM KpaTKo Jedopmanuio ciphra. Bospmem
ONHOpOAHOE Tesio, Hmelollee (OpMY NPAMOYrOJNBHOrO TMapaseneny-
fejia, M TPUWJIOXKHM K €ro INpoTHBOJEXaluMm rpavsM cuibsl Fy n F,
(Fy=F,=F), nanpaBjeHHble NapajjelbHO 3THM rpauaM (puc. 14.4).
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Ecnu mefictBue cui GyfieT paBHOMEPHO pacrpeesieHo Mo BCeH IoBepX-
HOCTH COOTBETCTBYIOLIefi rpaHH, TO B JIOGOM CeYeHHH, NapaJiieJbHOM
3THM TpaHsM, BO3HMKHET TaHIEeHIHA/bHOE HampsiKeHHe :

v=F/S (14.8)

(S — nyowans rpauu). Ilon neficTBHeM HampshkeHHIT Tesio AedopMH-
pyercs Tak, YTO OJlHa I'PaHb CMECTHTCSI OTHOCHTEJILHO APYroi Ha HeKo-
TOpOoe paccTosiHue a. Ecau Teso MBICJIEHHO pasbuTh Ha 3JieMEeHTapHHe
nmapaJiiielbHble PacCMaTpPUBaeMBIM T[PaHSM CJOH, TO KaXIBIH CJIOH
OKaXKeTCsl CABMHYTBIM OTHOCHTEJbHO COCENHMX ¢ HMM cyoeB. Ilo 3Toi
nNpHYHHe jgedopMallisi TAKOro BHJAA MOJY4YHJa Ha3BaHHE CBHra.

Ilpu nedopmauun capura Jobast npsMasi, NepBOHAYAJIbHO THep-
NEeHAUKYJIApHAs K C/OsM, NIOBEPHETCS HAa HEKOTOpHIH yroa ¢. B Kave-
CTBe XapaKTepHCTHKH aehopmanuu capHra Gepercs BesJHYHHA

v=+=tge, (14.9)

HasblBaeMass OTHOCHTEJbHB M CABHTOM (CMBICH BEJIHYHH
a u b sced us puc. 14.4). I'lpu ynpyrux nepopMauusx yroJs ¢ OuBaeT
oyeHb maJs. IloaTomy MOXHO nosoxuThb tg p~@. CieroBare/lbHO, OT-
HOCHUTEJIbHBII CABHUI Y OKa3blBaeTCsi pPaBHBIM YIJVIY CHBHra @.

OnbIT MOKa3bBaeT, YTO OTHOCHTENbHBIH CHBMI IPONOPLHOHAJIEH
TaHMeHLHAJbHOMY HaNpsizKeHHIO:

—1x (14.10)

Kospduuuent G 3aBUCHT TOJLKO OT CBOHACTB MaTepHala ¥ Ha3bIBaeTCs
MOZAYJaeM cABHUT a. OH paBeH TAaKOMY TaHre€HIHAJbHOMY Hamps-
MEHHUIO, MPH KOTOPOM YrOJI CABHra OKasaJicsi Ol paBHEIM 45° (tg 9=1),
ecJsii Gbl IPH CTOJIb GOJIBLIKX JedopManMsiX He Obl] NMPEeB30iiieH mpenes
ynpyroctu. Mamepsiercs G, kak u E, B mackansx ([la).

§ 15. Cuapt TpeHus

CuJsibl TpeHusi TOSIB/IAIOTCS MPH MEepeMelleHHH CONMPHKAaCaIOLHXCs
TeJl WIH HX Yactedl IPYr OTHOCHTENBHO apyra. TpeHHe, BO3HHKaIOLlee
NpH OTHOCHTENBHOM MEepeMellieHHH ABYX CONPHKACAIOMMXCSA Tes, Hasbl-
BAaeTCs B H € LI H U M; TPEHHE MEXJ1Y YacTsIMH OJIHOTO H TOTO K€ CIIJIOLI-
HOrO TeJia (HanmpHMep, XKHAKOCTH HJIM ras3a) HOCHT Ha3BaHHE B H Yy T-

"pEeHHEero TpeHHs.

Cuny TpeHHs, BO3HHKAIOULYIO NPH ABHXEHHH TBEPJAOro Tejla OTHO-
CHTEJIbHO JKHIKOH MJIM ra3o00pa3HON Cpefpl, CJIefyeT OTHECTH K KaTe-
TOPHH CHJI BHYTPEHHEro TPEHNs, OCKOJIbKY B 3TOM CJIyyae CJIOU Cpejk,
HENOCPEeJCTBEHHO CONPHKACAIOLIHECs C TeIOM, BOBJEKAITCS UM B JABH-
JKEHHe C TOH 2Ke CKOPOCTBIO, KaKylo HMEeT Teslo, H Ha JABHKEHHE Tela
OKasbIBaeT BJIHSIHHE TPEHHE MEXNY 3THMU U BHELIHHMH IO OTHOLIEHHMIO
K HHM CJIOSMH CpeAHl.
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Tpenve mexay NOBEPXHOCTSAMH ABYX TBEPABIX TeJ NpPH OTCYTCTBHH
KaKou-1100 NPOCNOHKH, HalpHUMEep CMasKM MeXIY HHMH, Ha3biBaeTcs
cyxum. Tpenue mMexay TBEpAbIM TEJNOM H KHUAKOH WJH ra3o06pa3Hoif
CPefIod, a TaKxKe MeXJy CJOSMH TaKOH CpPeibl HasbiBaercsi B i 3 K H M
(MM KHIKHM).

IlpuMeHHTeIbHO K CYXOMY TPEHMIO pAa3jIHyaroT TPEHHEe C K O J b-
XEeHHS M TPeHHE Ka Y e HH 5.

Cusbl TpeHHsi HanpaBJieHbl N0 KacaTeJbHOH K TPYIMMCSI NOBEpX-
HOCTAM (MJIH CJI0sIM), TNPHYEM TaK, YTO OHH IPOTHBOIEHCTBYIOT OTHO-
CHTEJIbHOMY CMELIEHHIO 3THX noBepXHocTeH (cnoe). Ecnu, Hanpumep,
JB2 CJIOsi JKHAKOCTH CKOJIb3SIT APYT MO APYry, ABHrasiCh ¢ PasMUHOI
CKOpOCTBIO, TO CHJA, NPHJIOXKEHHasA K 60-

Jiee GLICTPO ABHIKYLIEMYCS! CJIOIO, HATPaB- Fn
R LG s el o ) BB
; ; yioasi Ha cJioil, i
IBIXYUIMHCS MeLJieHHee, HanpaBjeHa B | 205 R
CTOpOHY JIBHEHHS CJIOSL. =
Cyxoe 7penue. B cnyyae cyxoro Tpe- Puc. 15.1.

HMsi CHJIa TPEHHs BO3HHKAeT He TOJIbKO
NpH CKOJNLXKEHHH ONHOH NOBEPXHOCTH NO JAPYrod, HO TaKxke
H DpH NONBITKax BEI3BaTh TaKoe CKOJbxMeHHe. B nocnensem ciyuae
OHa HasplBaeTCsI CHMJOH TPEeHHSI moKo s Paccmorpum nsa
conpuKacaiomuxcst Tesia / ¥ 2, U3 KOTOPEIX NOCJIEJHee 3aKperJieHo He-
noaswxHO (puc. 15.1). Teno I nprxuMaercs K Teay 2 ¢ CHJION R
HanmpaBJeHHOH 10 HOPMa/H K MNOBEDXHOCTH CONPHKOCHOBEHHS TeJl.
Ona naspiBaeTcst CHNIOH HOPMAJBHOFO MAAaBJEHHS H
MOXeT ObiTh 06YC/IOBJeHa BECOM Tesla WJW APYTMMM npuunnamu. Ilo-
TNILITaEMCS IEPEMECTHTD TeJlo /, NOJAEHCTBOBAB Ha HEro BHelluHel cunoi F.
Ilpu sTom OGHapyXWTCS, YTO ISl KaX[OH KOHKPETHOH mapel Tesl M
KaXJIOro S8HaYeHHsl CHJIbI HOPMAJIbHOTO JNAaBJIEHHS] HMEETCsl ONpejieJieH-
HOe MHHHMaJIbHOE 3HayeHue F, cuanl F, npu koropom teno I ynaercs
CABHHYTH € MecTa. Ilpu 3HaueHHSIX BHelIHeH CHJBI, 3aKJIOYEHHHIX B
npenenax 0<<F<{F,, Teslo ocraercs B nokoe. Ilo Bropomy 3akony Helo-
TOHAa 3TO BO3MOXHO B TOM cJydae, ecnu cuna F ypasrosemmBaercs
PaBHOH € No BeNMYHHE H NPOTHBONOJOXKHO HANPaBJeHHOH CHUJIOH,
KoTopast M eCThb CHJia TpeHHus mokos F., (cM. puc. 15.1). Ona aBToMa-
THYECKH ’) mNpUHUMaeT 3HaUYeHWe, paBHOE BeJMYMHEe BHelIHell CH-
Jbl F (DpH  YCJIOBHH, YTO TOCJENHSIE He NPeBOCXOAMT F,). Beamuy-
Ha F, npeicraBisieT Co60fi HauGoJbIlee 3HAUEHME CHJBI TPEHHS
NoKos.

Orvetum, 4TO B COOTBETCTBHM C TPETbUM 3aKOHOM HBIOTOHA Ha Teno
2 Takke JeficTByeT CHiia TpeHust nokost F7, (wa puc. 15.1 ona nokasaua

%) B1o nponcxomnT NoK06HO TOMY, KaK NMPYHHA NMOA AEHCTBHCM pacTsruBapoulelt
CHJBL aBTOMATHYECKH npHOGperaeT Takoe Y/JHHEHWe, NPH KOTOPOM YNpyras cuia
YPaBHOBEIUHBACT BHEIURIO CHaY.
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NYHKTHPOM), paBHasi no BeauuuHe cuje F,,, HO WMmerolasi MpOTHBOMO-
JIOXKHOE efi HampaBJeHHe.

Ecau Buelnsis cusa F npepsoiizer no moayJso Fo, Telo HayWHaer
CKOJIb3UTh, NpPHYEM €ro YCKODEHHe ONpeje/seTcsi pe3yJabTHpYIouleH
IBYX cuJ: BHeluHeli F M cusbl Tpenust cKonbxenuss Fp,, BesmunHa
KOTOPOH B TOH WJIM WHOH Mepe 3aBHCHT OT CKOPOCTH CKOJILXKEHHS.
Xapakrep 3Toil 3aBHCHMOCTH ONpeJe/seTCs anpo,IIOH M COCTOSTHHEM
TPYUIHXCS noBepxHocTel. Yate Bcero BCTpeyalWUicsa BHI 3aBHCHMO-
CTH CHJBI TPEHHs! OT CKOPOCTH NMOKa3aH Ha pHC. 15.2. I'paduk oxBathl-
BaeT KakK cjayuail NoKosi, TaK M cayudaii ckonbxenus. Cuia Tpenus
NOKOSI, KaK yKe OTMeuasnoCh, MOXKeT HMeTb 3HaueHusl OT Hyns A0 F,,
YTO OTPaXKEHO Ha rpadHKe BepTHKaJbHBIM OTpPe3KoM. B cooTseTcTBUH
c puc. 15.2 cuna TpeHHs CKOJIbXEHHR C YBEJHYCHHEM CKOPOCTH BHauale
HECKObKO YyObIBaeT, a 3aTeM HaYHHAeT BO3DPacTarhb.

[Tpu crenuanpHoit cOpaboTKe CONPHKACAIOUIUXCA nosepxuomeu
CHJ1a TPEHHSA CKOJLXEHHA MOXET 0OKa3aThCsl I"IpaKTPI"-[eCKH HE BaBHCﬁUJ.F[r{
OT cKopocTH. B 3tOM ciyyae KprBoJMHeHHHIH Y4yacTOK rpaguka Ha
puc. 15.2 npeBpallaeTcsi B OTPE30OK FOPH3OHTAJbHOH NPAMOM, HayM-
Hawulelcs B Touke [

3aKOHBI CYXOro TPEHHSI CBOASITCA K CJEAYIOIEMY: MaKCHMaJbHast
CHJla TPEHWs TOKOsl, a TAKXKe CHJIa TPEHHS CKOMbKEHHSI He 3aBHCAT
OT TJIOWIAAH CONMPHKOCHOBEHHS! TPYLIUXCS Tesl H OKa3bIBAIOTCST NpPHOJIH-
3UTEIGHO MPOMOPLUHOHAIBHEIME BeJIMYHHE CHJBI HOPMAJIbHOrO JaBJie-
HHS, NPHXHMAIOWEH TpYLUHecs MOBEPXHOCTH APYr X APYry:

F,,=kF,. (15.1)

Bespasmepnblit  Kos3(hUUUEHT NPONOPLUHOHAJIBHOCTH kR Ha3biBaeTcs
KOo3QpdHULKHEHTOM TpeHHSHA (co-
OTBETCTBEHHO TOKOSI HMJIM CKOJIbXKEHHS).
O 33aBHCHT OT NPHPOALI U COCTOAHHS TPY-
LIMXCS MOBEPXHOCTEH, B YAaCTHOCTH OT HX
LIEPOXOBaTOCTH. B ciyyae cKosbxeHHs
KO3()QHLHEHT TPEHHA sIBIAETCH (QYyHKUHen
CKOPOCTH.
) CuNBl TpeHUs MrpaloT OYeHb GOJBIIYIO
g ponb B mpHpoje. B Haulell NOBCeTHEBHOI
Puc. 15.2. YKM3HH TpeHHe HEepPeAKO OKasblBaeTCst Mo-
JIe3HEIM. BCrnoMHHMM OrpOMHBbIE 3aTpYAHe-
HHsI, KOTOpHI€ HCILITHIBAIOT MelleXoibl H
TPAHCMOPT BO BpPEMSI rOJIOJIEAHIB], KOrZd TPEHHE MEXIY MOKPBITHEM
JIOpOrH U MOJOLIBAMH {IELUEXONOB HJIH KOJeCaMH TPAaHCHOopTa 3HaYH-
TeJbHO YyMmeHbluaetcs. He Gymp cunm Tpenusi, meGesib NPHLIIOCH Gbi

=N

S

Sy

NPUKPENAATe K 0OOJY, KakK Ha CyJaHe BO BpeMsl KauyKi, Hbo OHa.

MPH MaJieHllell HeropH3OHTAaJbHOCTH [0Ja Croj3aja Okl B Hampas-
JIEHHH NOKAaTOCTH. YHTaTesib MOXET CaM MPHBECTH aHA/OrHUHKIE
NPHMEPHI .

§15. CHJIBI TPEHHSA 69

Bo MHOrHx ciryyasix posib TPEHHs KpaliHe OTpMIlaTesibHa, M NpH-
XOAWTCS MPUHHUMATBh Mephl K TOMY, YTOOLI MO BO3MOX{HOCTH €ro ocJja-
6HTb. Tak OOCTOMT, HanpHmep, JeJO C TPEHHEM B NMOALWIHMHHKAX HJIH
C TPEHHeM MeXAY BTYJKOH KoJjieca H OChiO.

Haubonee panukanbHBEIM CnOCOGOM YMEHbLIEHHSI CHJ TPEHHsS siB-
JsieTcsl 3aMeHa TPeHHS CKOJIbXKEeHHsI TDEHHeM KauyeHHs, KOTOPOe BO3HH-
KaeT, Hanpumep, MeXAy UHJIHHAPHYECKHM MJH 1UapoOoOpPasHBIM TEJoM
M MOBEPXHOCTBIO, MO KOTOPOH OHO KaTHTCSl. TpeHHe KayeHus moj-
yMHsieTcsl (OpMaJbHO TEM >K€ 33aKOHaM, YTO U TPeHHe CKOJILXKEHHS,
HO KO3(pHIIMEHT TpeHHs B 3TOM CJyyae OKa3bIBaeTCsl 3HAaYMTEJBHO
MEHBIIUM.

Bsiskoe Tpenue M conpoTHBJeHHe cpenbl. B oTanyne oOT cyxoro

BSI3KOE TPEHHEe XapaKTepHO TeM, YTO CHMJia BS3KOro TpeHHsi obpauaercs
B HYJb OJHOBPEMEHHO CO CKOPOCTBIO.
INostomy, Kak Obl HH Oblia Maja BHeil- P
HSSl CHJIa, OHA MOXXET COOOLIHTB OTHO-
CHTEJIbHYIO CKOPOCTDb CJIOSIM BA3KOH cpe-
JEL. SaKOHbI, KOTOpPbLIM TOAYHHAIOTCH
CHJIBl TPEHHSI MeXAy CJOSMH Cpefw,
OVAyT paccMOTpeHHl B TIJiaBe, MOCBSA-
LIeHHOH MeXaHHKe )KH,H,KOCTGf‘I.

B stom nmaparpade Mbl OrpaHHYHM-
Csl PacCMOTPEHHEM CHJI TPEHUS MEeXAY 0
TBEPAbIM TeJIOM H BS3KOH (KUAKOH HJIM
rasoobpasnoii) cpenoit. Cnenyer HMeTb
B BHJY, YTO, MOMHMO COOCTBEHHO CHJI Tpe-
HYS, TIPH ABHXXEHHH TeJ B JKHJAKOH HJIH ra3000pa3Hoil cpelie BO3HHKAIOT
TaK Ha3blBa€Mble CHJIBl CONMPOTHBJEHHU A Cp € X bl, KOTOphie
MOrYyT OBRITH TOpasjo 3HauMTeslbHee, YeM CHJLl TpeHus. He umes Bo3-
MOXXHOCTH paccMaTpHBaTb MNOAPOOHO NPHYHHLI BO3HHKHOBEHHMS 3THX
CHJI, MBI OFPaHHYHMCS M3JIOKEHHEM 3aKOHOMEPHOCTEH, KOTOpBIM MOJ-
YHHSIIOTCST CHJIbI TPEHHSi H CONPOTHBJECHHS CPEABI COBMECTHO, NpHYeM
ycioBHO OyaeM Has3biBaTb CYMMapHYIO CHJY CHJIOH Tpenusi. 3aBHcH-
MOCTb 3TOH CHJIbI OT CKOPOCTH NOKa3aHa Ha puc. 15.3.

[lpu HeGOMBIINX CKOPOCTSIX CHJIA PacTeT JIHHEHHO CO CKOPOCTEHIO:

F,p=— kv (15.2)

(3HaK MHHYC O3HayaeT, YTO 3Ta CUJIa HANPABJEHa NPOTHBOMOJOMKHO CKO-
poctn). BennunHa xosduunenta k; 3aBHCUT OT (GOpMBI H pa3MepoB
TeJjla, COCTOSIHHS €ro MOBePXHOCTH H OT CBOHCTBa Cpejhl, Ha3bIBAEMOro
BsisKocTbio. Hanpumep, s rouiepiHa 37oT KOI(QQUIHMEHT OKa3bl-
BaeTcs ropasao OO0abIINM, YeM AN BOJBL.

I'IpH GOMBLINX CKOPOCTSX JHHEHHBLIH 3aKOH NepexoiuT B KBajpa-
THYHBI, T. €. CHUJIa HAYMHAeT PACTH MPONOPHHOHANBLHO KBAAPAaTy CKO-
poctu:

il

Puc. 1§.3.

F,,=— ke,  (15.3)
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(e, — opT cxopoctH). Benuuuna kKospduuHeHTa ko 3aBHUCHT OT pasme-
pos H (opMEL TeJsa.

3HayeHHe CKOPOCTH, NpH KoTopoM 3akoH (15.2) nepexomur B (15.3),
3aBHCHT OT (OpMBI H pa3MepoB TeJa, a TaKxkKe OT BSSKHX CBOHCTB H
IVIOTHOCTH CpPE/bl.

§ 16. Cuna TAKECTH H BeC

[Ton nefiCTRHEM CHJBI NPUTSIKEHHS K 3emJie Bce Teja najaioT ¢ OfH-
HAKOBBIM OTHOCHTEJbHO [IOBEPXHOCTH J3eMJH YCKOpeHHeM, KOTopoe

i g o 5

tfi i
; [
v f VG G Gx=m(5"'wJ
Cy=m(g+w) ba=mg.
Puc. 16.1.

' IPUHATO 0603HaYaTh GyKBoil g. DT0 O3Hayaer, 4To B CHCTeMe OTCYeTa,
CBSI3aHHOM € 3emJell, Ha BCSIKOe TEeJO MacChl m NEHCTBYET cusa

P=mg, (16.1)

HasplBaemast CHJO# TsixecTH?). Korza Tejlo NOKOUTCS OTHOCH-
TENIbHO TIOBEPXHOCTH 3em/i, cuia P ypaBHOBelIMBaeTCs peakiuei *)
F, nojseca HJiu ONOpHI, YAep:uBawouux Tejo ot nanenus (F,.=—P).
ITo Tperbemy 3akoHy HEeloToHa Telo B 3TOM Ciay4ae AEHCTBYeT Ha NOA-
BecC Huiu onopy ¢ cuioit G, pasuoit —F,, T. e. ¢ cuJIok

G=P=mg.
Cuna G, ¢ KOTOpPOH Teso AeHCTBYeT Ha MOABEC HJIH Omnopy, Hasbl-

BaeTCsi B€COM TeJa. d1a cuia paBHA mg JHIIb B TOM Ciyvae,
ecTH TeNo M onopa (WM TNOABeC) HENOABHXKHBI OTHOCHTENLHO 3eMJIH.

1) BcaeiCTBHE HEMHEPUMANBHOCTH CHCTEMEI OTCYETa, CBA3aHHOH ¢ 3emimell, cHia
THXECTH HECKOJBKO OTJAHUAETCH OT CHJEI, C KOTOPOH TeJO NpHTAruBaerca 3emiefi.
Iloapobuee o6 stom Gyaer ckasaro B § 33.

2) PeakuufMy Ha3bIBAIOTCS CHJBL, C KOTOPEIMH Ha JIaHHOE TeJIO NEHCTBYIOT Tena,
OrpaHHYHBAIOUIHE €r0 JBHIKCHHE,

§16. CHJIA TSH)XECTH H BEQ 71

B cnyyae ux [BHKeHHSI C HEKOTOpPHIM yckKopeHuneM w Bec G me Gyner
paBeH mg. DTo MOXHO YSICHHTD Ha clieflytouiem npumepe. ITyctb nonsec
B BHJE YKpEIJIeHHOH Ha paMKe MPYXKHHbLI ABHXETCA BMeCTe C TEJIOM
¢ yckopenneM w (puc. 16.1). Toraa ypaBHeHHe ABH:KeHUsI Teja Oyxer
HMeTh BHJL

P+ F,=mw, (16.2)

rre F, — peakuusi mojseca, T. €. CHJIa, C KOTOPO¥ NPY)KHHA JEHCTBYET
Ha Teo. ITo Tperhbemy 3akoHy HbIOTOHa Teslo AEHCTBYET Ha NPYXHHY
¢ cuJol, paBHoit —F,, KoTopasi no onpejeseHHIO NPeACTaBsieT CoO0H
pec Te1a G B 3THX YycsoBHAX. 3ameHHB B (16.2) peakunio F. cujon
—G, a cuny Tsxectn P — npoussenenyveM mg, NOJy4YHM:

G=m(g—w). (16.3)

dopmyaa (16.3) onpenensier Bec Tena B obmeM ciayyae. Ona cnpaBen-
JHBa JJs [ojBeca MJH ONopkl Jo60re BHAA.
ITpeanosioxuM, YTO T€NO H NOABEC ABMKYTCS B BEPTHKAJbHOM Ha-
npaBJieHHH (B 3TOM NPeANOJIOXEeHHH BbmoJHeH puc. 16.1).
Cnpoektupyem (16.3) Ha HanpapJjeHue oTBeca:

G=rm(g +w). (16.4)

B s71oM BeipaxkenHH G, g H @ CyTb MOJYJIM COOTBETCTBYIOLIHX BEKTOPOB.
3HaK «1-» COOTBETCTBYeT W, HanpabBJieHHOMY BBepX, 3HaK «—» COOTBET-
CTBYET HAmpaBJIEHHIO W BHHS3.

s dopmysn (16.4) BeITeKaer, yTo no MonyJio Bec G MOXKeT GEITh
Kak GoJsibllle, TaK M MeHbile, yem cuaa Tspkectd P. Ilpu cBoGonnom
NajieHHy PaMKH € TOABecoM W=g H cuia G, ¢ KOTOpOil TeJo AeHCT-
BYeT Ha nojsec, paBHa HYyJa0. Hacrynaer cocrosinne HeBeCOMOCTH.
KocMuueckuii Kopabib, JeTsimuil BOKpPYr 3eMJH C BHIKJIIOUEHHBIMH
JIBHraTesisiMM, JABHXKETCS, KaK W CBOGOAHO MNajaiwoilas pamka, ¢ YCKO-
peHueM g, BCJIENCTBHE Yero TeJla BHYTPH KOpabJuisi HaXOAsiTCsi B COCTOs-
HHH HEBeCOMOCTH — OHHM HE OKa3bIBalOT JaBJeHHs Ha CONpHKacaro-
1myecss ¢ HUMH TeJia.

OrMmeTHM, YTO YacTo MyTaloT cuay Tskectd P u Bec Tena G. 3710
OGYCJIOBJGHO TeM, YTO B CJyuyae HenojsHKHOH omopsl cuiel P u G
COBMAZialoT NO BeJMYMHE M 1O HanpasjieHuio (ofe OHM paBHHL 7ig).
OzHako cJiefyerT NOMHHTb, YTO 3TH CHJbI NPHJIOKEHHl K PAa3HBIM TeJaM:
P npunoxena k camomy Tesay, G mpujoxeHa K NOABECY HJH OIODE,
OrpaHMYHBAIOLINM CBOOOJAHOE [BHXKEHHE Tejia B MOJe CHJ 3eMHOro
taroteHusi. Kpome Toro, cusa P Bcerpa paBHa mg, He3aBHCHMO OT TOTO,
JIBHXKETCS TEJIO MJIM MOKOHTCS, CHJa e Beca G 3aBHCHT OT YCKOpPEHHS,
C KOTOPHIM JABHXKYTCSL ONOpa M Teo, NpHYeM OHA MOXeT OhiTh Kak
6osiblile, TaK W MeHbllIe /g, B YaCTHOCTH, B COCTOSIHHH HEBECOMOCTH
OHa ofbpauiaercss B HYJb.

CootHowenne (16.3) Mexxay Maccoii M BecoM TeJa JaeT Cnoco6
CpaBHEHHS MacC TeJ nyTeM B3BEIUMBaHHs — OTHOLUEHHE BECOB TelI,
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onpelieieHHBIX B OHHAKOBHIX yCJIOBHSIX (00biyHO mpu w=0) B OIHOK
U TOH K€ TOYKe 3eMHOH NOBEpPXHOCTH, PAaBHO OTHOLLUEHHIO MacC 3THX
TeJI:

G GieGasnmti=—n st gt %

Kak 6yner nokasaHo B § 33, yckopeHue CBOOOJHOrO MNajeHHd g
M CHJla TsKecTH P 3aBHCAT OT IUIKPOTHl MecTHOCTH. Kpome Toro, Pu g
3aBHUCSIT TaKXKe OT BBICOTHI HaJl YpOBHeM MOps — C YJaJeHHeM OT
UeHTpa 3eMJH OHH YMEHbLIAIOTCH.

§ 17. MpakTuueckoe mpuMeHeHHe 3axkoHOB HbroTOHA

Jais Toro 4roObl COCTaBHTL YPaBHEHHE IBIXKEHHS, HYXXHO Npexne
BCEro YCTaHOBHTb, KaKH€ CHWJIbL JEHCTBYIOT Ha pacCMaTpHBAEMOE TeJo.
ITpu 3TOM HEOGXOAMMO BBISICHHTb, JAEHCTBHE
KaKHX JIPYIMX TeJl Ha AaHHOE Telo CJEAYET
NpPUHATH BO BHHMaHue. Tak, Hanpumep, A
TeJia, CrOJI3aloUEr0 MO HAKJIOHHOH MJIOCKOCTH
(puc. 17.1), cyliecTBeHHO BO3JelicTBHE €O CTO-
poHbl 3eMyH (OHO XapaKTEpH3yeTcs CHJOMH
mg) W BO3[CHCTBHE CO CTCPOHBI MNJIOCKOCTH
(oHo XxapakTepu3dyercs cuJoH peaknuH F,).

Hu B Koem ciyuae He cjienyer BBOAHTL B
paccMOTpeHHe «IBHXKYIIHE», «CKaThIBAIOLIHEY,
«LIEHTPOCTPEMHTE/NbHBIEY, «IEHTPOOEKHbIEY *)
H ToMYy nojo0kble CHJAbL. YTOOBI HE BNacTb
B OWMOKY, HYXHO XapaKTepH30BaTh CHJBI
He MO BLISEIBAEMOMY HMH JEHCTBHIO, @ NO <HCTOYHUKY», BBI3BAB-
LIeMY NOfABJIGHHE CHJBL. DTO O3HAYaeT, YTO 32 KaxKAOH CHJOH HYXHO
BHAETL TeJo, BO3JeiCTBHEeM KOTOpOro o6ycjioBjeHa cena. Toraa cra-
HET HEBO3MOXKHONM THNHYHAs OLMOKA, 32K/JIYAKUascs B TOM, YTO
O[IHA M Ta 2Ke CHJIa YYHTLIBAETCS NMOJ, Pa3/HYHbIMH Ha3RaHHSMY JBaXK/BI.

B paccmarpuBaemom npumepe {cM. puc. 17.1) uenecoo6pasno cuary
peakuuu F, pa3foxuTb Ha RBe COCTaBJSIOILEE — CHIY HOPMAJbHOrO
rapnenust F, u cuay tpenus F,,. 210, B 4aCTHOCTH, MOJIE3HO B CBSI3H
C TeM, YTO CHJ/Ia TPEHHMs] NponopnuoHaakHa MoayJo cuanl F, (em. (15.1)).

Onpenenus cHJIBI, AHCTBYIOLIHE Ha TEJO, COCTABJSIOT ypPaBHEHUE
BTOpOro 3akoHa HewoTona. B Hauem npumepe oHO MMeeT BHIL:

mw=mg+F.=mg+F, +F. (17.1)
UTO6B! OCYLIECTBUTL BLIYHCJEHHS, HYXKHO MEepeliTH OT BEeKTOPOB K MX
MPOCKUHAM Ha COOTBETCTBYIOLLIUM O0pasoM BelOPaHHBIE HaNpaB/eHUS.
[Ipu 3TOM mMOJIB3YIOTCS CJIEAYIOLIHMHM CBOHCTBAMH NPOEKIHIL:
1) paBHbIE BEKTOPHI HMEIOT OJHHAKOBLIE NPOEKIHMH;
2) nNpoeKuMs BEKTOPa, MOJYYAIOUEroCs YMHOMEHHEM KaKOro-To

Puc. 17.1.

1) B10 He OTHOCHTCH K TepMHHY «lleHTpoGexHas cuia Kuephuu» (cm. § 33).

§17. MIPAKTHYECKOE INPUMEHEHHE 3AKOHOB HBIOTOHA 73

JAPYroro BeKTOpa Ha CKaJfp, paBHd MPOH3BCAEHHIO NPOEKUHUH 3TOro
BTOPOro BEKTOpa Ha CKaJjsp;

3) npoeKuHuss CyMMbI BEKTOPOB PaBHa CYMME MPOEKUHH CKJajbIBa-
eMBIX BeKTOpoB (cM. (2.8)).

CnpoekTHpyem BeKTOpbl, BXojsiuyie B ypaBHeHue (17.1), Ha Ha-
npaBJieHHe x, VKasaHHoe Ha puc. 17.1. Ilpoekumnu BeKTOPOB paBHBI:
w,=w (w — Moaysb BeKTOpa W), g,=gsina, F =0, F,,=—kF =
=—kmg cos a.. Crel0oBaTesibHO, MBI NPHXOAMM K YpaBHEHHIO

mw=mg sin a—kmg cos o,

H3 KOTOPOTO Jerko HalTH w.

B Gounee chaoxHBIX CayyasX MPHXOAMTCS MPOEKTHPOBATb BEKTOPHI
HA4 HECKO/bKO Hanpas.jieHHil M pelarb NoJYYHBLIYIOCS CHCTEMY aJ-
rebpavyeckux Hau AuddepeHLHaNbHBIX YPaBHEHHH.



TJIABA III
3AKOHbI COXPAHEHUA

§ 18. Coxpansiiomipecss BeJHYHHBI

Tena, o6pasylolie MEXaHHYECKYIO CHCTEMY, MOTYT B3aUMOJEHCTBO-
BaTh KaK MEXAy coboli, TaK M ¢ TelaMH, He IPHHAIJIeXalNMy JaHHOH
cHcreMe. B COOTBETCTBHH C 3THM CHJIBI, JIEHCTBYIOILHE Ha TeJla CHCTEMHI,
MOXXHO MOJpPAa3Ne/uTh HAa BHYTPEeHHHEe U BHell HHe. Buyr-
PEHHHMH Mbl GYieM Ha3blBaTh CHJbI, C KOTOPHLIMH Ha JaHHOE TeJO BO3-
NefiCTBYIOT OCTa/JbHBIE TeJa CHCTeMBl, BHEIUHHMH — CHJIbI, 00YCJIOB-
JICHHBIe BO3JefICTBHEM TeJ, He NpHHaJexallux cucreme. B ciyuae,
€CJIH BHELIHHE CHJIbI OTCYTCTBYIOT, CHCTeMa HashlBaeTcsi 3 aM K H Y-
T O H,

Jlnsi 3aMKHYTBHIX CHCTEM CYLIECTBYIOT Takue (YHKIHH KOODAHHAT
H CKopocTeil 06pasyIomMX CHCTEMY YacTHil?), KOTOPHIE COXDAHSIOT
NPH JABMKEHHH IOCTOsHHBIE 3HayeHHsl. DTH (QYHKUMH HOCAT HasBaHHe
HHTErpaJjoB ABHXEHHs.

Jlnst cuctemsr w3 N yacTui, MeXAY KOTOPHIMH HET JKeCTKMX CBsi3eH,
MOXKHO 06pa3oBaTb 6N — 1 wuHTerpanop apwxenusi. OnHako uHTe-
pec MpeAcTaBdsiOT TOJbKO Te H3 HHMX, KOTOphle 00JajaroT CBOHCTBOM
aIJJHTHBHOCTH. 3"1‘0 CBOf:ICTBO 3aKJJyaeTcd B TOM, UTO 3HayeHHe HHTE-
rpaJia ABHMKEHHs JJIsI CHCTeMBI, cocTosiel u3 yacrell, B3anMoeHCTBHEM
KOTOPHIX MOXXHO NpeHebpeyb, PaBHO CYMMe 3HAUEHHH MIJs1 KaXKIoH
113 YyacTell B OTAEJNBHOCTH. AJMTHBHEIX WHTErpaJioB ABHXEHHS HMeeTcs
TpH. OAHH W3 BUX Ha3blBaeTCs 3 He P T H e i, BTOPOH — H M II ¥ J b-
COM, TpPeTHi —MOMEHTOM HMOYJabca.

Utak, nisi 3aMKHYTHIX CHCTEM OKa3BIBAlOTCS HEH3MEHHBIMH (CoXpa-
HAIOTCS) TPH (H3HYECKHE BETHYNHLI: SHEPrHsl, HMIYJbC H MOMEHT HM-
nyJsca. B coOTBETCTBHU € 3THM MMEIOT MECTO TP 32 KO Ha CO X p a-
He HH g — 3aKOH COXpaHeHHsI 3Hepruy, 3aKoH COXpPaHeHHs HMIYJbca
U 33KOH COXpPAHEHHS MOMEHTa HMIYJbCa. JTH 3aKOHBLI TECHO CBSI3aHBI
C OCHOBHBIMH CBONCTBAMH TIPOCTPaHCTBA M BPEMCHH.

B ocnoBe coxpaHenHst 3HEpriy JJEXXHT OAHOPOLZHOCTHL B e-
MACEH S ST R e pasnosnaqnocrb BCeéX MOMEHTOB Bpemeﬂn. PaBHOSH&‘i-

1) HanomuuM, 4To yacTuueli /71 KPaTKOCTH MBI Ha3biBAeM MATePHAJBHYIO TOUKY,

§19. KHHETHYECKAS 2HEPIH{A 75

HOCTB CJIEAYET MOHHMATEL B TOM CMBIC/]IE, YTO 3aMeéHa MOMEHTa BPEMEeHH
t; MOMEHTOM 7, 6e3 H3MeHeHHsT 3HaYeHH I KOOPAHHAT H CKOPOCTeH YaCTHIL
He H3MeHseT MeXaHHYeCKHe CBOHCTBA CHCTEMBI. 3TO 03HAYaeT, YTo rocJe
YKa3aHHO! 3aMeHbl KOODPAHHATHL H CKOPOCTH YaCTHIL MMEIOT B J0GOH
MOMEHT BPEMEHH {,-{ TaKHe e 3HauYeHHs, KakHe OHU HMeJIH OBl 10 3a-
MEHBEI B MOMEHT f;+1.

B ocHoBe COXpaHeHHSI HMNYJbCa JeXHT OJXHOPOAHOCTD
MpPOCTPaHCTBA, T.€ ONUHAKOBOCTH CBOMCTB NPOCTPAHCTBA BO
Bcex Toukax. OIHHAKOBOCTh CJIeAyeT MOHHMATh B TOM CMBIC/IE, YTO
mapaJiieJIbHbIl MepeHoc 3aMKHYTOH CHCTeMbl H3 OJIHOTO MeCTa IpOoCT-
paHCTBa B ipyroe Ge3 H3MEHEHHs B3aHMHOrO PacnoJiOXeHHsl U CKOpOCTel
YaCTHI HE H3MEHSeT MeXaHHYeCKHe CBONCTBA CHCTeMHI (MpenoJaraercs,
YTO HAa HOBOM MeCTe 3aMKHYTOCTh CHCTEMbI He Hapylluaercs).

Haxkonen, B ocHOBe COXpaHEHHST MOMEHTa HMMITYJbCa JIEKHT M 3 O-
TPONHUS NPOCTPAaHCTBa, T.€. OAMHAKOBOCTH CBOHCTB NPOCT-
paHcTBa 1o BeeMm HanpanieHHsiM. OINHAKOBOCTb CJIeflyeT NOHHMATh
B TOM CMBIC/Ie, YTO NOBOPOT 3aMKHYTOH CHCTeMbI KaK LeJIOro He oTpa-
JKaeTCsi Ha ee MeXaHHYeCKHX CBOMCTBax.

3aKOHBI COXPAHEHHS NMPEACTAaBJIAIOT COOOH MOLLHOE OpYAHe HccJe-
poBanys., Yacto 6biBaeT, YTO TOYHOE pelIeHHE YpaBHEHMH JBHKEHHS
OKasLIBAaeTCsl KpaiHe CJOXKHBIM. B 3THX clyyasX C MOMOIUIBIO 3aKOHOB
COXpaHeHHsI MOXKHO W (e3 pelleHHsl YPaBHEHHH IBHXKEHHS NOJYYHTb
PAL BAXHBIX JaHHBIX O NPOTEKAaHHH MEXaHHYECKHX SBJEHHI. 3aKOHHI
COXPAHEHMs1 He 3aBHCAT OT Xapakrtepa jaefictBylomux cuji. IlosTomy
C MX NMOMOULBI0 MOXKHO HOJYYHTb Psifi BaXKHBIX CBEIEHHH O MOBEIEHHH
MeXaHHUYeCKHX CHCTEM Ja)ke B TeX CJydasiX, KOrja CHJIbI OKasbIBalOTCS
HEeH3BeCTHBIMH. %

B nocnenyrousx naparpadax Mbl MOJYYHM 3aKOHBI COXPaHEeHHUs, HC-
xonas M3 ypaBHeHuit Hprorora. OgHako clenyer MMeTb B BHAY, 4TO 3a-
KOHBI COXpaHeHus 06.1a1a10T ropaszio 60Jbliel 0OIHOCTRIO, YeM 3aKOHbI
Hurorona. 3akoHb! COXpaHEHHS OCTAIOTCS CTPOrO CPaBeIJIHBBHIMU JaxKe
TOrja, Korjaa 3akoHbel HeioToHA (B YaCTHOCTH, TPETHil 3aKOH) mpereprne-
BalOT HapyweHus. [TogyepKHeM, YTO 3aKOHbI COXPAHEHHsI SHEPrHH, HM-
nyJbca H MOMEHTA HMIYJbCa sIBJSIOTCS TOYHBIMH 3aKOHaMH, CTPOro
BHITOJTHSIOLLHMUCS TAKXKE H B PEeJSTHBHCTCKOM 0O6JIaCTH.

§ 19. KuneTHyeckasi 3Heprus

ITpHCTYNHM K HAaXOXAGHHUIO aJUlHTHBHEIX HHTErPajioB ABIKeHus . JLis
Hayasa PacCMOTPUM MPOCTEHNIYIO CHCTEMY, COCTOSILYO H3 OJHOIt Yac-
THILL (MaTepHaJbHOH TOUKH).

Hanuwem ypaBrHeHHe JBHMIKEHHS YacTHUBL

mv=F. (19.1)

3nech F — pesysbrupymomasi CuJ, ACHCTBYIOWMX Ha HAaCTHLY. ¥MHO-
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»kHB ypaBrenue (19.1) Ha nepemellenne yYacTHUBl ds=v df, moJay4yum:
mvv dt = F ds. (19.2)

ITpousBeienue vdf npencrapaser coboli npypalleHie CKOPOCTH YaCTHIB!
dv 3a Bpemsi df. COOTBeTCTBEHHO

mvi*df=mvdv=:md(—%i)=d(—”;£) (19.3)
(cm. (2.54)). TITponseens: Takyro 3amery B (19.2), npijgem K cOOTHOWEHHIO
d( m;’g):Fds. (19.4)

Ecan cucrema 3amMkHyTa, T. . F=0, 10 d(mmv?*/2)=0, a cama BesH-
YHHa

mo®
T=— (19.5)
OCTaeTCsi MOCTOSIHHON. DTa BeIHYlHA Ha3bBaeTcss K HeTHYeCK O H
3HeprHei vacTHuel. B cryyae 130/HPOBaHHON YaCTHIBEI KHHETH-
YecKasi SHEpPrusi sIBJASIETCST HHTErpajioM JABHKeHHs 1).
YMHOXMB Ha m YUCIUTE b N 3HaMeHaTenb BepaxkehHs (19.5) u
NPHMHSB BO BHHM2HHE, YTO NPOH3BeNeHIe mu PaBHO HMIYJbCY Tesa p,
BEIPAXKEHHIO JUIsi KMHETHYECKOH 3HEpPrHH MOXHO NMPHIaThb BHA:

T =i5—n (19.6)

Ecan Ha uwactuny pefictByeT cuaa F, KHHeTHUeCcKasi 3HEpPrus He
ocraercst mocrossnuoii. B 3tom caydae cornacHo (19.4) mpupaieniie
KMHETHYeCKOH 3HeprMM YacTHIbI 32 Bpems di paBHO CKaJisipHOMY Mpo-
uapegenuio F ds (ds — mepemelenue yactuunl 3a Bpemsi df). Bennunna

dA=Fds (19.7)

HasbiBaercsi p a 6 0 T o #, cosepiaemoii cuaoii F Ha nytH ds (ds ectb
MOAyJb nepemellenHss ds). Ckansippoe mnpoussenenne (19.7) moxno
MPelICTaBHTh B BHJE NPOH3BEIEHHS NPOEKUHMH CHJIbl Ha HalpabJieHie
nepemellenusi Fg H 3jemedTtapHoro nyTtu ds. CaeioBaTesibHO, MOXHO
Hanucarb, YTO

dA=F,ds. (19.8)

13 ckasaHHOro 51ICHO, 4TO paGOTa XapakTepHsyeT H3MeHeHHE 3HeprhuH,
Cﬁ)’CJ‘IOBJ’IEHHO& JelicTBHeM CHJbl Ha JABHXYILVIOCH YacTHIY.

1) B cayuae onHol H30JAHpOBaHNON YacTHHB! J106as CTeneHb CKOPOCTH OCTaeTcs
ncctosiHol. ONHAKO B ciyyae ClCTEMbl HECKOJBKHX B3aHMOCHCTEYIOWHX YacTHL,
HMEHHO BeJIHYRIIL BuAa (19.5) BXOAAT caaracMueIMI B a1 AHTHBHEI HNTETpal NBHMKEHHs .

§ 20. PAFOTA 77

ITpounrerpupyem coorHoiuenue (19.4) BLoAb HEKOTOPOIH TPAEKTOPHH
OT TOYKH I O TOYKH 2:
2

2

mo?
{d (_*) :S F ds.

2
1 1
JleBas vyactb npeicrapisieT coOOH pasHOCTb 3HAaYeHHH KHHETHYeCKOH
SHepPTrHH B Toykax 2 W I, T. e. mpHpauleHte 1) KHHeTHYECKOH 3HeprHH
Ha nytH I—2. Y4ta 37O, MOSY4HM:

2
mos mo; Y

Tz‘-—TI:*—-Q—-"—-‘-—-Q—'-= Fds. (199)

[

Benuunna
2

2
A—(Fds={ F,ds (19.10)
1 1
ecTh pabota cuanl F Ha nytu 1—2. Muorpa mbr 6ygem o603HavyaTh 3Ty
paboty cumBosioMm A;, BMecTo A.
Wrak, paboma pesyaomupyroweri scex cun, deticmeyrouyux Ha wacmuyy,
udem HaQ npupaujerue KUHemu4ecKol IHepeuL 4acrmuybtl:

Alg:Tg_T]_. (19.11)

M3 (19.11) cnenyer, 410 3Heprusi MMeeT TaKYIO K€ Pa3MepPHOCTb,
KaK M paboTa. B COOTBETCTBHH C 3THM 3HeprHsi H3MepsieTCs B TeX e
eIMHHUAX, YTO H pabora (cM. craepywoulHii nmaparpad).

§ 20. Pa6ora

PaccmoTrpum BenmuMHY, HasblBaemyio paGotoi, Gosee moApoGHO.
Bripaxkenune (19.7) MOXHO NpEACTaBUTb B BHJE:

dA = Fds=F cos a-ds, (20.1)

e o — YroJ Me1y HanpaBjeHHeM CHJbI M HalpaBjeHHeM Nepemelie-
HHsI TOYKH ﬂpHJIO)KEHHH CHJIEIL.

Ecnu cuna W HanpapieHyue nepemellieHdsi o6pa3yloT OCTPBIH Yrod
(cos @=>0), pabora nonoxurenbHa. Ecau yroax o — tynoi (cos a<<0),

1) HsmeneHue Kakoil-THGO BeJIHYHHEL @ MOXHO XapaKTepH30BaThb JHOO ee NpHpa-
meHHeM, AH60 y6uuibio. [lpHpaluenHeM BeJHUHHBI @, KOTOpPoe MbI GyneM 0603Hauatb
Aa, Ha3BLIBAIOT Pa3HOCTh KOHEYHOTO (a,) ¥ HaYabHOro (a,) 3HaYeHHH 3TOH BEJHYHHBL:

npupailelne = Aa = a; —aj.

Y6BuIbI0 BeJTHYKHHE @ Ha3HIBAIOT Pa3HOCTh ee HauyajbHOro (a;) H KOoHeuHoro (a,)
BHAYCHHI

YObIIb = a; — @y = — Ad.
Y6buis BeTHYMHE! PABHA ee PHpPALIEHHI0, B3ATOMY ¢ 06paTHbM 3HaKoM. [Ipupaurenne u
YObuib — anreGpaHyeckHe BeJHYHHDIL.
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paGora orpuuarenbHa. Ilpn a=mn/2 pabora paBna nymo. Ilocnennee
06GCTOSTENBCTBO 0COOEHHO OTYETJIHBO NMOKa3biBaeT, YTO NOHsATHE PaGoTh
B MeXaHHKE CYILECTBEHHO OTJHYAeTCs OT OOLAEHHOro NpeacTaB/eHHs
o pabore. B o6bijieHHOM NMOHHMaHHMH BCSKOE YCHJIHE, B YaCTHOCTH MYC-
KyJbHOE HampshKeHHe, BCErja CONpOBOXKIAeTCsl CoBeplleHHeM pabGoThi.
Hanpunmep, aisi Toro uto6bl JepKaTh TSKEBIH TPY3, CTOS HEMOABHK-
HO, a TeM 6oJiee /11 TOrO, YTOOLI NePeHeCTH 3TOT TPY3 N0 TOPH30HTAJb-
HOMY NYTH, HOCHJBIIHK 3aTpaYHBaeT MHOrO YCHJHUIf, T. €. «coBepumiaer
pabory». Onako pabora KaK MexaHHYeCKast BeJIMYHHA B 3THX caydyasx
paBHa HYJIO.

Ha puc. 20.1 nokasan rpad¥K MpoeKUHH CHJIbI HA HaNpaBJeHHe me-

pemellenust Fy KaK QyHKINH TNOJNOXKEHUS YaCTHIBI HA TPaeKTOpHH (OChb

abCUMCC MOXHO HasBaThb OCbK §; JJHHA
OTpe3Ka 3TOH ocH Mexay Toykamu I u 2
paBHa mosIHOH mnauHe nyTH). M3 pHcyHKa
BHJIHO, YTO 3JieMeHTapHas pa6ota dA=1F ds
YyHCJEHHO paBHAa MNJOW@AH 3allTPHXOBAH-
HOM MOJIOCKU, a paGora A Ha nyTtd I—
2 YUCJIeHHO paBHa mnJoulaau QUrypsei, or-
1 . DanuueHHON KpuBoH Fg, BEPTHKaJbHbIMH
& mnpsMbiMH I M 2 M ocbio s (Cp. € pHC.
3.7).

Puc. 20.1. ITpuMeHNM 3TOT pe3yJabTaT AJs HaXoX-

JeHust paboThl, cosepuiaeMod mpu jaedop-

MalUWH MNPYXXHHEI, NoayuHsiowelics 3akoHy I'yka ‘(cM. pue. 14.2
u ¢opmyay (14.2)). Haunem ¢ pacrsikeHus NpyxMHBI. PacTsxe-
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Puc. 20.2. Puc. 20.3.

HHe OyneM NpPOM3BOAHTH OYEHb MeAJIEeHHO, YToObl cuny F, ..., C Ko-
TOPOJi Mbl JEHCTBYeM Ha MpPYKHHY, MOXHO OLIJIO CUMTAaTh BCe BpeMs
paBHOi Mo BesMuHHe ynpyroi cuie Fy... Torla Fy g ep=—Fx yup—

=kx, TAe X — yAIHHeHHe npyxuHbl (puc. 20.2). M3 pucynka BHAHO,
YTo paoTa, KOTOPYIO HYHO COBEpLIMTb, YTOGHI BBI3BATH YIJIHMHEHHE

§20. PABOTA 79

NPYXKUHBL X, paBHa
kx?

B (20.2)

Ilpu cxaTHH MPYKHHEL Ha BeJHUYMHY X COBEpLIAETCS TaKas JKe 10
BeJIMYHHE M 3HaKy paboTa, KaK M INPH PacTs:KeHHH Ha BEJHYHHY X
[Tpoexuust cunet Fy..,, B 3TOM cayyae orpuuaTenbHa (Fy epn, Hampas-
JieHa BJIEBO, X pacTeT BIpaBo, cM. pHC. 20.2), Bce dx TOXe OTpHUATe b~
HBl, BCJIEJICTBHE YEro MPOMBBENCHHE Fiy pyepy dX TONOMHTEILHO.

'AHATOTHYHO MOMKHO HAHTH BBIpaXKeHHe Jyis paboThl, COBepILIaeMOit
NpH YNpYroMm pacTsKeHHH HJIH CXKAaTHH CTepxKHsi. B cooTBeTCTBHH C
dopmysoit (14.7) sta pabora paBHa

A=5ESAnp =1 EsI, (3})2-2‘-51/32, (20.3)
0

rpe V=S8/, — obvem crepxkHd, a e=Al/l, — OTHOCHTeJbHOE YAJHHE-
Hue (cMm. (14.3)).
ITycte Ha Te0 HEHCTBYIOT OXHOBPEMEHHO HECKOJBKO CHJ, Pe3y.ib-

THPYIOUIas KOTOPLIX paBHa F-—ZF W3 nHcTpHOYTHBHOCTH CKaJSiPHOTO

NPOU3Be/IeHUST BEeKTOPOB (CM. (2.22)) BbITEKaeT, 4To patora dA, cosep-
maeMast pe3yJIbTHP YIOWIeH CHJIOH Ha MYTH ds, MOXKeT ObITh IPeACTaBIeHa

B BHJE
=(2 Ff)ds=EF,.ds=2dAf. (20.4)

STo O3HayaeT, 4To paGoTa pe3yJLTHPYIOWell HECKONBKHX CHJI DaBHa
anreﬁpanqecmn cyMme paboT, COBepLIaeMbIX KaXXJOH M3 CHJ B OTHAENb-
HOCTH.

D/IeMEHTapHOe nepemelleHne ds MoxkKeT OLITh MPEeACTaBJIEHO KakK
v dt. TTosToMy BEIpaKEHHIO IJIs1 3JeMeHTapHOi paGoThl MOXKHO MMPHAATD
BHJI

dA=Fv dt. (20.5)

Torza pa6ora, coBepiliaemasi 3a NPOMEXKYTOK BPEMEHH OT #; HO £, MOXKET
6bITh BbIYHC/ICHA 10 GopmyJie

iy
A={Fva. (20.6)
1
B cootBetctBuE ¢ (2.21) Fds=F dsg, rie dsp — npoeKuus 3JeMmeH-

TapHOrO nepemelneHns ds Ha Hanpasierue cuibl F. [Tostomy dopmyay
ISt paGoThl MOXKHO HamHCaTh CJAEAYIOUHM o0pa3oM:

dA =F ds. (20.7)

Ecau cuia uMeeT MocTosiHHEIe BesHuuny U HanpasgeHue (puc. 20.3),
BekTOp F B BoIpaXkeHHU s paGOTHI MOXKHO BLIHECTH 3a 3HAK MHTErpasa,
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B pesyJibTaTe 4ero nosayuurcs qopmyaa
2

A=F { ds=Fs=Fs;, S (10). )

rae s — BEKTOp NepeMellleHHs U3 TOYKH I B TOYKY 2, a Sp — €ro npoek-
LM Ha HanpaBJleHHe CHJIBL.

Pa6ota, coBepuiacvas B €AMHHIY BpeMeHH, Ha3bIBaeTcs M O W-
HocTbho. Eciy 82 Bpems df cosepiuaercss pa6ora dA4, TO MOUIHOCTb
paBHa

peia

< (20.9)

Bass dA B Buze (20.5), mony4uM AAsi MOLLHOCTH BBIpaKeHHe
P=Fv, (20.10)

COTJI2CHO KOTOPOMY MOILHOCTH PaBHa CKaJIsIPHOMY NMpPOM3BeleHHIO BeK-
TOPa CHJIBI HA BEKTOP CKOPOCTH, C KOTOPOH ABWXKETCSI TOYKa MpPHJIO¥NKe-
HUS CHJIBI.

Enunnub paGoThl H MOLHOCTH. B KauecTBe eiHHIBI paboThl CJYKHT
paboTa, coBepluiaeMasi CHJIOH, paBHOH elMHHLE W JNeHCTBYIOWEH B Ha-
NpaBJeHNH TiepeMellleHtsl, Ha NyTH, paBHOM exuHMuie. COOTBETCTBEHHO

1) B CH eaunuueit pabors siBasiercst axkoyab ([k), KOTopelii paBeH
pa6ote, copepuiaemoii cuao B 1 H va nytu B 1 M;

2) B CI'C-cucreme — 3pr, paBHbIl pa6oTte, COBEpLIAEMOH CHJIOH B
1 nus Ha nmytu B 1 om; ;

3) B MKI'CC-cucreme — KHJIOrpamM-cHaia-MeTp (Krc-M), paBHBIH
pabore, coBepluaemoil cusofi B 1 Krc Ha nytH B 1 M.

Mexny emynHuamMH paGoTel HMEIOTCH COOTHOLIEHHS:

1 Ixx=1 H-1 m=10° pun- 102 cm= 107 3pr;
1 xrc-m=1 gre-1 m=9,81 H.1 m=9,81 Jx.

3a eIHHHILY MOLIHOCTH NPHHHUMaeTcs TaKasi MOULHOCTh, IIPH KOTOPO#
B €JMHHUILY BPeMeHHM coBepiaeTcs pabota, paBHas ennHuue. B CH enu-
HULeH MOUIHOCTH sBasiercs BarT (BT), paBHBI JUKOYJIO B CEKYHRY
(xx/c). Enunnna momuoctH B CI'C-cucreme (3pr/c) cneuianbHOro Ha-
3Banus He umeer. COOTHOLIEHHE MeXIy BaTTOM H 3pr/c

1 Br= 107 spr/c.

B MKI'CC-cucreme eiMHHIEH MOLIHOCTH CJYMKHT JOWAAUHAS CHJa
(n.c.), paBHasg 75 KHJOrpaMm-cHJa-MeTpam B CeKyHAy, 1 J.c.=
=736 Br.

Kpome yKa3aHHBIX eIHHHI H3MepeHWsi, IPUMEHSIIOTCS KpaTHBle M
JlosibHEle efMHULEL. MX HaumeHoBanus W o603HaueHHs 06pasyioTCs M3
Ha¥MEHOBaHUS! H 0003HAYeHHs! OCHOBHOH €IMHMIEBI H MPHCTABOK, YKa-

§21. KOHCEPEATHBHBIE CHJIEBL 81

8aHHBIX B Ta6s. 20.1. B Tabnuue ykasaHbl TaK:ke MHOXHTENH, C TO-
MOIILbIO KOTOPBIX COOTBETCTBYIOLME KPATHbIE K JOJIbHbIE €IMHHIIb 06pa-
SYIOTCS H3 OCHOBHBIX.

TaG6awua 20.1. HaumenoBanus u o00603HaYeHHS NPHCTABOK, YNoTpebaseMbix
nns o6pasoBaHHA KPATHBIX H JOJNBHBIX eIHHHL

Ha":;tom' OGozHagenne | MuoxmHTeND H‘“;’;’,‘iﬁ"“‘ O6osHauenne M;{:_n)in
Tepa T 1012 CAHTH c 10-2
rHra r 108 MHRJITH M 10-8
mera M 108 MHKPO MK 10—-¢
K#JIO0 K 103 HaHO H 10-°
reKTo r 102 MHKO n 10—-12
neKa Ia 1ot demto (i) 1016
JeuH I 10-3 arTTo a 10—-18

 Hanpumep, enununa paboThl, HMEHYemasi MErajkoyJem, SKBHBA-
nentHa 10¢ mxoyasm (1 MIx=10° [Ix), a envHHIa MOLLHOCTH, HMe-
Hyemasi MHKpoBaTTOM, SkBHBajeHTHa 10~° Barra (I mkBr=107° Br).
Ananoruyno: 1 mem=10"°», 1 ntH=10722 H.

§ 21. KoHcepBaTHBHBIE CHJIbI

Ecau yacTHIA B KXKIOH TOUKE MPOCTPAHCTBA MOJBEPIKeHa BO3JeH-
CTBMIO IPYTHX TeJ, TO FOBOPSAT, YTO 3Ta YaCTHUA HAXONHTCSA B OJe CHJI.
Tak, HanpuMep, YacTHL@ BOJIH3H NOBEPXHOCTH 3eM/IH HAXOJHTCS B NoJie
CUJT TSIIKECTH — B KaK/JIOH TOYKE NMPOCTPAHCTBa Ha Hee JEHCTBYET Cuia
P=mg.

B kauecTBe BTOPOro NMpHMEPa PaCCMOTPHM 3apsKEHHYI0 YacCTHLy e,
HAXOASILYIOCS B SJEKTPHYECKOM IOJe, BO30YXKIaeMOM HEMNOIBHKHbLIM

e

r
Prc. 21.14 Puc. 21.2,

TOUEeYHBEIM 3apsioM ¢ (puc. 21.1). D10 mose XapakTepHO TeM, 4TO Ha-
upapJieHye CUIIbl, JeACTBYIOWEH Ha YaCTHIY B JIOGOH TOYKEe NMPOCTPaH-
CTBa, NPOXOINT Yepes HEeMOABMKHEI UEHTP (3apsiAi g), @ BE/IMYHHA CHJIbI
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3aBHCHT TOJIbKO OT PaCCTOAHHSA J0 3TOro uenrpa: F=F (r) (cm. dopmysty
(13.1)). Ilome cua, obnaapaioliee TaKUMH CBOHCTBAaMM, HasHIBAeTCH
LEeEHTpPaJdbHBEB M.

Ecn1 Bo Bcex TouKax moJist CHJIBL, HEHCTBYIOUIHE HA YAaCTHILY, OfHHA-
KOBBL IO BeJIHUKMHe H HamnpabJjeHuto (F=const), nose HaspiBaeTcss O A-
HOpOJHBIM.

Ilonte, u3meHsiolleecsi cO BpeMEHEM, HA3BIBAETCH HECT a Il M O-
HapHH M [loae, ocraromieecss NOCTOSHHbBIM BO BPEMEHH, HA3bIBAIOT
CTAILHOHAap HEBI M.

Isis1 cTalHoHapHOTo MOJIS MOXKET OKa3aThesi, 4To pabora, coBepiiae-
Masi Ha/l YaCTHIIEH CHJIAMH I10JIsl, 3aBHCHT JIHIUL OT HAYaJbHOTO M KOHeY-
HOTO TOJIOXKEHHI YaCTHLBI H He 3aBHCHT OT MYTH, MO KOTOPOMY ABHIa-
Nack dYactHua. Cuibl, oOnajfaloliHe TAaKUM CBOHMCTBOM, Ha3bIBAOTCH
KOHCepBaTHBHL MH,

M3 nezaBHCHMOCTH PaGOTHI KOHCEPBATHBHBIX CHJI OT IYTH BLITEKAET,
4TO paboTa TaKMX CHJI HA 3aMKHYTOM IYTH paBHa HYJ0. UToBbl H0Ka-
3aThb 3TO, PasoObeM IPOH3BOJBHBEIH 3aMKHYTHIH MYTh Ha JBE YacTH:
nyTe /, Mo KOTOPOMY YacTHUA MEPEeXOAUT U3 TOUKH I B TOUKY 2, M NyTh
I], no KOTOpOMY TeJIO MEePEXOAUT H3 TOYKH 2 B TOYKY I, MpHUUEM TOYKH
I u 2 BeiGepem mpousBosibHO (puc. 21.2). PaGora Ha BceM 3aMKHYTOM
NyTH paBHA CymMe paboT, COBepHIaeMblX Ha KaXKIOM H3 YYaCTKOB:

A= (Ap);+ (Az)y- (21.1)

Jlerko coo6pasuTh, YTO PaGOTEl (A )y H (Ays)y OTJIHYAIOTCS TOMBKO
3HaKOM. JIeHCTBHUTENBLHO, M3MEHEHHE HaNpaB/eHUs NBHXKEHHS Ha 006-
paTHOe NPHBOAKT K 3aMeHe ds Ha —ds, BCJIEACTBHE Yero 3HaYeHHE HH-

TerpaJa SF ds u3MeHsieT 3HaK Ha ob6partHeiil. Taknm o6pasoM, paBeH-
ctBO (21.1) MOXKHO 3amucaTb B BHIE
A= (Aie)l’_(Am)ﬂ'

H, NOCKOJIbKY paGoTa He 3aBHCHT OT NyTH, T. €. (A12);=(A12)y;, MBI IPH-
XoauM K BbiBomy, uto A=0.

M3 paBeHcTBa HYJIIO paGOTHI HA 3aMKHYTOM NYTH JIETKO (TOJYUYHTE,
4to padora Ay, He 3aBHCHT OT ITYTH. DTO MOXKHO CIEJAaTh, OOPaTHB XOJ
NPOBENEHHBIX BhILIE PaCCyKAEHHH.

Takum o6pasom, KOHCEPBAaTHBHBIE CHJIBI MOXXHO OMNPENEHTh ABYMS
criocobamu:

1) KaK cuJipl, paboTa KOTOPLIX He 33aBHCHT OT MYTH, MO KOTOPOMY
HaCTHUA MEepPEeXONHT M3 OJHOrO MOJIOXKEHHS B APYroe;

2) Kak cuJpl, paGora KOTOPLIX Ha JIFOGOM 3aMKHYTOM IyTH paBHa
HYJIO.

Hokaxem, 4TO CHJla TSIKECTH SIBJSIeTCS KOHCePBATHBHOH. DTa CHJa
B J1IO0OH TOYKE HMEET OXHHAKOBYIO BEJIHYHHY M OJHHAKOBOE HalpaBsJe-
HHe — BHHM3 1o BeptHKanu (puc. 21.3). IlostomMy, He3aBHCHMO OT
TOro, N0 Kakomy M3 myteit (Hanpumep, / uiu /I; cM. pUCYHOK) ABHXKET-
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cs yactuua, pabdora A;, corsacHo (20.8) ompenensieTcs BHIpaX<CHHEM
Am = Mmgs;, = mg (siz)np. g
M3 puc. 21.3 BHIHO, YTO NpPOEKLMs BEKTOpa $;, Ha HaNpaBleHHE g

paBHa PasHOCTH BBICOT hy;—/o. ClIe/IoBaTeNIBHO, BEIPaXKEHHE sl paGoThL
MOXHO HAnHCaTb B BHIC

Aya=mg (hi—h). (21.2)

TTocnennee BEIpa)Ke€HHe, OYeBHIHO, HE 3aBHCHT OT NYTH, OTCIOJIa CJIEAYET,

YTO CHJIA TSDKECTH KOHCepBaTHBHa.
Jlerko coo6pasuTh, YTO TaKoil »k€ pe3yJbTaT MOJYYaeTCs AJis BCs-

KOro CTalMOHAapHOIo OJAHOPOAHOIO IOJIS.

Puc. 21.3. Puc. 21.4.

CHJIbI, ACHCTBYIOUHE Ha YaCTHIy B IEHTPaJbHOM I0Jie, TaKxKe KOH-
cepsaruBnbl. Corsiaco dopmyse (20.7) snemenTapHasi paboTa Ha NyTH
ds (puc. 21.4) paBHa

dA:F(F)dSF

Ho npoekiusi ds Ha HanpaBJeHHe CHJIbL B JaHHOM MecTe, T. €. Ha Halpas-
JIeHHe pajuyca-BeKTOpa I, paBHA dr — NpHpAaLIeHHI0 PACCTOSHUSA Hac-
THLEL OT cHIoBoro uentpa O: dsg=dr. Ilostomy dA=F (r)dr, a pabora
Ha BCEM .NYTH

T2

A= F(r)ar. (21.3)

£}
ITocnenHee BLIpaXke€HHE 3aBHCHT TOJBKO OT BHJa GyHRuuM F(r) M OT
3HayeHult 71 U r,. OT BHJIA TPAeKTOpPHH OHO HMKaK He 3aBHCHT, OTKYJa
CJIeIyeT, YTO CHJBI KOHCEepPBATHBHEI.

UToGbl y yHTaTeNIs He BO3HMKJIO OLINGOYHOE npejcTaBieHye, GYATO
Ji06asi CHJa, 3aBMCsILAsi TOJbKO OT KOOPAWHAT TOYKH, SIBJAETCH KOH-
CepBaTHBHOM, PacCMOTPUM cieaylouuii nmprmep. IIycTh KOMIOHEHTHI
CHJIBI onpejensloTes GopmyJaamMi

F,—ay, F,=—ax, F,=0. (21.4)
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STa cHia uMeeT MOAY/b, PaBHEIl F=ar, ¥ HanpasJ/eHa Mo KacaTe/IbHOH
K OKPY»KHOCTH paauyca r (puc. 21.5). JIeHCTBHTENBHO, KaK C/IAYeT H3
PHCYHKA, JAJISi CHJBI TaKOH BeJHYMHBI H HanpaBJeHHUs

F,—arcos (=~ —a)=arsina=ar L=
=Aar - —@)=arsina=ar -=ay,
X
F,=ar cos (n—a)=—arcosa= —ar —=—ax,
r

yTO coBnajaer co 3HayeHusiMu (21.4). Bo3bMem 3aMKHYTHIH NYTL B BHJE
OKPY>XHOCTH pajuyca r C LEHTPOM B Hayajle KoopauHat. PaGora CHJILI
Ha 3TOM NYTH, OYEBHJHO, paBHa F-2nr=ar-2nr==2nar*, T. €. OTJHYHA
ot HyJjs. CrefoBaTesibHO, CHJIa HEKOHCEPBATHBHA.

TUNUYHBIME HEKOHCEPBAaTHBHLIMHM CHJAaMH SBJSIOTCH CHJIBI TPEHHS.

7 Tax kak cHia TpeHusi F H CKOpPOCTb YaCTHUBI V
-2z HMEIOT NPOTHBONOJIOXKHEIE HanpaBJieHus '), pa-
Q 60oTa CHJIbI TPEHHS Ha Ka)XXJOM Y4YacTKe NyTH
L2 oTpHUAaTe/bHa:
3 dA=F ds=Fv dt=—Fv di=—F ds<0.
i “"Q§ [Tostomy Gyaer oTpuuATeNbHON (T. €. OTJIMYHOH
_____ oT HYJsi)) H pa6ora Ha J060OM 3aMKHYTOM IYTH.
y[ gt PN\ F Orctofa BEITEKaeT, YTO CHJBI TPEHHsI HE KOH-
" PR CepBaTHBHLI.
Oismger v ; -33} z OTmMeTHM, YTO NoJie KOHCePBATHBHBIX CHJ SIB-
/ Z JsieTcsl YacTHBIM CJy4yaeMm IIOTeHIIHa/IbHOTO CH-
02 JoBoro noas. Ilosie cus HaspiBaeTcss MO T € H-
E%e ILHaJbHBE M, ecii €ero MOXHO OIHCaTh
PIOIIG: c momowbio ¢yukuuu /1 (x, y, z, {), rpaguedt

KOTOpoH (cM. cieayioului naparpad, dopmyay
(22.6)) onpenesisier cuay B Kaxaoi touke nonasi: F=V/II (cp. c. (22.7)).
Oynkuus /] HasbiBaercs NOTEHUHWaJdbHOH (GYHKULHEH
MIH NOoTeHLHaJoM. B ciyyae, Koraa noTeHUHal HE 3aBHCHT
fIBHO OT BpeMeHH, T. e. [1=I] (x, y, z), NOTeHHAJbHOE 110Jie OKa3bIBaeT-
Cfl CTAaUMOHAPHBIM, 4 €ro CHJLI — KOHCepBaTHBHBIMH. B aToM ciyyae

II(x, y, 2=—U(x, y, 2),

rie U(x, y, 2) — noteHuManbHasi SHEpPrHsi YaCTHUBI (CM. CJAENYIOLHHA
naparpad).

JJis HeCTalMOHAPHOIrO CHJIOBOrO I10JIsl, ONHCHIBAEMOrO NOTEHIHA-
Jgom f1(x, y, z, t), OTOXKAECTBASATh NOTEHUHaJbHEIE M KOHCepBaTHBHbIE
CHJIBI HeJIb3Sl.

1) 3peck HMeeTCs B BHAY CJIy4all TPEHHST MEXKAY ABHXKY UIHMCS TeJIOM H HemnoABHK-
HBIMH (OTHOCHTE/IEHO CHCTEMBI OTCYeTa) TesaMH. B HeKOoTOphIX ciyuaax paboTa cHIbE
TpPeHHS MOXKET OKa3aTbCs MOJIOKHTENIbHOH. D10 GhiBaeT, HanpHMep, Korxa chiia TpeHHR
00ycCJIOB/IeHA B32HMOJEHCTBHEM HAHHOTO TeJla C JPYTHM, HABHKYIHMCH B TOM e Ha-
npasjieHHH, HO ¢ GoJiblueH CKOpOCTBIO.
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§ 22. lNoreHuuanbHasi 3HePrus BO BHEILIHEM NoOJe CHJ

B cavdae, Korja pa6oTa CHJI NOJsi HE 3aBHCHT OT. MYTH, a 3aBHCHT
JIHLIb OT HAYaJbHOTO H KOHEYHOTO MOJIOKEeHHIl YacTHIbI, KaXIOH TOUYKe
0JIS MOXKHO COINOCTaBHTH 3HauyeHWe Hekoropoil ¢ymkumu U(x, y, 2)
TAKOH, YTO Pa3HOCTH 3HAYEHMH 3TOH (QYHKUMH B Toukax [ M 2 6yner
onpezensth paboTy CHJI NMpPH NEPEXOJE HACTHIBI H3 MEPBOH TOYKH BO

BTOP YIO:
AlgzU;—'Ug. (22.1)

D70 CONOCTABJEHHE MOMHO OCYUIECTBHTE caeaytounm obpasom. He-
KOTOpO# HCXOAHOH Toyke O MpPHIHIIEM NPOH3BOJIbHOE 3HaYeHHe (yHK-
umun, pasHoe U,. JloGoit apyroi Touke P NpHMHileM 3HaYeHHe

U (P)=U,+ Apo, (22.2)

rae Ap, — paboTa, coBepuiaemMas Haj HYacTHLEH KOHCepBATHBHBLIMH CH-
JaMi NPH NepeMelleHry 4acThipl 3 Toukn P B Touky O. Ilockoabky
paGoTa He 3aBHCHT OT MYTH, ONpeJejieHHOe TaKHM CrocoOOM 3uauenue
U(P) 6yner onnosHaunbiM. OTmeTuM, uyto Qynkuus U (P) uMmeer pas-
MEpPHOCTb PaGOThI (HJIH 3HEPriH).

B cootBetcTBHH ¢ (22.2) 3nauenysl (GYyHKIUHH B ToukaxX I M 2 paBHHI

U,= Uu SE Am? U::: U, '*'Azo-

OGpasyeM pasHOCTb 3THX 3HAYEHWH M IpUMeM BO BHHMaHHe, YTO Asp=
=—A g, (cM. npeapaymuii naparpag). B pesysbrare noayuum

Ul_UzzAlO_AN):AIO_[-AOz'

Cymma A;,+ A2 AaeT pabory, coBepliaeMyio CHJIaMH MOJIs NPH nepe-
MELLLEHHH YacTHIE! M3 TOUKH / B TOYKY 2 NO TPaeKTOPHH, NPOXOJsillel
yepe3 Touky O. Ojnako pabora, coBepluiaemasi Haji YaCTHIeH IpH ce
nepeMelleHHH W3 TOYKH I B TOYKY 2 mo Jio6oi Apyroi TpaeKTOpHH (B
TOM YHCJIE U He npoxojsiiieii yepe3 Toyky 0), Gyner Takoi ke camoii.
[Toatomy cymmy A;o-+A o MOXKHO HaIHCATh IPOCTO B BUae A;,. B nrore
NOJIYYUTCS COOTHOLUeHHe (22.1).

Taxum o6pa3om, ¢ nomowblo GyHKuun U MOXHO onpenesisith pa6o-
Ty, COBepliaeMyio Hajl 4YacTHIefl KOHCepBaTHBHBIMM CHJIaMH Ha JIHOOOM
nyTH, HAuMHAIOLIEMCsl B MPOM3BOJIbHOM TOUKe / H 3aKaHYHBAIOLLEMCS B
NPOM3BOJbHON TOYKe 2. .

ITycTh Ha YaCTHILY AEHCTBYIOT TOJLKO KOHCEpBaTHBHbIE cHJibl. Torna
paboTa, coBepluaemasi Hajx yacTHUeH Ha nyTH /—2, MOXeT ObITh Mnpen-
craBneHa B Buae (22.1). Corsacro ¢opmy.e (19.11) sta pabora uaer Ha
NpHpallleHHe KHHeTHYeCKOH 3HepruH yacTuubl. TakuMm oOGpasoM, Mbl
NPHXOAUM K PaBEHCTBY

T,—T1=U,—U,,
W3 KOTOpPOro CJeLyeT, 4YTo
T4 U,=T,-+U;.
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[TonydyeHHBIH pe3y/JabTAaT O3HAYAEeT, YTO BEJHYMHA
E=T+U (22.3)

JUIST YaCTHUBI, HaXOAsllelcss B MoJjie KOHCepBATHBHBIX CHJI, OCTaeTcs
IIOCTOSTHHOI, T. €. SIBJISIETCS HHTerpajoM JABHXKEHHS.

Hs (22.3) cnenyet, yto U BXOJAMT cjiaraeMbIM B HHTETPaJl IBHXKEHHS,
MMeIOLIHH pasmepHOCTh 3Heprum. B cBsiau ¢ atum dynkuuio U (x, y, 2)
HasplBAlOT MOTEHIU HAaJbHOHN HeprHel YaCTHUL BO BHELI-
Hem nosie cugl. Bennuuny E, paBHYIO CyMMe KHHETHYECKOH H IOTEHIH-
aNbHON SHEPruil, HasLBAlOT MNMOJHOH MEeXaHHYECKOH
SHeprHeHd YacTHUEL

B coorsercteuu ¢ (22.1) paGora, coBeplllaemas Hajl YacTHIEH KOH-
CepBATHBHBIMH CHJIAaMH, paBHA YOBLTH IOTEHUHAJIbHOI 3HEPrHH YacTH-
ubl. VHave mMOXHO ckazarth, uTo paoTa coBepliaeTcss 3a CYer 3amnaca
noreHuHaanofﬁr SHEPFHH.

M3 (22.2) BuiTekaer, 4TO NOTeHIHAJIbHAs SHEPrHs OKa3bIBAeTCsl OIl-
peneNieHHOH C TOYHOCTBIO 1O HEKOTOpoli HeW3BeCTHOH ajiAHTHBHOM
nocrosgHHOH U,. OnHAKO 3TO 06CTOSITENBCTBO HE HMEeT HHKAaKoro 3Ha-
YeHHs1, TaK KaK BO Bce (pH3HUeCKHEe COOTHOILEHHSI BXOIUT JIHOO pasHOCTh
3HaveHnit U B IBYX IOJIOKEHHUSX TeJia, JIHOO npou3BofHas QyHKIHH U
no koopauxaTam. IIpakTHyecKyu VC/IOBJMBAIOTCS CYHMTATh MOTEHIHAJb-
HYIO SHEprHI0 Teja B KaKOM-TO NOJIOXKEHHH PaBHOH HYJIIO, a 3HePTHIO
B JPYIHX IOJIOXEHHSX 6paTh IO OTHOLICHHIO K 3TOH SHEPrHH.

3uas Bun yukuuu U (x, y, 2), MOXKHO HalTH CHJTY, IeHCTBYIOULYIO Ha
YacTHIY B KaXXJoH Toyke moJisi. PaccMOTpHM nepeMeuleHHe YacTHIILI
napaJJjeslbHO ocH X Ha dx. Takoe mepeMellieHHe COMPOBOX/AeTCs CO-
BeplLIeHHeM Hajx 4acTHueit paGotbl, paBHOH dA=F ds=F, dx (komno-
HeHTHI nepemelieRust dy ¥ dz paBsbl HYJ0). Corsacuo (22.1) Ta xe pa-
6oTa MOeT OBITb INpeJiCTaBjJeHa KaK YOblIb NOTEHUHAJLHOH 3Heprri:
dA=—dU. TlpupaBusiB 06a BblpaxKeHHsi 1y PabGOTEl, MOJYYHM, HTO

Fy dx——dU.
Orcioga
F dU

y=———  (y=const, z=-const).

BripaxkeHue, cTosiiiee CripaBa, NpeACTaBJsieT Co00i MPOU3BOAHYIO (YHK-
uuu U (x, g, 2), BBIYMCACHHYIO B NIPEANOJOXKEHHH, YTO MepeMEeHHBIE I U 2

OCTal0TCA HEH3MEHHBIMH, 8 H3MEHsIeTCs] JIMIIb IMepeMeHHas X. ITono6nEE
MPOM3BOJIHbIE HA3BLIBAIOTCS YACTHLIMH H 0003HAYAIOTCSI, B OTJIMUME OT

> L L3 L3 aU
MPOM3BOAHLIX (YHKUIHH OFHOH MEepeMeHHOH, CHMBOJIOM R Cnenona-

TeJIbHO, KOMIIOHEHTa CHJIBI 110 OCH X paBHA B3SITOH C OﬁpaTHHM 3HaKOM
YaCcTHOH l'f[.'JOHSBO,!lHOI:’{ NOTeHIIHATBHOK SHEprun 1o nepemem{oﬁ

710
o i S . i1 KOMIOHEHT CHJIBL 110 OCSIM ¥ M 2 IOJIy4aloTCs aHa-
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JIOTHYHBIC BBIpa)KeHHsI. Takum o6pasoM,

U U )\ RIGRT
E=b—mmb =it ann Bseag . (22:4)
3Has KOMIOHEHTH, MOXHO HaiTH BEKTOp CHJIBI:
oU oU ouU
F=F.e,+Fe,+Fe=—--e,——-¢—F-¢. (225)

BekTtop ¢ KoMmNoHeHTamu 0@/0x, 0p/dy, 0¢/0z, Tie  — CKajspHas
GYHKUNS KOOPAMHAT X, I/, 2, HAa3bIBAaeTCsl TPa A H e HTOM (QYHKIHH
@ u 0603HayaeTcs CHMBOJIOM

grad ¢ mbo V¢

(V HaseiBaeTcs onepaTopom Habaa, V@ uuUTaeTcs: «rpajveHt
¢u»). Mz onpeneseHus: rpajuenTa Cjeiyer, 410

d 0 0
v¢=£ex+%ey+%e,. (22.6)

Cpasrenue (22.5) ¢ (22.6) mokaseiBaeT, YTO KOHCEpBAaTHBHAaf CHJA
paBHa IPafiMeHTy TOTeHNHAIbHON SHEPIUH, B3STOMY C OOpaTHbIM 3Ha-
KOM:

F=—vU. (22.7)

ITycTh yacTHIa, HA KOTOpYIO AeficTBYeT cuna (22.7), nepemeuiaercs
Ha OTPe30K ds, UMEIOLHIl KOMIIOHEHTH dX, dy, dz. Ilpn 3ToM cHia coBep-
maeT paboTy

d
aA=Fdsz—wds=—-(‘i.,—fdx+a—‘;dg+%%dz).

IpursE Bo BHUMaHue, 4T0 dA =—dU, nonyunm AJis HpHpauleHus QyHK-
uyH U chenymoulee Bhipa{eHHe:

U U oU ;

Bripaxkenue Buaa (22.8) naseiBaercs NOJHbIM AldipepeBLHanoM COOT-
BETCTBYIOMICH QYHKIMH.

ITonsTHe noJHoro nuddepeHiyana Hrpaer B Gpusuke GOMBLUIYIO POJib.
ITosTOMy yjenuM eMy HeCKOJbKO CTpoK. ITonunbeim nu b pep e H-
ILMaJoM OfHO3HAuHOH QYHKUMH f (X, Y, 2) HaseIBaeTCs NpUpalleHHe,
KOTOpOE MoJyyaeT 3Ta (GyHKEHS PH Nepexojie OT TOYKH C KOOpAHHaTaMH
X, Y, Z B COCeJIHIOI0 TOUKY C KoopAauHaTamu x-+dx, y-+dy, z-+dz. Tlo on-
peleNeHHIO 3TO NpHpalieHHe paBHO

df(x’ Y, z}=f(x—|—aix, y+dy! z+a'z)—f(x, Y, 2)

H, CJeloBaTelbHO, ONpENe/sieTcsl JHIIb 3HaYeHHsIMH (QYHKUHH B Ha-
yaJbHOH U KoHeyHoH Toukax. ITo3ToMy OHO HE MOXKET 3aBHCEThb OT NYTH,
0 KOTOPOMY NPOHMCXOJHMT Iepexofi. Bosbmem B KayecTBe TAKOIo NyTH
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JIOMaHYIO JIMHHIO, COCTOSIILYIO M3 OTpe3KoB dx, dy W dz (puc. 22.1). Ha
otpeske dx GyHkuus f(x, y, 2) Bener cebsi Kak (hyHKLHS OAHOH JMIIb
NepeMeHHOH X M NoJiydyaeT npupauienue (0f/0x)dx. Auanoruyso Ha oT-
peskax dy ¥ dz QyHKUMA nosyyaet npupawenns (9f/0y)dy w (0f/0z)dz.

e O U=mgh

a.o 4 ds b

- 7
ay U=—mgh" 1
Puc. 22.1. Puc. 22.2.

Takum Pﬁpasom, MOJIHOe NpHpalleHne QYHKUHK NpH HepeXofie W3 Ha-
YaJIbHOH TOYKH B KOHEYHYIO PaBHO

g,
df (v, . 2) = - dx+ 2 dy+- 2L de. (22.9)

Mpr npHuIIH K BRIPXXEHHIO V15 MOJHOrO nuddepennnana (cp. ¢ (22.8)).
He Bcsikoe Bhipakenue Buja

P(x, y, 2dx+Q(x, y, 2dy+R(x, y, 2)dz

npencraBisier coGoit mosnbli  auddepeHunas HekoTopol (GYHKUHMM

]2 2()15,49;, 2). B yactHocTH, BeIpaXceHHe uisi paboTH, COBEpPLIAEMOlt CHJIOIL

dA=ay dx—ax dy el (22:10)

He SIBJIAETCS MOJHBIM AHddepeHuHalom — He CYHIeCTBYeT Takoi (yHK-
uuk U, ans Koropoit —0U/dx=ay, a —aU/dy=—ax (cm. (21.4)). Co-
OTBETCTBEHHO He CyulecTByeT QyHKunu U, yOplnb KOTOPOH onpeaensJia
6u1 paboty (22.10).

M3 cka3aHHOrO BbITEKAeT, YTO KOHCEPBATHBHBIMH MOTYT GEITH TOMb-
KO CHJIBL, YAOBJIETBOPSIOLULHE YCJIOBHIO (22.7), T. €. TaKHE CHJIbI, KOMMO-
HEHTBI KOTOPBIX M0 KOOPJAHHATHBIM OCSiIM PaBHBI B3SITHIM C OOpPaTHBIM
3HAKOM YaCTHBIM NPOU3BOAHLIM HeKoTopor ¢pynkumu U (x, y, 2) no coot-
BETCTBYIOUIHM KOOpAMHATaM. D1a (QYHKUMsi NpeacTaBisier coGoi mo-
TEHLHAJNbHYIO 3HEPrHI0 YaCTHUBI. .

Koukperneii Bu GyHkuun U (x, y, z) 3aBHCHT OT XapakTepa CHJIO-
Boro moss. Hafinem B KauecTBe npuMepa TNOTEHUHAJbHYIO 3HEPrHIO
yacTHUbl B noJsie cul TsokecTd. CorsacHo (21.2) pabora, cosepiuaemas
HaJl YaCTHUEH CHJIaMH 3TOro IoJisi, paBHa S

Alzﬂmg(hI—‘ha)-
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C mpyroii cropoHsl, corJacHo (22.1)
Alzz Ul—Ug.

CpaBHuB 00a BeIpaxeHHs /s paboThl, MPHAEM K 3aKJIOYEHHIO, YTO MO~
TeHUHAbHAsl SHEPrHsl YaCTUIbL B MOJIE CHJI TSXKECTH OINpPE/eJsIeTCs Bbl-
paxeHueM

U=mgh, (22.11)

rae h OTCUMTEIBAeTCS OT [POH3BOJIbHOTO YPOBHS.

Hayano oTcyeTa MOTeHIMANbHON SHEPIHH MOXKHO BBIOMpATh MPOH3-
BoJbHO. [Tostomy U MoXeT uMeTb OTpHLaTeNbHble 3HaueHus. Eciw,
HampHMep, MPHHSATD 32 HYJIb MOTEHIHANbHYIO SHEPTHIO YACTHIbI, HAaX0-
ASIeNcs: Ha MOBePXHOCTH 3eMJIH, TO NOTE€HIHaJIbHAasi SHEPrHsl YacTHUb,
nexalled Ha JHe MBI I1yGuHBL A’, 6yner pasHa U=—mgh’ (puc. 22.2).
OTMeTHM, YTO KWHETHYeCKas SHEPrHsi He MOXKET GhITh OTPHIATEJNbHOH.

[MycTb Ha HACTHIY, KPOME KOHCEPBAaTHBHBIX CHJI, AEHCTBYET TaKKe
HeKoHcepBaTHBHas cuaa F*. Torna mpH mepexoje YacTHUBL H3 TOYKH [
B TOYKY 2 Haj Hel OGyjer coBepuiathcst pabora

2 2
A= S Fds+ S F*ds= Axm;ccpa + AL,
1 1

rre A, — pa6ora HeKoHCepBaTHBHON cuJbl. PaboTy KorcepBaTHBHBIX
CHIL A gopceps MONKHO NpeNCTaBHTb Kak Uy—U,. B pesyabrate nonyunm,
yTOo

Alz = U, — Uz+ A:e-
CymmapHasi pa6ota BceX MPHJIOMKEHHBIX K YaCTHIE CHJT MIET Ha npHpa-
leHne KHHETHYecKol sHepruH uactuubl (cM. (19.11)). CaenosatelsbHo,

Tz‘_T1= U;*U2+A:2s
OTKyAa, NPHHSAB BO BHHMaHue, yto T U=E, nonydaem
Eg—E;=:A3s: (22.12)

[TosyueHHblii pe3y/abTaT O3HayaeT, 4yTo paboTa HEKOHCEPBATHBHBIX CHJT
3aTpauMBaeTCs Ha NpHpalieHHe NOJHOH MeXaHHYeCKOW IHepruM dac-
THUEL.

B cayuae, ecjii B KOHEYHOM H Ha4aJIbHOM NOJIOXKEHHUSIX KHHeTHIeCKast
SHEprusi 4aCTHUbI OJHHAKOBA (B YaCTHOCTH, paBHA HYJI0), pabora He-
KOHCEpPBATUBHLIX CHJI MAET Ha NpHpalleHHe MNOTeHUHAJbHOH SHepruu

YaCTHLEL:
Ah=U,—Us; (T,=T,). (22.13)

310 cooTHOLIEHHE GbIBAeT MOJIE3HO MPH HAXOXKJEHHH Pa3HOCTH 3HaYEHHH
MOTEHIHANIbHOH SHepPruH.

PaccMOTpHM CHCTeMy, COCTOsLyIO M3 N HEB3aUMOJIENCTBYIOUHX Me-
Xy COGOH YacTHI, HAXOASUIMXCS B MOJIe KOHCEPBAaTHBHBIX cha. Kax-
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Jasi M3 yacTHL obnajgaeT KuHeTHueckol suepruedl T;=%,m;v} (i — Ho-
Mep YaCTHIbI) M ToTeHIuanabHoi sHepruel U;=U;(x;, y;, 2;). Pacemar-
puBas {-10 YaCTHIY HE3aBHCHMO OT APYrHX YacTHL, MOXHO IOJYYHTH,
4TO

E,-=T,-—}—U,-=constg.

HPOC}’MMHPOBEIB 3TO PaBEHCTBO I10 BCE€M 4YACTHIIAM, NPHIAEM K COOTHO-
IIeHHIO .

N N N
E= EIE,-z NT;+ 2}U,-=const. (22.14)
i= i=1 i=

3 3Toro COOTHOLIEHMS CJeAyeT aiJUTHBHOCTb NOJIHOH MeXaHHYeCKOH
SHEPruH AJIsi pacCMaTpPHBAaeMOH CHCTEMBI.

CorsiacHo (22.14) nosras mexanudeckas 3Hepeus Cucmemsl Hes3auUMo-
Oelicmeyrouyux Yacmuy, HA KOmopble Oericmsyton MoabKO KOHCepeamue-
Hble cunbl, 0CMaemcs NOCMOAHKHOL. DTO YTBepXKAeHHe BbIPaXaeT 3aKOH
COXpaHEHHs] SHEPruH [/ YKa3aHHOH MEeXaHHYEeCKOH CHCTEMEL.

EciH, KpoMe KOHCepBATHBHBIX CHJI, Ha YaCTHLEI JEHCTBYIOT HEKOH-
cepBaTHBHEIE CHJbl F;, mMosHasi SHeprusi CHCTeMbI HE OCTaercsi INOCTO-
SIHHOH, NMpHYeM

Ay
E,—Ex= (A (22.15)

rae (A5.); — pabora, cosepliaemast HeKOHCEPBAaTHBHON CHJIOH, NpHUJIO-
KeHHOH K i-H yacTHie, Npy NepemMellleHHH 3TOH YacTHLBI H3 ee Haualb-
HOTO NOJIOXKEHHSI B KOHEUHOE. \

B KoHIle npeapiayiuero naparpada Me YCTaHOBHJIH, YTo pabora cHi
TPeHHsI Bcerja oTpuuarenbHa. [103ToMy npH HaJHYHH B CHCTEME CHJI
TPEHHs MOJHAas MEXaHHYecKas SHeprusi CHCTeMBl yMmeHblaercs (pac-
ceHBaeTcs), nepexojisi B HeMexaHH4yecKHe (OpMBbI SHEPTHH (HampHMmep.
BO BHYTPEHHIOI SHEPrHIO TeJ, HJH, KaK IPHHSATO rOBOPHTb, B TEILIO),
Takoii npolecc HasbBaeTcst LM CCH I a L M € i 3Hepruu (JaTHHCKOe
CJIOBO «OHMCCHNAlUs» O3HAYaeT paccesuue). Cuibl, NpHBOAsIKE K JHC-
CHIAllUM SHEPTHMH, HASHIBAIOTCS A M CCHNAaTHBHB MH. Takum
06pa3oM, CHJIBI TPeHHsl SBJISIOTCS AMCCHNATHBHBIMH. B ofliem cayyae
JMCCHIIATHBHBIMU Ha3bIBalOTCS CHJLI, BCerjia HanpaBJieHHble MPOTHBO-
TIOJIOXKHO CKOPOCTSIM YAaCTHL, H, CJieJloBaTeJIbHO, BbI3bIBaloLlle HX TOp-
MOXEHHe.

OTMeryM, YTO HEKOHCEpBAaTHBHLIE CHJBI HE 0053aTEJIbHO SIBJISIOTCH
JHCCUIIATUBHBIMH.

§ 23. NoreHunaibHasi 3HePrusi B3aHMOJEHCTBHS

Jlo cuXx mop MBI paccmMaTpHBaJH CHCTEMbl HEB3aHMOAECHCTBYIOLIHX
gacTull. Tenephb repeleM K pacCMOTPEHHIO CHCTEMEI U3 JIBYX B3aHMO-
IeHCTBYIOLMX APYT ¢ ApyroM yacti. O603HaYHM CHJY, C KOTOPOH BTO-
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pasi yacTHia JAefiCTBYeT Ha MepByio, CHMBOJIOM Fys, a CHJy, C KOTOPOH
mepBas YacTHL@ AEUCTBYET Ha BTOPYIO,— CHMBOJIOM F,;. B cooTBercr-
BUM C TpeTbuM 3akoHoM HbroToHA Fio=—F,i.

Beenem Bexktop Ry;=rp—T;, rae ry H I — paauyCe-BEKTOPLI
uactuy (puc. 23.1). PaccrosHMe MeXAy YaCTHUaMM DABHO MOLYJIO
storo Bektopa. Jlonycrum, 4to cuJbt Fi, U For UMEIOT BEJIMYHHY, 3aBH-
CALLYIO TOJIBKO OT PAaCCTOSIHHST Ry, ME&XKLY YacTHUAMH, H HanpasJieHbl

dRz
T
s - Ela
mz
\77 Riz
X
iy
Puc. 23.1. Puc. 23.2.

BIONb COENHHSIOMWEH YacTHIbL npsiMoit. 910, KaK MBI 3HaeM, ClpaBei-
JIMBO JIJISi CHJl TPABUTAMOHHOIO M KYJIOHOBCKOIO B3aUMOJEHCTBHE (CM.
dopmyas (11.2) u (13.1)).
ITpu chenaHHBIX AOMYLIEHUAX CHIIBI F;, ¥ F3; MOXHO NpPEACTaBHTH
B BHJE
Fl'z'_;f(Rlz)'ema | ﬂ'_‘f(Riz) €29, (23.1)

re e;» — opT BekTopa Ry (puc. 23.2), a f (Riz) — HeKoTOpas GyHKIUHSA
R,», TOJIOKHTENbHAS B Cyyae B3aMMHOTO MPUTSRKEHHS YaCTHIL ¥ OTPH-
maTejbHasi B CJAy4ae MX OTTaJKHBaHHs APYr OT ApYra.

CuHrasi CHCTEMY 3aMKHYTOH (BHEIUHMX CHJI HET), HamHleM YpaBHe-
HHS JABHIKEHHSI 00eHX YaCTHIL '

myV, =Fi;, moVo=Fy.

VMHOXKHUM MepBoe ypaBHeHue Ha dr;=V; df, BTOpoe — Ha dry=V, dt
M CJIOMuM HX BMmecTe *). B pesyabraTe MOJIYYHTCS COOTHOLIEHHE

mv,v; dt +myv,v, dt = Fy, dry 4 F,; dr,. (23.2)

JleBast 4acTh 3TOrO COOTHOIIGHMsI NpeICTaBisier Co0OH TNpupalienHe
KHHETHUYECKON 3HEprMy cuctembl 3a Bpemst dt (cm. (19.3)), mpasas
yacTh — paGoTy BHYTPEHHHMX CHJI 32 TO XKe Bpems.

C yuetom BeIpaxeHHit (23.1) npaByio 4acTe GopMYyJbl (23.2) moxHO
npeo6paszoBaTh CJENYIOLIHM 00pa3oM:

dAsnyrp = Fypdry +Foydr, = [ (Ry;) €2 dr; —f (Ry.) €5, dry =
= — [ (Ry2) e, d(r,—r) =—f(Ry) e, dRy,. (23.3)

W3 puc. 23.2 BHAHO, YTO CKalJspHOE MNPOU3BENCHHE e;, dR;, paBHO

1) B naHHOM cayuae Ieaecoo6pa3Ho 0603HAYHTH fepeMElleHHe YacTHUB Uepes
dr BMecTO ds.
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dR;, — TIPHpPALIEHHIO PACCTOSTHHST MEXAY YacTHuamu. Takum o6pasom,

dAmwrp = —f (Ry5) dRy,- (23.4) ,

Bripaxenue f(Ryz) dR;, MOXHO paccMaTpUBaTh KaK npHpalleHHe HeKo-
TOpOi GYHKUMH OT Ry,. OGo3HaynB 37y pynkuuio yepes U (Ry,), nph-
JIeM K PaBeHCTBY

[ (Ri1;) ARy, =dU (Ry,). (23.5)

CuneoBaTe1bHO,
dAyyyep=—dU. (23.6)

C yueTom BCEro CKa3aHHOTO BhIpaXKeHHe (23.2) MOXHO NpeiCTaBHTh
B Buje dT=—dU wnu

dE=d (T+U)=0, (23.7)

OTKyna caenyer, uto Beanunna E=T--U nnst paccMaTpuBaeMOH 3am-
KHYTOH cucrembl coxpansiercst. Pyukuns U (R,,) npeiacrapiser cobou
NOTEHUHAJAbLHY SHepruH B3aHMOJAEHUCTBH .
Ona 3aBHCHT OT PAaCCTOSIHUSI ME@XJY YacTHLAaMM.

[TycTs yacTHIILL I€PEMECTHIIHCh H3 MOJIOKEHHH, B KOTOPLIX Paccros-
HHE MEXIY HHUMM ObLTO PaBHO Ri$, B HOBBIE NOJIOXKEHHSI, B KOTOPLIX
paccTOSIHME MEXNY HUMH cTaso paBHbM R{Y. B cooTBercTnun ¢ (23.6)
BHYTPEHHHE CHJIbI COBEpIIAIOT NMPH 3TOM Haj yacTHuamu paboty

b
Aupomyro=— 3 dU =U (R®) —U (R). (23.8)

a

Uz (23.8) BuiTekaer, yto padota cHa (23.1) He 3aBUCHT OT myTeH, 1O
KOTOPBIM TepemelllajJuCh YacTHUBI, H ONpelessieTcs JIHllb HaualbHbIM
H KOHEYHBIM PaCCTOSIHHSIMH MeXJAV HaCTHLAMH (Ha‘-IaJIbHOﬁ 1 KOHEYHOH
KOHQHTYpauusiMH cHcTeMbl). Takum oOpa3oM, CHJIBI B3aHMOJCHCTBHS
Bujga (23.1) sBasioTCcsi KOHCEpPBaTHBHBIMH.
Ecnu nmBmxyTcss 06€ YacTHIBI, IOJHAas 3JHEPrHsi CHCTeMbl paBHa
mavs

e
E="2 4724 U, (Ry). (23.9)

[MpeanoJoxumM, yTo yacthia / 3aKpenyeHa B HEKOTOPOH TOYKe, KOTOPYIO
MBI IpHMeM 32 Hauano KoopauHar (r;=0). B pesysibrare 312 yactuua yr-
PATHT BO3MOXHOCTb JIBUraThCsi, TaK YTO KHHeTHyeckasi 3Heprusi 6yjer
COCTOSITH JIMILb M3 OJHOTO claraeMoro '/,m,vi. I'lotennnanbHas 3Hep-
rHsl B 3TOM ciyyae 6yner GyHKIHeH TONbKO 7. ITosToMy BeipaXkenue
(23.9) npumer BuJI e

9

E="24 U, (r). (23.10)

Ecin pacemarpuBaTh CHCTEMY, COCTOSILYIO M3 OJIHONM TOJIBKO YaCTHILI
2, 10 ¢yHruMs U, (ry) 6yaer urpath poJib MOTEHUHAJbHOH SHEPTHH
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yaCTHUBI 2 B NOJe CUJI, coajaBaeMpix yactuileif /. XoTs MO CYWECTBY
5Ta QYHKIHSA ABJISETCS MOTEHUHANbHOI sHeprueil B3aHMOJIGUCTBHS Hac-
tur I ¥ 2. BooOule noTeHnyanbHas SHEPrUsi BO BHEIIHEM [0J€ CHJI IO
CYILeCTBY ABJISETCS 9HEPrUeH B3aUMOJEHCTBHS MEXIy TeJaMH CUCTEMBI
M TeJiaM¥, CO3JAIOIMMH BHEIIHEe MO OTHOLUEHHIO K CHCTeMe CHJIOBOE

noJse.
OGpaTHMCs CHOBA K CHCTEME M3 JBYX B3aHMONCHCTBYIOLIHX cBo6OA-

HBIX (KHE3aKpenJyieHHbIX») yacTHU. Eciu Ha nepBYIO YacCTHLY, KpoMme
BHYTPEHHEH CHJIbI, JEHCTBYeT BHEIUHsis CHJA F;, a Ha BTOpYIO 4acTH-
ny — cuaa F3, To B NpaBoii YaCTH COOTHOLUCHHS (23.2) nosiBATCA Caa-
raembie F; dr, u F; dr,, KOTOpbiE B CyMME JAAyT paboTy BHEUWIHHX CHJI
dA,, e, CooTBeTCTBEHHO Qopmysa (23.7) mpuUMET BHI
d(T+UBa):dAﬂltemn' (2311)

B c/iyyae, KOrja CymMmapHasi KHHeTHYeCKasl SHeprus 4acTHil OCTaeT-
Cf NOCTOSIHHOM (Hampumep, PaBHOH HYJIO), COOTHOUICHHE (23.11)
BBITVISAUT CJENYIOUHM 06pasom:

dU,,—dA,yens (AT =0). (23.12)

ITpoHHTErpHPOBAB 310 COOTHOWIEHHE OT KOHQUIYpauHu a 1o KOH(Ury-
panuu b, moayyum, 41O

Ups (RE)— Uy (RE) = Agpmneun  (To=T0) (23.13)

(cp. ¢ dopmyJoit (22.13)).

PacnpocTpaHyiy N0/yYeH bl pe3ysbTaThl Ha CHCTeMY 13 TPEX B3a-
UMOAEHCTBYIONIX yYacTul. B 3ToM ciyyae paGoTa BHYTPEHHHX CHJI
paBHa

dABllyl‘p o (Fli_l_ Fl:!) drl _P(F‘.!ln}— F23) er + (F:!I + FSZ) drﬁ' (23 14)
Yurs, urto F;,—=—F,;, npuzamnM Bepaxeruio (23.14) Bua
dAnnyrp ——F,d(r,—r)—F;d(r;— r,) —Fyd(r;— ry) =
Z‘“—Fdem"“F:s dR;3—Fas dst, (23-15)
rae R;,=r,—T;.
TIpesnonoXum, YTO BHYTPEHHHE CHJbI MOTYT GbiTh MpPeiCTaBJECHbI
B Buge F;,=f;,(R;)e;, (cp. ¢ (23.1)). Torna

ol = fia (Rys) €1 dR s —[15 (Rys) €3 AR5 —fas (Rs5) €93 AR o5.

Kaxnoe u3 mnpoussenennil e;dR;, paBHO NpHpalleHHIO PaCCTOAHHSA
MEXKIY COOTBETCTBYIOLUMH 4acTHUamH dR ;. ITostomy

dABHYTp ST fu (Rm) anz ""fls (Rla) dea _fzs (Ras) dst T3
T dl_Ulz (Rm) + U3 (R1s) + Uss (st)]z — dU .
(23.16)
3nech
U= U, (Ri)+Uys (Ris) + Ugs (Rys) (23.17)
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—NOoTeHNHAaNAbHAasd 3Heprus B3aHMOAEeHCTBUSHA
cuctewMbl. OHa cnaraercss M3 SHepruil B3auMoAeHCTBHS YaCTHLL, B3si-
TBEIX NONapHo.

[lpupasusaB dT cymme pa6or dA,,..,=—dU,, u dAg,.,, 1pu-
IeM K cooTHoweHHIo (23.11), B Kotopom nox U, clneayer noHUMaTh BH-
paxenue (23.17).

[TonyyeHHBIH pe3yJabTar Jerko oGofilaeTcss Ha cHCTeMy C JitoObiM
yucjom uacthi. Jna cucrembr u3 N B3aHMOJEHCTBYIOUIMX YaCTHIL
NoTeHUHaJbHas SHePrusi B3aMMOJCHCTBHSI CJlaraeTcs M3 SHepPrui B3a-
VMOJICHCTBHS YaCTHIl, B3STHIX MONApHO:

Un3= Uis (Rn) A Uis (Ris)+ Sy F UIN (RI'N) S
+Uss (Rog) v+« +Usn (Roa) +- - - - +Upg, n(Ry-1, )-
(23.18)

STy CyMMY MOXHO HAaNHCaTh CJEAYIOUHM 06pasoM:

Ups= X Uit (Ri) (23.19)
(i <k)

(o6paTHTe BHMMaHHe Ha TO, YTO B BhIpaXkeHHH (23.18) y Kaxknoro cia-
raeMOro nepBbiil HHAEGKC MMEeT 3HaueHHe MeHbllee, YyeM BTOpoii). B cBs-
34 ¢ TeM, 910 U (R;p)=U,;(R,;), 3HEPruio B3aUMOJEHCTBHS MOXKHO
NpeiCTaBUTL TaKXKe B BHJE

Up=5 Y Uir (Rir)- (23.20)

(i == k)

B cymmax (23.19) u (23.20) ungekcw i W k npoberalor 3HayeHus ot 1
no N, cornacyrouuecsi ¢ ycaoBueM (i<<k) nau (i=k).

IlycTe cHCTeMa COCTOMT M3 YETHIpeX YacTHIl, NpHYeM B3auMOJeHCT-
BYIOT JIMIUb MepBas YacTHLA CO BTOPOH U TpeThbs ¢ yeTBepTod. Torza
NOJHAs 3HEPrHsi CHCTeMBl OyJeT paBHA

EZTI“}"Tz'I‘Ts +T4 o= Uiz_l" Us& 5
= (T3 4Ty + Up) + T+ T+ U, ) =E' +E.  (23.2])

3neck E’ — monHas 3Heprusi NOACHCTeMbl, OGPa30BaHHOI YaCTHLAMH
I u 2, E" — nosiHasi 3HEprusi NOJCHCTEMBbI, 06pPa30BaHHOIl YacTHIaMU
3 u 4. Ilo npeanonoxenuio B3auMozelicTBHE MeXKAY NOJACHCTEMaMH OT-
cyrcrByeT. CoorHomenne (23.21) noxasbpiBaeT aJAHTHBHOCTb SHEPrHH
(cM. Tpermit a63am § 18).

B 3akmouenne Hafinem Bug ¢yukuuu U,, B TOM ciyuae, KOrza cuja
B3aHUMOJICHCTBHSA OOpPaTHO IPONOPUHOHANbHA KBajpaTy pacCTOSIHHS
MEXNY YacCTHIIaMU:

[ (Ri2) = o (23.22)

(e — xoncranTta). HanmoMHuM, YTO B cjlyyae NpUTSIKEHHST MEXAY Yac-

§24. 3AKOH COXPAHEHHS 2HEPIHH g5

THIaMH 0>>0, a B ciyuae OTTAJKHBAHHS Y4aCTHL IDYT OT ,npyra a<<0
(cm. Teker, caenyronuit 3a dopmydoi (23.1)).
B cootBercTBHE € (23.5

dUgs = f (Ryy) dRyy = }%‘de‘z'
1)

Huterpuposanue jaer
U,Ba:ﬂ—jg‘f;-y const. (23.23)

KaK H MOTeHIHa/JIbHasA 3HePrisi BO BHEIUIHEM I10JI€ CHJI, MOTEHIHAJb-
Hasi SHeprusi B3aHMONEHCTBHS ONpeNesIsieTcss C TOYHOCTBIO JO IpPOH3-
BOJIbHOH afAuTHBHOM MocTosiHHOH, OOBIYHO 10JaraloT, YTo NpU Ris=o00
NOTeHUMAaNIbHAs 3Heprust obpaiiaercsl B HyJab (IPH TaKOM PacCTOSHHH
cuna (23.22) obpaiaercs B HYJb — B3aUMOACHCTBHE MEXAY YaCTHIIAMH
ucyesaer). Torza aniuTHBHasi KOHCTaHTa B (23.23) CTaHOBHTCS PaBHOMH
HYJIIO H BHIpaXKeHHe 1A MOTeHUHaNbHOH SHEePTHH B3aUMOAEHCTBUS MPH-
obperaeT BHA

Usa ey RO:Q (23.24)

B coorBercrBHE ¢ (23.13) nsst TOro, YTOOBI YHAJHTH YacTHUBL APYT
OT JIpyra OT paccTosiHdsl Ry, 0 GeCKOHEYHO GOJIBIIOrO PacCTOSHHSA,
He H3MeHAs MPH 3TOM HX CKOpocTel, TpeGyeTcsi COBepIUIHTH pabory

Aaueum = Uns =T Una (Riz) .

IMoncTanoBKa COOTBETCTBYIOLIMX 3HaYeHMH (QYHKUMH (23.24) mpHUBOAUT
K BBIPaXKEHHIO

Aaﬂemﬂzo_( R"m)= = (23.25)

B cayyae nputsikeHnst Mexay 4YactHuamu o>>0; COOTBETCTBEHHO
JJISi yOaJeHHs YacTHI, APYT OT Apyra TpeGyercst COBEPLIHTH MOJIOXH-
TeJbHYI0 paboTy.

B ciyyae oTranKuBaHHs 9acTHI APYT OT Apyra a<<0 u pabora (23.25)
OKa3bIBaeTCsl OTPHLATENbHOH. DTy paboTy NPHXOIUTCS COBEpIlaTh, YTo-
66l BOCHIPENsiITCTROBAThL OTTAJKHBAFOLLHMCA YacTHIAM YBEJIHYHTH CKO-
POCTE CBOEro JABHXKEHH.

§ 24. 3akoH coxpaHeHMS 3HePruH

CBefieM BMecTe pe3y.ibTaThl, NOJYYeHHble B NPEeNbIAYIIUX Iaparpa-
Gbax. Paccmorpum cuctemy, COCTOSIILYIO H3 N wactum ¢ maccamH my,
My, ... my. [1ycTh YacCTHIEI B3aHMOAEHCTBYIOT APYT C IPYIOM C CHJaMH
F;; MoOpysmH KOTOpPBIX 3aBHCAT TOJBKO OT PACCTOSHHS R, MEXIY
yacThiamu. B mpembinymiem naparpade Mbl YCTAHOBHJIH, UTO TaKHe
CHJIEI SIBJISIOTCS KOHCepPBAaTHBHBIMH. JTO O3HayaeT, 4To pafoTta, cosep-
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luaeMasi STHMH CHJaMM Hajll YaCTHIAMH, OnpejejsieTcs HadalbHOH H
KOHeYHOH KOHGHIypauHsiMu cHcTeMbl. ITpeanosioxknm, 4TO, Kpome BHY-
TPEHHMX CHJI, Ha i-I0 YaCTHILy IeHCTBYeT BHEIUHsIsT KOHCepBaTHBHAs CHJla
F; v BHelIHsis HeKoHcepBatHBHas cuaa Fj,. Torna ypasHeHHe ABHKEHHS
i-ii gacTHnel GyjeT WMeThb BHI

N
mi\;i=k2 Fu o Fp-Fhi (=1, 2mmes): (24.1)
=1
(ki)
VMHOXMB i-e ypaBHeHHe Ha ds;=dr;=V;dt u cioxus BMecte Bee N

YpaBHeHUH, TNOJTYYHM:
N

N N N N
Zmrvidvi-=2i kz F,, dri+21F,.ds,.+ zl‘F}ds,.. (24.2)
i=1 i =1 i= i=

(kstd)
JleBasi yacTh NpeicTaB/isieT co0oil npupauleHHe KHHETHYECKO! SHepriH
CHCTEMBI: '

N PR
m,"!.'[___
Emfv‘-dvizd; M —dT (24.3)
(cM. (19.3)). U3 dopmya (23.14)—(23.19) crneayer, uTo mepBbli uJleH
npaBoli YacTH paBeH YOBIIM MOTEHUMA/JbHOM SHEPrHH B3aHMOJEHCTBUA
YaCTHIL:

N

N
> 2 kald"f=“"‘2 FipdR;,=—d > U (Ry) =—dU,,.
=1 )ki=1 (i<k) (i<hk)
(ksti)
(24.4)

CornacHo (22.1) BTopoil unen B (24.2) paBeH YOblIH NOTEHIHAJbLHON
SHEPrHH CHCTEMBl BO BHELIHEM [10J€ KOHCepPBATEBHLIX CHJIL:

N N
?E Ff dsf = == d Z Uf (rf) = "_-dUnnemn' (245)
=1 i=1

Hakowen, nociensunit uned B (24.2) npeacrasniseT co0oH paGoTy HEKOH-
CepBAaTHBHBIX BHELIHHX CHJL:

N N
E F: dS‘- b 2 dA: G dA:!]I.CU—']Ii' (246)
i=1 =1

Tpuuse Bo BHEManKe GopmyJnt (24.3)—(24.6), npeacrasum COOTHOLLIe-
uue (24.2) ciepyromum o6pasoM:

d (T '+' UBs + Unﬂemn) = dA;llel.l.lH' (247)

Bennunna 4
E = T + Una + UB:[emH (248)
eCTh NOJIHAS MeXaHWyeckasi SHeprus cucrembl. Ecii BHEIUHHE HEKOH-
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CepBaTHBHEIC CHJIbI OTCYTCTBYIOT, NpaBasi yacTb QopmyJsl (24.7) Gyzer
paBHa HYJIO H, CJIe/IOBATeNbHO, TNOJIHAs SHEPrHsl CHCTEMBI OCTaercs
TNOCTOSTHHOM:

E=T 4 U, + Ugpewn = const. (24.9)

Taxnm o6pa3oM, MBI IPHIILIH K BEIBOAY, YTO NOAHAR MEXAHUHECKAS SHep-
2US cUCmeMbL meAa, Ha Komopble Oelicmayrom AULlb KOHCepeamueHole cubl,
ocmaemca nocmosHAol. B 5ToM YTBepXKIEHHH 3aKJHUYEHO CYIIEeCTBO Ol
HOTO M3 OCHOBHHIX 3aKOHOB MEXaHMKH —3 aKOHAa COXpPaHeHHus
MeXaHHUYeCcKOH SHepTrHH

Jlnsi 3aMKHYTOi CHCTEMBI, T. €. CHCTEeMbl, Ha TeJa KOTOPOH He Jel-
CTBYIOT HHKAaKHe BHEIUHHE CHJbI, COOTHOLIEHHE (24.9) umeeT BHR

E=T 4 U,,=const. (24.10)

B 3ToM ciiyyae 3aKOH COXPaHEHHs SHepruH (opMyJHpYercs CJeayio-
UMM OOpa3OM: MOAHAS MEXAHUMECKAs SHepeus 3amMKRYMOU Ccucmemsl

men, mexndy KomopeLmu Oelicmeyrom MmoAbKO KOHCepBamueHole Cuabl,

ocmaemcs. NOCIMOSHHOLL.

"Ecau B 3aMKHYTOl CHCTeMe, KpPOME KOHCEePBATHBHHIX, AEHCTBYIOT
TaK)X€ HEKOHCEPBAaTHBHBIE CHJIEI, HalpPHMEp CHJbI TPeHHs, TO MOJHas
MEeXaHHYecKasi 3Heprusi CHCTeMBl He coxpaHsiercsi. PaccmartphBasi He-
KOHCepBAaTHBHBIE CHJIBI KaK BHEIUHHE, MOXHO B COOTBETCTBHH C (24.7)
Hanucarkb:

dE=d (T a5 Uas) = dAnexnucepn- (24 11)

[IpouHTerpHpPOBaB 3TO COOTHOLUEHHE, MOJYYHM:

Ez T El T A!Queuoucepn' (24' 12)

3aKOH COXpaHEHHsl 3HEPrHH JJsi CHCTeMbl HEB3aMMOIEHCTBYIOLINX
yacTul, Ge1 copMynHpoBaH B § 22 (cM. TeKCT, CJeyiouluii 3a gopmy-
Jgoii (22.14)).

§ 25. dueprus ynpyroii aedopmauuu

[MotennuaabHON sHeprueil MoXeT 06J1alaTh He TOJNLKO CHCTeMa B3au-
MOJE/ICTBYIOLUIHX TeJ, HO M OTAENBHO B35TOE YyNpyro AeopMHPOBAHHOE
Teno (HanpuMep, CKaTasi MPYXHHA, PACTSHYTBIH CTEpXeHb H T. I1.).
B 51OM ciyyae NOTeHUHAJbHAS SHEPrUsl 3aBHCHT OT B3aUMHOIO Pacro-
JIOXKCHHsI OTHENBHLIX yacTeii Tesna (Hanpumep, OT PacCCTOSTHHS MEXIy
COCEJHHMH BHTKaMH INpPYXKHHBI).

Cornacuo gopmyJe (20.2) Kak 15l pacTsDKeHHsl, TaK U IUIsl CXKaTHs
NPY>KHHEI HAa BEJMYMHY X HEOOXOAMMO 3aTpaTHTb pabory A=1/,kx*.
Dra pa6oTa HAET Ha YBEJHYCHHE IOTEHHIHAaJbHOH SHEPrHH MpPYXHHEL
CrieioBaTe/IbHO, 32BHCHMOCTb NOTEHIHAJbHOH SHEPrHH MNPYXKHHEL OT
YAJHHEHHS X HMEeT BUJ

u=%, (25.1)
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rae B — Ko3(pHIIHEHT XeCTKOCTH NPYKHHBL (cM. § 14). Popmyna (25.1)
HanucCaHa B NPEeANoJIOXKEeHHH, YTO NOTeHIHaJIbHasl SHEePrusi HeledopMH-
poBaHHOH nNpYyxHHEl paBHa HyJo. Ha puc. 25.1 nokasan rpaduk 3a-

Bucumoctd U ot x.
[Tpu ynpyroit nporosibHOK neopMallly CTepKHs coBepluiaercs: pa6o-
1a, onpepeisieMast gopmysoi (20.3). B coOTBeTCTBHM C 3THM IOTEH-
IMaJbHag 3HepPrusi ynpyro jaedopMHpPOBaHHOrO

/g )\ CTEPIKHsSI paBHa

E 2
U= _25 V. (25.2)

3nece E — monynb FOura, & — orHOCHTENBHOE
yanuHenue, V — o06beM CTepiHs.
BeeneM B pacCMOTpeHHe MJIOTHOCTH 3HEPrHH

— I o
ynpyroi nedopmauuH u, KOTOPYIO ONpelegHM
twarme ¥ Pacmpmence
(z<0) (z>0) KaX OTHOILUeHue sHepruH dU Kk Tomy o6nemy dV,
B KOTOPOM OHA 3aKJIOYeHa:
Prc. 25.1. iyl o/

[TockonbKy CTepieHb NPEANONAraeTcs OAHOPOAHBIM H JiedopMaius
ABJISETCS PABHOMEPHOH, T. €. OAMHAKOBOH B Pa3HbIX TOYKaX CTEPIKHS,
sHeprus (25.2) pacnpeneneHa B CTepxkHe Takxke paBHoOMepHO. [TosTomy
MOXHO CYHTaTh, 4TO
; U Ee?

£ NV T e (254)
D10 BBIPAXKCHHE JaeT NJIOTHOCTH SHEPTrHH ynpyroit nedopMauuu npu
PACTSIXKEHHH (MJTH CXKATHH) H B TOM CJy4yae, Koraa aedopmariys HepaBHO-
mepHa. B mociensem ciyyae njst HaXOXIEHHS MJIOTHOCTH 3HEPTHU B He-
KOTOPOH TOYKE CTepXKHSI HYXKHO MOACTaBJsiTh B (25.4) 3HayeHue e
B JaHHOIl TOYKe.

Hcxons us gopmya (14.8)—(14.10), HeTpyaHO MONYYHTB, YTO MJIOT-
HOCTh 3HEPruM ynpyro#l JedopMauuH nmpH CABHre paBHA
Gy?

2 ’
rae G — MOZy/Ib CIBHIa, a Y — OTHOCHTEJIbHBIH CHBHT.

=

(25.5)

§ 26. YcioBHA paBHOBECHSI MeXaHHYECKOH CHCTeMBI

Paccvmotpum maTepHaJbHYIO TOYKY, JABHXEHHE KOTOPOH OrpaHHYeHO
TaKUM 00pasoM, YTO OHa HMeeT JMilib OJHY CTeNeHb CBOGOAH *). dro

1) Uncoiom cremened CBOGOAB! MEXaHHYECKOH CHCTEMBI HA3HIBAETCS KOJMUECTBO
HE33aBHCHMBIX BEJIHYHH, C MOMOLLEI0 KOTOPEIX MOMET ObITh 3a/IaHO MOJIOMKEeHHE CHCTEMBI.
IloapoGuee o6 stom Gyzer ckasano B § 97.
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03HAYaeT, YTO €€ IOJIOXKEHHE MOXKeT ObiTh ONpEeNeseHO C IOMOMIBIO
OIHOH BEJIMUMHEI, HapHumMep KOOPAHHATH x¥. B KauecTBe mpumepa MOX-
HO NMPUBECTH LIAPHK, CKOJb3SIIHI 6e3 TPeHHsI N0 YKPelJIEHHOH HEemoA-
BH)KHO, H30OrHYTOH B BepTHKAJbHO IJIOCKOCTH NpoBoJioke (puc. 26.1, a).
JIpyrumM NpHMEpOM MOXKET CJYXKHThb
NPUKPENJEHHBIH K KOHILY NpPYXKHHBI
IUapHK, CKOJb3slMi 6e3 TpeHus -
[0 TOPH30HTaJbHOH HanpaBJsIoLIeH

2 et

Uy, u

a)

w \/:::\ i 5
I Jond] i Aadl }r
: i [l 1Rt
I el
BERRLGIN
g TR, z g Zp Z
Puc. 26.1. Prc. 26.2.

(puc. 26.2, @). Ha mwapuk HeficTByeT KOHCEpBAaTHBHAsl CHJA: B N€PBOM
CJ1yYae 3TO CHJIa TSXKECTH, BO BTOPOM — ynpyras cuja aeopMHpPOBaH-
Hoi npyxuHbl. I'paguku norenuuanbHoi 3sHepruu U (x) nokasaebl
Ha puc. 26.1, 6 u 26.2, 6.

ITockonbKY IUAapHKH ABHXXYTCS MO NPOBOJIOKE (€3 TpeHHs, CHJa,
C KOTOpOJ#i MPOBOJIOKA NeHCTBYET Ha LIapHK, B 000MX Cly4YasX nepneH-
AHKYJSpHA K CKOPOCTH LIapHKa M, CJel0BaTeJbHO, pabOThl Haj LIapH-
KOM He coBepluaeT. I103TOMy HMeET MecTo cOXpaHeHHe SHEepTHH:

E =T - U=const. (26.1)

Mz (26.1) cnenyer, uyTO KHHeETHYeCKasl SHEPTHsi MOXET BO3pacTaTth
TOJIbKO 32 CYeT YMeHbILeHHs NMOTeHUHaabHOil sHepruu. Ilostomy, ecnu
IIapHK HaXOIMTCS B TAKOM COCTOSTHHH, YTO €ro CKOpPOCTL paBHA HY.JIO,
a NoTeHIHaIbHAS SHEPrUsl WMeeT MUHHMAIbHOe 3HayeHHe, TO 6e3 BO3-
JeNCTBUSI U3BHE OH He CMOXeT NPHUHTH B ABHXKEHHe, T. €. OyJIET Haxo-
IOUTHCS B PaBHOBECHH.

Munumymam U coOTBeTCTBYIOT Ha rpadMkax 3HaYeHMS X, PaBHHIE
X, (Ha pHuc. 26.2 X, ecTh AJHHA HeeGOPMUPOBAHHON MPYXXKHHBI). ¥ CJO-
BHe MHHUMyMa NOTEHUHAJNbHOH SHEPrHU HMeeT BHJ

du

- =0. (26.2)
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B coorBerctBuM ¢ (22.4) ycaoBue (26.2) paBHosnaqﬁo TOMY, 4YTO
F,.=0 (26.3)

(8 cnyuae, korpa U siBnisiercss QYHKIMEH TOJBKO ONHOH MepeMeHHOH,
oU/0x=dU/dx). Takum o6pasom, NOJOMEHHE, COOTBETCTBYIOLLEE MH-
HUMYMY HNOTEHIHAaJbHON 3HEepruH, obJajaeT TeM CBOHCTBOM, YTO CHJIA,
JIEHCTBYIOIAS Ha TeJO, paBHa HYJIO.

B cayuae, uzoGpakeHHoMm Ha puc. 26.1, ycnoBus (26.2) u (26.3)

BBINOJIHAIOTCH TaKXe JJisi X, paBHOro xg (T.e. ans makcumyma U).
OnpepensieMoe 3THM 3Ha4YeHHeM X IOJOXKEHHe IUapHKa Takxke Oyler
paBHoBecHbIM. OAHAKO 9TO PaBHOBECHE B OTJIHYHME OT PAaBHOBECHS MpH
X=X, OYIET HEYCTOHUHBBLIM: JOCTATOYHO CJerka BBbIBECTH ILApHK H3
3TOr0 MOJIOXKEHMsl, KaK BO3HHKaeT cHJla, Kotopas Oyzer yaajsaTth
IIAPHK OT MOJIOKEHHUS Xo. CHJIBI, BO3HUKAIOUIHE NPH CMELeHHH LIapHKa
H3 MOJIOXEHHST YCTOHYHBOIO paBHOBeCHs! (/1 KOTOPOro X=x,), Ha-
NpaBJieHbl TaK, YTO CTPEMSITCS BEPHYTb IIAPHK B MOJOXKEHHE paBHO-
BeCHS.

THsI, MOXHO C/ie1aTh Psill 3aKJIOYEHHIT O XapaKTepe ABHMKCHHS YacTHLbI.
[Nosichum 53T0,. BOCIOJL30OBaBIIMCH rpaduKoM, H300paXKeHHBIM Ha
puc. 26.1, 6. Ecnu monHasi 3Heprust UMeeT 3HAyeHHe, YKa3aHHOE Ha
PHCYHKe, TO YaCTHLA MOXKET COBepilaTh JABW:KeHHe Jubo B npeaesax
OT X; JIO X5, JUGO B npejiesiaXx OT X 10 6eCKOHeYHOCTH. B oboacth x<xg
H X,<x<X3 YaCTHIA NPOHHKHYTb He MOXeT, TaK KaK MOTeHLHaJbHas
3HEPrusi He MOXKET CTaTh GOJIbLUe MOJIHOH 3HepruH (ecyu OBl 3TO CJY4YH-
JIOCh, TO KHHETHYecKasi 3Heprusi crasa Obl OTpHnate]bHOH). Takum
00pa3oM, 06JaCTb Xo<x¥<Xz MPENCTaBJsieT COO0H MO TEe HIL U aJ b-
Helii 6apbep, Yepe3 KOTOPHH YacTHllAa He MOXET NPOHHKHYTD,
HMesl JIaHHBIH 3anac noJiHoi sHepruu. O6GnacTh x;<<x<x, Ha3bIBaeTCsH
NOTEHUHMAJBHOH AMOH. :

Ecsu yactHna npu cBoeM JBMHXKEHHM He MOXET YAaJMThes Ha 6Gec-
KOHEeYHOCTb, JBHXKeHWe Ha3biBaeTcs G U HH THH M. Ecau Xe ya-
CTHLA MOXET YXOAUTb CKOJb YrOoAHO JajeKo, JABHXXEHHE Has3hIBaioT
HHGUHHUTHBL M. HacTHla B NOTEHIHAJNbHOIT siMe COBepllIaeT (HHUT-
Hoe JBHXeHHe. PHHUTHBIM OyJeT TakiKe JIBHXKEHHEe YacTHHBI C OTpH-
UaTeJbHOM MOJMHOH 3Heprieil B IEHTPAJbHOM [OJe CHJ NPHTSKEHUS
(npeanonaraercs, YTo NOTEHLHMAJbHAsi SHEPrysi OGPalaeTcsi B HYJib Ha
6GeCKOHEYHOCTH).

§ 27. 3akoH coxpaHeHHsi HMMyJbca

B npenpinymux naparpagax Gbli paccCMOTPEeH afAHTHBHbIN HHTerpasn
LBUXKECHHUSI, HasblBaeMblii sHeprueidl. Halinem eme onHy apautHBHYIO
COXpPaHALLIYIOCH IJisi 3aMKHYTOH CHCTeMbl BesqHuYHHY. C 3TOH wpeqbio
paccmoTpum cuctemy N B3aumozeHcTByromuX uactuil. IlycTb, Kpome

3Hast BHI (GYHKIHH, KOTOPOH BBIpaXaeTCs MOTeHLHaJbHast 3Hep-
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BHYTPEHHHX CHJl F;,, Ha i-10 yacTHuy AeHCTBYIOT BHEIUHHE CHJIBI, pe-
3yJbTHpYIOIlasi KOTopbiX paBHa F;. Hamwmewm ypaBuenne (9.1) mns
BceX N yacrHi:

N
Pi =F12+F:s+ iele +F1k+ 232 +F1N+Fi: kz; F1k+ Fis

1 N
p: =Fu—+Fy+...+F,+... + Fon+-F, = kzl Fo.+F,,

(k == 2)

2 AT N e T R Tl o R T AT A T . i b e e e .

" N
P; =F;+Fp+...+F,4... +Fp+F, = kE Firt+Fi
=1

(k5= 1)

< e i T A TN R T3 5 T R S A SISO e 58 s o b gt g St Rcd £ T

t N-1
Pv=Fm+Fy+... +Fyp+ ... +Fp s +Fy= k)_", Fyi+Fy.
=1

Cnoxum Bmecre 3t N ypaBrenuil. Benenctsue toro, uto Fyp+F,, =0
H T.J., CNpaBa OCTAHYTCS TOJbLKO BHELIHHE CHJBL. TakuM 06pasow,
MBI NPHXOIWM K COOTHOLICHHIO

N
@ Outpet o) =FitFot o +Fy)= 3 F, @7.))

Cymma MMOYJIBCOB YaCTHL, OGPa3YIOUIHX MeXaHHYECKYIO CHCTEMY,
Ha3BLIBAaeTCI HMMN YN bCOM CHCTeMEB. OG03HAYUB STOT HMITYJIBC
CHMBOJIOM P, NOJYYHM, YTO

N
p= 1-;1 Py = X mv,. (27.2)

Hs (27.2) cnenpyer, 4TO MMIYJbC ABJASIETCS AJNMTHBHOH BeJHYITHOL.
3anuieM cooTHoweHue (27.1) B Buze

N
d
P =L, (27.3)

§i=il

Otciona BHITEKaeT, YTO NPH OTCYTCTBHH BHEWIHHX CHJA dp/di=0. Cieso-
BaTe/IbHO, JUISi 3aMKHYTOH CHCTEMbl P MOCTOSIHEH. DTO YTBepKieHue
COCTaBJISIET COZIEPKAHHE 3aKOHA COXPAaHEHHS UMM Y J b-
ca, KOTOPBIH (OPMYJIHDPYeTCs CJIeAYIOUIMM 00Pa30M: UMNYA6C BAMKHY-
MOl CUCMEMbL MAMEPUANbHLIX MOYEK OCIMAemCs. NOCMOSHHBIM.
OTMeTHM, YTO HMIYJIbC OCTaeTCs MOCTOSIHHBIM M JJIS He3aMKHYTOI
CHCTeMBbl NPH YCJIOBHH, YTO BHEUIHHE CHJBl B CYMMe JAalOT HYJb (CM.
(27.3)). B cnyuae, Korjia cyMMa BHELIHHX CHJI HE PaBHA HYJIO, HO Npo-
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eKIIMs 3TOH CyMMBbI Ha HEKOTOpOe HanpaBJ/IeHWe ecTh HyJlb, COXpaHseTcs
COCTaBNIAIIAA HMIYJIbca B 3TOM HarpabjieHHU. JIeHCTBHTENBHO, CPO-
eKTHPOBAB Bce BeNHYHHBI ypaBHeHHs (27.3) Ha HEKOTOpOe HanpasJieHHe
X, TMOJyYHM, 4YTO

N
d
pr=2Fxb (27'4)

=l

OTKY/a H BBITEKaeT BhICKa3aHHOe Hamu yrteepxjenue. (Hamomuum, uro
(dpldt)apy=dp./dt, cM. dopmyay (2.40).)

HesTpoM Macc (WiH LEHTPOM HHEPILHH) CHCTEMBI
HaspiBaeTcsi Touka C, MOJIOXKEHHE KOTOPOH 3ajaercsi pajiuyCcoM-BeKTO-
POM F¢, ONpEAeNsieMbIM CJEAYIOHHM 00pa3oM:

myty—+mefa ... +mNrN E I E mit;

r.— = = 27.5
’ my+me+ ...+ my Zm:' ( )

3nech m; — Macca i-i YacTHUBI, T; — PAAHyC-BEeKTOD, ONpelesiouni
NOJIOXKEHHE STOM YacTHUBI, m — Macca CHCTEMEL.

JlekapToBEI KOOPJAMHATHI IEHTPA Macc PaBHBI NPOCKUHAM Fc HA
KOOPAHHATHBIE OCH:

D) mix; > miy;
o T Ye = vmm i

L]

X¢ P ng_ . (27.6)

-OTMeTHM, 4TO B ONHOPOJHOM MOJIe CHJI TsXKECTH IEHTP Macc COB-
najgaerT ¢ UEHTPOM THXKeCTH CHCTEMBL.

I/IM!'IYJ'IbC CHCTeMB! YaCTHIl MOXeT ObITh npeicTaB/eH B BUAE MPOH3-
BEJICHHU A Cy&’[M&pHOi’i MaccChl YacTHI[ Ha CKOpPOCTb LIEHTPa MacC CHCTEMBI:

CKOpOCTb IEHTpa Macc MNoJyuyaercs nyTem AH(pepeHIHpOBaHHA
papuyca-BeKTopa (27.5) no BpeMeHH:

. Emfl:f Zm,-v,-
—] rcz = =

m

P
Ve =m

(em. (27.2)). Orciona BuiTekaer dopmyna (27.7).

Jis 3aMKHYTOH cucTeMBl p=mv=const. ClenoBaTenpHO, UEHTp
Macc 3aMKHYTOH CHCTEMbI JIHOO JBHXKETCR NPSMOJHHEHHO M paBHO-
MEpPHO, JIMOO OCTaeTcs HEMmOJBHXKHBIM.

Cucrema orcyeTa, B KOTOPOH HEHTP MacC NOKOHTCS, HasbiBaeTcs
CHCTEeMON ImMEeHTpPa Macc WIH I-CHCTeMo k. 3ra cHc-
TeMa, OYEBHJHO, HHeplUMaJbHa.

CucremMa OTCYeTa, CBA3aHHAsl C M3MEPHTEeJbHBIMH Npubopamu, Ha-
3piBaeTcAd M a60OpaTOpPHOMH MIM J-CHCTEMOH.
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§ 28. CoynapeHHe JByX TeJ

TIpy coymapeHMH TeJ APYr C APYrOM OHHM HperepresaloT Zedopma-
unK. IIpn 3TOM KHHETHUECKasl SHeprHsi, KoTopok 06Jafany TeJa nepen
yAapoM, YacTHYHO MJH MOJHOCTHIO IIePeXOAMT B NOTEHIHATbHYIO
SHEprul0 ynpyroii jAegopManuMy ¥ B TaK HasbIBaeMYIO BHYTPEHHIOK
SHEPTHIO TeJ. YBeJHYeHHe BHYTPEHHEH 3HEpPruH Tes CONpOBOXKJAAeTcs
NOBHILIEHHEM HX TeMmepaTypkl.

CyleCTBYIOT JiBa NpeJeIbHEIX BlJa ynapa: alCoJIIOTHO YNPYTHil H
a6CcoIoTHO Heynpyruil. AGCOMIOTHO YNPYrHM HasbiBaeTCs TaKOi yJaap,
NP KOTOPOM MeXaHHWYecKasi SHeprHsl TeJl He NEePeXONHT B Jpyrue, He-
MeXaHH4YecKHe, BHIBI SHepruu. IIpu Takom ylape KMHETHYeCKasl SHep-
THA MepPEeXOUT MOJHOCTBIO MJIM YaCTHYHO B NOTEHUMAIbHYIO SHEPruio
ynpyroii nedopmanuu. 3atem TeJia BO3BPAIIAIOTCS K NEPBOHAYa/bHOK
dopme, OTTalKuBasi APYr Apyra. B uHTore rnoTeHUHa/JbHAass SHEPrHd
ynpyroi nedopMauuH CHOBA INEPeXOJHT B KHHETHYECKYIO SHEpTHIO,

W TeJia pasJeTaloTcs CO CKOPOCTSAMH, BENHUYHHA H HarnpaBJeHHE KOTOPBIX

ONpeJIeNISIOTCST  ABYMST YCJOBHSIMM — COXPaHEHHeM MOJIHOH SHepriy
U COXpaHEHHEM ITOJJHOTO MMIYJ/bCa CHCTEMBI Tel.

A6comoTHO HeynpyrHil ymap XapakTepusyercsi TeM, H4TO TIOTeH-
UMaJIbHON SHepruu JedopMalMy HE BO3HHKaeT; KHHETHYeCKas SHeprus
TeJ1 MOJHOCTBIO WJIH YaCTHYHO MpeBpallaeTcs BO BHYTPEHHIOI SHEPTHIO;
mocje yhapa CTOJKHYBLIMECS TeJa JIMGO JBHXKYTCA C OAWHAKOBOI
CKOpPOCTBIO, JHGo nokosTesi. IIpu a6Cco/oTHO HEYNPYTOM yAape BbNoJI-
HSIeTCsI' JIMIIb 3aKOH COXPaHEHHsI HMMNYJbCa, 32KOH K€ COXPaHeHHd
MEXaHHUYECKOH 3Hepruy He coOJIOfaeTcs: HMEET MeCTO 3aKOH CoXpane-
HHUSI CYMMApHOIH 3HEPrHH pas/IMYHbIX BHJOB — MEXaHHYeCKOH W BHY-
TPEHHeH. &

PaccmoTpuM BHayajie aGCOMIOTHO HEYNPYruii yjaap ABYX 4YacCTHIL
(MaTepHaNbHBIX TOYeK), OOpa3yioHX 3aMKHYTYIO cuctemy. IlTycrs
MAacChl YaCTHIL PABHBL 715 M Ml,, @ CKOPOCTH IO YAApa Vio M Vi. B cray
3aKOHA COXPaHEHHs] CYMMAapHBIH HMITYJIbC YACTHIL I0c]e yAapa NOJIKeH
OLITh TaKHM e, Kak M J0 yhapa:

MyVig— MyVao = MV 4= MaV = (Mg +-1my) V (28.1)

(v — omvHaKoBasi ANs oOeHX WYacTHl[ CKOpoCTh mocje yxapa). Hs

(28.1) crenyer, uTO

_ MM1Vio~"MsVs0 (28.2)

O 1

sl mpaKTHYECKHX PAacyeToB HYXKHO CIPOEKTHPOBATH COOTHOLIEHHE
(28.2) Ha COOTBETCTBYIOMIMM 00pa3oM BHIOPAHHBIE HANPABJICHHS.
Tenepb paccMOTpHM abCOJIOTHO YNpPYrHH yjpap, npHyeM OrpaHu-
yuMCest CJaydaeM HEHTPaJbHOro yAapa ABYX OAHOPOAHBEIX LIapoB. ¥nap
Ha3blBaeTCsl ILIeHTPAJbHBIM, €CJM IIapel A0 yjAapa JABHXKYTCS BAOJb
npsIMOH, MpOXOAsileH yepe3 UX HeHTpel. IIpu nesTpanpHOM yaape co-
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yAapeHHe MOXKeT IPOU30HTH, ecaH: 1) wapet ABHKYTCA HaBCTpedy ApYyr
npyry (puc. 28.1, a) 1 2) oauH U3 IAaPOB JoTOHAET ApYyro# (puc. 28.1,0).

Bynem npeanmosaraTh, YTO MIapbl 0OOpasyloT 3aMKHYTYIO CHCTEMY
WM YTO BHEIUHHE CHJBI, MPHJIOMKEHHble K liapaM, YpaBHOBELIMBAIOT
apyr apyra. Kpome Toro, 6yzeM cuuTaTh, YTo BpalleHHe LIapoB OTCYT-
CTBYeT.

OGosHayHM MacChl 11apoB #M; M MM,;, CKOPOCTH LIapoB 10 YAapa
Vio H Vgo U, HAKOHEL, CKOPOCTH MOCJIE Vapa V, M Vp. Hanuiem ypaBue-
HHUSl COXPaHEHHSl SHEPrHH M MMIYJibca: '

2 2 e 2

T, Vv: MoV myV. 1Mo V.
5+ 222°= ;1_}. AL (28.3)
M3V o~ MaVao = My Vy + M,V,. (28.4)

Yurs, uto (a*—b*)=(a—b)(a+b), npuBezem (28.3) Kk BuUALY
ny (Vw__"1) (V1o + V1) = 111, (Vo — Vo) (Vo + Vao)- (28.5)
CootHowenue (28.4) npeoGpasyem cienyrowum o0pasom:
1y (Vyo—Vy) =M (Voe—V2q). (28.6)
M3 coobpakeHHH CHMMETPHH MOXHO YTBepIKJaTh, 4YTO CKOPOCTH
IIapoB mocsie yjpapa OyayT Hanmpas-

m 7y JICHBL BJIOJIb TOH XKe MNPAMOH, BIOJb
CAIYTINGTS) UMY EINY, | 004 KOTOPOH JIBHTaJIMCh LEHTPhl 11apoB
LT = nepen ypapom. CiepoBaresibHO, BCe

BeKTOpHL B (28.5) u (28.6) kKosIHHe-
v apHbl. s KOJJIHHeapHLIX BEKTOPOB
4) “G—’f ———@iw-—-* a, b, ¢ us ab=ac cienyer, uro b=
=c. [Tostomy, conocraBuB (28.5) u

(28.6), MOXXHO 3aKJIOYHTb, YTO

Vio+Vi=V3s1Vzo. (28.7)

YwmuoxkuB (28.7) Ha m, U BbIYTA peaysbraT U3 (28.6), a 3arem ymHO-
XuB (28.7) Ha m; U CJNOXHB pe3ysbrar ¢ (28.6), MOJYYHM CKOPOCTH
IapoB nocne Yyrapa: : _
_ 2mgNgo (g —1ny) Vig _ 2myvyot (ma—my) v )
-+ my g ¢ T 1y -y 5 (288)

JIng YHCJIEeHHBIX PAaCcyeToB HYKHO CIPOEKTHPOBATb COOTHOMIEHHs (28.8)
Ha och X, BJIOJb KOTOPOH ABMMKYTCS apkel (cMm. puc. 28.1).

OTMeTHM, YTO CKOPOCTH IIapoB MocJjie aGCOJIIOTHO YNMPYroro yaapa
He MOryT OHITB OLHHAKOBEIMH. B camom jene, nmpupaBHSIB APy IPyry
BhIpaxKeHHs (28.8) 171 vy H V, M NpOM3BeJs npeobpasoBaHHsi, MOJYUHM:

Puc. 28.1.

Vie=Vgg.

CneoBaTesibho, JJIsi TOFO YTOGHL CKOPOCTH LAPOB MOC/IE YAapa OKa-
3aJIHCb OJAMHAKOBLIMM, HEOOXOAHMO, YTOObI OHH OBIIH OAMHAKOBHIMH

§ 29. 3AKOH COXPAHEHWSI MOMEHTA HMIVJIBCA 105

M 0 yIapa, HO B 3TOM CJy4yae COyIapeHHe He MOXeT Mpou3oiTH. Ot-
cioga CJIeflyeT, 4To YCJIOBME PaBeHCTBAa CKOPOCTEH LIapoB nocje yxapa
HECOBMECTHMO C 3aKOHOM COXpaHeHHsi sHepruu. Mrak, mpu Heynpyrom
yaape MexaHWyecKasi SHeprusi He COXpaHsieTcs — OHa YaCTHYHO [epe-
XOIMT BO BHYTPEHHIO 3HEPrHIO COYAapSIOUHXCS TeJ, YTO MPHBOLHT
K HX HarpeBy.

Paccmorpum cayuait, Koraa mMaccel COyaapsiloUiUXCsi 1IapoB paBHbI:
my=m,. M3 (28.8) caenyer, yTO npH 3TOM YCJIOBHH

V1=V3o, V2=V,

T. €. Wapel PH COyJapeHHH 0OMEHHBAIOTCs CKOpocTsMH. B yacTHoCTH,
€C/TH OJIMH M3 IapOB OJAHHAKOBOH MacCHl, HanpHMep BTOPOH, IO COyAa-
pEeHHst IOKOUTCS], TO TNOCJIE Yapa OH IBHXKETCSI C TAKOH 2Ke CKOPOCTBIO,
KaKYI0 HMeJ MepBOHAYabHO NepBbIi 1ap, nepBbli XKe Wap nocjie yaapa
OKa3bIBACTCH HEMOJBHKHBIM.

C nomolbio Gopmy.i (28.8) MOXKHO ONpeeuTb CKOPOCTh IIapa nocie
YNPYroro yiapa O HENOABHMKHYIO MJIH JBHXKYULYIOCS CTEHKY (KOTOpYIO
MOXKHO paccMaTpHBaTh KakK HIap GeCKOHeYHO OOJIBLIOH Maccel /11, H
GecKOHeYHO GoJibLIOro paauyca). Jens uYuC/IWTeNb W 3HaMeHaTelb
BbipaxkeHHi (28.8) Ha m, u mnpeHeOperas 4YJeHaMH, COJAePXKallMMH
MHOXHTEJIb Miy/My, NOJyYaeMm:

Vi=2Vge—Vio, V2=Vao.

Kak cJiefyer u3 MoJy4eHHOro pe3yJ/ibTaTa, CKOPOCTh CTEHKH OCTaer-
csi Hen3MeHHoiT. CKOPOCTb e Luapa, e/l CTeHKa HeroiBUKHa (V20=0),
MEHsieT HanpaB/ieHHe Ha IIPOTHBONOJIOXHOE;, B Cllydae ABHXYUIEHCs
CTEeHKH H3MeHseTCsl TaKXe BeJMYMHa CKOpOCTH Liapa (Bo3pacraeT Ha
2050, €CJIH CTEHKA JBHXKETCS HABCTpeYy Iuapy, M YObiBaeT Ha 20y, €C/IH
CTEHKa ¢VXOJAMT» OT JOTOHSIOUIEro ee 11apa).

§ 29. 3aKoH COXpaHEHMSl MOMEHTAa HMIlyJbCa

~ Mpbl 3HaeM yxe JBe aJIMTHBHBIE COXPaHSIOIMECs BeJHIHHBL: SHep-
CHI0 ¥ uMnyJbc. Teneph HalieM TPETBIO TaKYIO BEJIHYHMHY. Ias sToro
PACCMOTPHM CHMCTEMY, COCTOSILYIO M3 ABYX B3aMMOAEHCTBYIOUMX Ha-
CTHLI, Ha KOTOpbie AEHCTBYIOT TaKxKe BHemHue cuibl (puc. 29.1). Ypas-
HEHHs J[BHXXEHHWsSI YacCTHL, HMMEIT BHJI

ml‘."i = Fi,+Fy» mz‘.’z*‘: Fg + F..

VMHOXHM NepBoe YpaBHEHHE BEKTODHO C/eBa Ha PajuyC-BeKTOp mep-
BOH YaCTHUBI I;, a BTOPOE — Ha PaAMYC-BEKTOP BTOPOH YaCTHUBI Iy:

my [ry, vi]=[r:, Fi.]+[r Fil,

L (29.1)
m, [rzr Vg] = [rav Fn] =t [rm Fs]-
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‘BeKTOpHOE TNpOHSBeeHHe BHAa [rv] SKBHBA/eHTHO BHIPAMKEHHIO
’ : )
—7 brv]. HeiicTBUTeIbHO, COTJIaCHO (opmyJie (2.59)

2 [rv]= [rV] +[rv] = [1V], (29.2)

rax kax [Fvl=[vvl=0. [Tpoussens Takyio 3ameHy B ¢opmysax (29.1)
u yursi, 4yto Fy=—F;j,, npugeM X ypaBHeHHSM:

d
ml?{[ri! Vl]z [rn F;z]“‘[ri’ F1]:
d
szf[ri’ V!]": ""'[r2= F12]+[r2: Fz]-
Macca ectb NoOCTOAHHAA CKaJisipHasi BeJHYHHA. HOSTOMY ep MO}KHQ

BHECTH IOJA 3HaK ﬂpOHSBOJlHOI”i [0 BPEMEHH H B BEKTOPHOE IIPOH3BE-
JACEHHE:

(29.3)

d d d
m—-[rv]= —[r, mv]=_-[r, p].

ITpuHSAB 3TO BO BHUMaHKe, CJIOXKHM BMecTe ypaBHenns (29.3). B pesyan-
TaTe NOJYYHM:

%{[ri- P1]+[r2: pz]} =[(r;—r,), Fi]4[rs, Fi]4-[rs F.]

Bexrtophl r;—r, # Fi; KOjJIHHEapHB; MOSTOMY MHX BEKTOPHOE NpOH3-
BeJieHNe paBHO HYmo. Takum o6pa3oM, Mbl IPHXOAHM K COOTHOLIEHHIO

;—,{[ri, p:]+[r. pa]}=[r1-, F,]4+[r. Fol (29.4)

Ecnu cucrema 3aMKHYTa, paBast YacTh 3TOr0 COOTHOIIEHHS paBHA HYJIIO
M, CJIeJOBaTejbHO, ;
[ry, pu)+Ir., p2l=const.

Myl npymiiy K alAuTHBHON CcoXpansiomencs
BJIMYNHE, KOTOPYIO Ha3blBAlOT M OM € H-
TOM MMINOYJbCa?') OTHOCHTEIbHO TOYKH

O (cm. puc. 29.1). -

Jasi oTHeABHO B3ATOH YacTHULI M O-
MEeHTOM MHMIOYyJabCa OTHOCH-
TenbHo To4yYKH O HaspiBaercsd IMCEB-
JIOBEKTOP

M=Ir, pl=lIr, mvl. (29.5)

Puc. 29.1, MomeHTOM MMIYJbCa CHCTEMBI OTHOCHTEJIHHO
Touki O HasbIBaeTcsl BEKTOpHAas CyMMa MO-
MEHTOB HMNYJIbCOB YacTHH, BXOASILHX B CHCTEMY:

M= ; Mi’ = g [rf' pf]' . (296)

%) Ycrapeplee Ha3BaHHE STON BEIMUMHEI — MOMEHT KOJHUECTBA JBHIKEHHS,
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Tpoexkuust BekTopa (29.5) Ha HEKOTOPYIO OCb Zz HA3bIBaeTcs M O-
MEHTOM HMMNYyJNbCa YaCTHLUH OTHOCHTEJ bHO 3TOH

OCH.
Mz — [rp]np z° (29'7)

AHaJIOTHYHO M OMEHTOM UMOyJadbca CHCTEMBI OTH O-
CHTEeJNbHO OCH 2 Ha3pBaercsd BeJHYHHA

M, —_—2 [t Pilip:- (29.8)

M3 puc. 29.2 BupHO, YTO MOAYJIb BEKTOpa MOMEHTA MMIyJ/bCa 4a-
CTHLIBI paBeH
M=rpsina.=Ip, (29.9)

rie [=r sin o — JUIHHA NepOeHAUKYJIspa, onyuleHHoro u3 ToukH O
Ha TIPAMYIO, BJOJIL KOTOPOi HAnpaBlleH HMNYJbC YacTHIBL. 12 ANHHA

|
I=rsine |

T

M

Puc. 29.2. Pc. 29.3.

HaspBaeTcd MJAEYOM HMNOYyJdbCa OTHOCHTEABHO TO-
uyku O.Puc. 29.2 BuINOJHEH B MPEANON0XKeHUH, YTO TOYKA O, OTHOCH-
TeJILHO KOTOPOH Gepercss MOMEHT, ¥ BEKTOp P JIeXaT B IJIOCKOCTH pH-
cyHka. BekTop M meprneHAuKyJasipeH K MJIOCKOCTH PHCYHKa H Hanpas-
JeH OT Hac.

PaccMoTpyM JBa XapakTepHHIX INpHMepa. §

1. IlycTh 4YacTHUA JBUMKETCH BIOJb NPAMOK, H300paXeHHOH HA
puc. 29.2 nyHKTHpPOM. B 5TOM Clydyae MOMEHT HMIyJIbCa YacCTHULI MO-
JKeT H3MEeHSThCS TOJMbLKO o BenuyuHe. MoayJsb MOMEHTa paBeH

M = mul, (29.10)

npuyeM miedo [ ocraercsi HEH3MEHHbIM.

9 Uaeruna Macchl m  JBMXKETCH MO OKPYXHOCTH pammuyca R
(puc. 29.3). MOMEHT MMITyJ/1bCa YACTHIE! OTHOCHTENILHO HEHTPa OKpY-
Hocth O paBeH Mo MOAYJI0

M = muR. (29.11)

Bektop M neprieHAMKYJIApeH K TJIOCKOCTH OKPYXXHOCTH, MpHYEM Ha-
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npaBlieHye ABHXEHHS! YacTHUB H BeKTop M 06pasyrorT npaBOBHHTOBYIO
cuctemy. [TockOABKY nJieyo, paBHOe R, OCTaeTcsl NOCTOSHHBIM, MOMEHT
HMITYJIbCA MOXXET M3MEHSITbCSl TOJbKO 3a CYeT M3MEHEHHsT MOZAYJIA
ckopocty. Ilpy paBHOMEPHOM JABHXKEHHHM YaCTHLBI MO OKpPY>KHOCTH
MOMEHT HMIYJbCa OCTaeTCsi MOCTOSIHHBIM M M0 BeJMYKHe, W II0 Hanpas-
JICHHIO.

IIceBnoBekTOp

N=[rF] (29.12)

Ha3bBaeTcs MOMEHTOM cHJH F oTHOCHMTENABbHO T0O Y
K 1 O, U3 KOTOPOH NPOBOAWTCS PafHyC-BEeKTOP I' TOUKH MPHJIOXKEHHS
cunsl (puc. 29.4). Vi3 pucyHKa BHIHO, YTO MOAYJ/Ib MOMEHTA CHJIbI MOX-

HO NpPEeJCTaBHTh B BHJE
N=rF sin a.=IF, (29.13)

rpe I=rsinoe—mnJeyo CHJB OTHOCHTEJIbHO TOWY-
KH O (. e. 1JMHA NepreHAHKYJsApa, ONyLIeHHOro H3 ToukH O Ha
NpsIMyIO, BJIOJb KOTOpOH JAEHCTBYET CHJa).

| -
I d
o«
"~ l=rsine |
F
Puc. 29.4. Puc. 29.5.

INpoexkuust BeKTopa N Ha HEKOTOPYIO OChb 2, NPOXOASILYIO uepes
Touky O, OTHOCHTEJILHO KOTOpO# onpepeneH N, Ha3bIBa€TCA M O M € H-
TOM CHJB OTHOCHTEJbHO 3TOH OCH:

N frE ooy (29.14)
Pasnoxum Bektop cuast F (puc. 29.5) Ha TpH B3aUMHO NEpHeHANKYJIsp-
nbie cocrapasiomue: F, — napansensuyio ocu z, Fp — nepnenauky-

ASIPHYIO K OCH z ¥ IEHCTBYIOLLYIO BJIOJIb NPSMOH, NPOXOAsUIeH uyepe3
och, ¥, HakoHel, F; — nepneHAuKyAspHYIO K MJIOCKOCTH, IPOXOJsilleH
yepes OChb H TOYKY NPHJIOKEHHsI CHJBL (3Ta cOCTaBJsAIONasi 0003Ha4YeHa
Ha PUCYHKE KPY)XKOM C KpecTHKOM). Ec/iu mpeiacTaBuTh ceb6e OKpYK-
HOCTB paauyca R C LEHTPOM Ha OCHM 2, TO cocraBisiomas F. 6yner
HanpaBJieHa MO KacaTeJbHOH K 3TOH OKpy»kHOCTH. MomenT cuiinl F
OTHOCHTEJBHO TOYKH O paBeH CyMMe MOMEHTOB cOoCTaBasiomux: N=
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=N, +Ng+N;. Bekropet Ny u Np nepneHauKyJsipHbl K OCH 2, NO-
3TOMY MX NMPOEKIHH Ha OCb z paBHbl Hya0. MomeHT N, HMeeT mMomyJib,
paBHbIl rf;, 1 00pasyeT ¢ OCbl0 z yroJ ¢, KOCHHYC KOTOPOrO paBeH
R/r. CnenoBaTenbHO, MOMEHT cocraBnstomed F, OTHOCHTeNBHO OCH 2
umeer BenMyHHY N.cosa=RF,. Takum o6pazom, MOMEHT cuJbl F
OTHOCHMTEJIbHO OCH 2 pPaBeH

N,—RF;. (29.15)

Ho cux nop nox F, Mbl NOHHAMaNH MOAYJB cocTaBisioweil Fy. Onnako
F. MOXHO paccMaTpHBaTh KaK TMPOEKIHIO BEK-
topa F Ha opT v, KacaTesbHEIl K OKDYXKHOCTH
paguyca R ¥ HanpaBJeHHBIH TaK, YTO JBHXKE-
HHE MO OKPYXXHOCTH B HanpapBJeHUH T o6pasyer
C HampaBJIeHHEM OCH 2 MPaBOBHHTOBYIO CHCTEMY.
[Tpy Takom ucronkoBauuu Fp ¢opmynaa (29.15)
6yner onpenensith U 3HaK N,.

MomenT cuiet N XxapakrtepuayeT —cnoco6-
HOCTh CHJIBl BpallaTh TeJO BOKPYT TOYKH, OT-
HOCHTeJIbHO KOTOPOH OH Gepercs. 3aMeTHM, 4TO
B TOM CJly4yae, KOrja TeJjo MOXeT BpallaThCsl OT-
HOCHUTENbHO TOYKH O NPOU3BOJIBHBIM 06pa3oM,
MOJA JEHCTBMEM CHJIBI TeJIO MOBEPHETCSi BOKPYr
OCH, NeprneHAHKY/ASPHOH K MJOCKOCTH, B KOTOPOH JieXaT CUJa H TOoY-
kKa O, T. e. BOKpYr OCH, COBHajalollel ¢ HanpaB/JeHHeM MOMEHTa CHJIBL
OTHOCHTEJbHO JXAHHOH TOYKH.

MOMEHT CHJIBI OTHOCHUTEJIbHO OCH 2 XapaKTepHU3YeT CHOCOGHOCTH
CHJIBI BpalllaTb Telo BOKpyr stoi ocu. CocraBasiomue Fy u Fp He
MOL'YT BBI3BATb BpallleHHsi BOKPYr ocH 2. Tako#l moBOpOT MOXKeET OLITh
BbI3BAaH TOJBKO cocraBasiowleli Fy, mpHyeM 3Ta COCTaBJSIOIIAsS TEM
ycrnieliHee OCYHIECTBHT MOBOPOT, 4YeM OGoJiblie ee Imieuo R.

IlBe paBHbIe MO BeJMYHHE MPOTHBOIOJOXHO HallpaBJIeHHBEIE CHJIbI,
He JeHCTBYIOLME BAOJb OJHOH NMpPsIMOH, Ha3bIBAOTCH NMapo# CHJA
(puc. 29.6). PaccTosinue [ MeXAY NpsIMBIMH, BAOJb KOTOPHIX AEHCTBYIOT
CHJIBI, HasblBaeTCss NJedyom naphl. Cyummapusli MOMEHT oOpa-
sytomux napy cus F; u F, paBeH

N:[I’l, F[l"}’lrg, Fg].

Yurs1, yro F;=-—F,, MOXXHO Hanucarb:
N=—Ir1, Fz]“!"[rg, Fg]:{(rg'—'—rl), F2}=[r13, Fg], (2916)
Tl€ Iy,=TF,—T; — BEKTOP, NPOBEJEHHBIH H3 TOYKHU NPHJIOKEHHS CHJIBI

F, B Touky npusoxenusi cuiisl Fy. Bripaxcenue (29.16) He 3aBucCHT OT
BoiGopa ToykH O. CieoBaTenbHO, MOMEHT Mapbl CHJ OTHOCHTEJNBHO
J06o¥ TOYKH OYyJeT OAMH H TOT ke. BekTop MOMEHTa napel cHJI mep-
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NEHAUKYJsIpeH K TJIOCKOCTH, B KOTOPOI JieXaT cHabl (cM. puc. 29.6),
¥ YNCJIEHHO DaBeH NPOU3BEJEHHIO MOAY.Js JI060¥ M3 CHJI Ha IJIEYO.

Cunibl B32aMMOJEHCTBUST MeXJy YaCTHIIAaMH JEHCTBYIOT B NPOTHBOMNO-
JIOXKHEIEe CTOPOHEI BIOJIb OZIHOH W Toit e mpsiMoii (puc. 29.7). Mx mo-
MEHTEl OTHOCHTEJIbHO TPOM3BOJIBbHOI TOYKH O paBHBL 10 BEJIHYHHE H
NPOTHBOIIOJIOKHEL M0 HanpasieHHio. [To3ToMy MOMEHTH BHYTPEHHHX
CHJI TIONApHO YPaBHOBEUIMBAIOT APYr Apyra, W CyMMa MOMEHTOB BCEX
BHYTPEHHHMX CHMJI AN JIOGOH CHCTeMbl HaCTHI[, B YaCTHOCTH JJSI TBep-
JOTO TeJjla, BCerja paBHa HYJIO:

3 Nougrp=0- (29.17)

B cooTeercTBHH ¢ onpenesenusimu (29.6) u (29.12) ypaBreHue (29.4)
MOXKHO 3amucaTh CJAeAYIOHM 06pasoM:

2 M= Nyweun- (29.18)

Ara dopmysa cxonna ¢ Gopmynoi (27.3). M3 cpaBHeHHsI 3THX GOPMYJ
BLITEKAeT, UTO NOJOOGHO TOMY, KaK IPOH3BOAHASA
N0 BpPEMEHH OT HMOYJbCa CHCTEMbI paBHa CyMMe
BHELUHMX CHJI, MPOHU3BOAHAS NO BpPEMEHH OT Mo-
MEHTa HMIYyJbCa paBHA CYMME MOMEHTOB BHell-
| HHUX CHJI. '

WUz (29.18) BriTeKaeT, YTO INpPH OTCYTCTBHH
BHEIIHUX cua dM/di=0. CrepnoBarenbHo, NJisl 3a-
MKHYTOH cHcTeMBl M moOCTOSIHEH. DTO yTBep KIeHHe
COCTaBJIsSIET COAepXKaHWe 3aKOHAa COXD a-
HEHHS MOMEHTa MMNOYyJabcCa, KOTO-

Puc. 29.7. peift  (hOpMYJHpYeTCs CieAyIouuM 06pasoMm:  mo-

MCHIM  UMNYALCA BAMKHYMOU cucmemel mamepu-

QAbHBLX MO4eK OCIMACMEs NOCIMOSAHHbIM.

Mer nokasanu cootHourenye (29.18) s cHCTEMHI H3 JABYX YaCTHIL.
Onnako ero Jierko oGo6INMTL HAa cayyal Jiro6oro yueaa yactuu. Hamu-
LieM YPaBHEHUS JNBHXKEHHS YaCTHIL:

mx"ﬁ = ;Fm +Fi

7

7

myv; = X F,+F,;
k

oile I . » s e

Fpae+ Fa.

.

MyVy =

=M .

YMHOXHB KarkI0e H3 ypaBHEHHII Ha COOTBETCTBYIOLIMIT pafHyc-BEKTOP,
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nosyuum (cM. (29.2)):
“‘?r[rir px]=2k:[r1- Fyp]+[r, Fil,
rlro pd=2[r Fal+le Fil

-l Bl =D[ew Fael+lrm Fol

k

Cnoxum BMecte Bce N ypaBHEHMIT:

ﬁé—z{:m; = f.Ek [rs F,'k]—l-;[rf, L

(i = k)

ITepsasi cymMma B IIpaBoif YacTH NpeICTaBliseT Co0oil CyMMY MOMEHTOB .
BCeX BHYTPEHHHMX CHJI, KOTOpasi, KaK Mbl [IOKa3aJH, paBHa HYJIO (CM.
(29.17)). Bropas cymma cnpaBa ecTb CyMMa MOMEHTOB BHEUIHHX CHJI.
CrenoBaTebHO, Mbl NpHILIH K dopmyJe (29.18).

OTMeTHM, YTO MOMEHT HMIYJ/bCa OCTAeTCs IMOCTOSHHBIM H JJIs He-
3aMKHYTOH CHCTEMBI MPH YCJOBHM, YTO CYMMapHBIH MOMEHT BHEIIHHX
CHN paBeH HyJo (cMm. (29.18)).

CrpOeKTHPOBaB BCe BeJIMYHHBI, BXOAsiiuwe B Yypasuenne (29.18),
Ha HEKOTOpOe HanpaBJEHHe 2, MOJYYHM COOTHOLICHHE:

LM =N, sicnieo (29.19)

COrJIaCHO KOTOPOMY MpPOM3BOAHAS IO BPEMEHH OT MOMEHTa MMIYyJbca
CHCTEMbI OTHOCHTEJIBHO OCH 2 paBHa CyMMe€ MOMEHTOB BHEIIHHX  CHJI
OTHOCHTEJIbHO 3TOH OCH.

M3 (29.19) caenyer, 4To B TOM CJydae, Korja CymMmMa MOMEHTOB
BHELIHHX CHJI OTHOCHTEJbHO HEKOTOPOil OCH paBHA HYJIO, MOMEHT
HMITYJIbCA CHCTEMbI OTHOCHTE/IBHO 3TOH OCH OCTaeTcsi MOCTOSHHLIM.

§ 30. JipmxeHHe B UEHTPAJbHOM IOJE CHJ

PaccMOTPUM YacTHIY, HaXOAALLYIOCS B LEHTPAJbHOM IOJie CHJL.
HanomHuM, 4TO HampaBJeHHe CHJbI, AeHCTBYIOWEH Ha YacTHUY B JIO-
6ol TOUKe TAKOro MoJisi, MPOXOXHUT yepe3 TouKy O — LEHTp moJs,
a BeJHYHHA CHJIbl 3aBUCHT TOJBKO OT PACCTOSIHHSL JO 3TOro HEHTPa.
Jlerko coo6pa3uTh, YTO 3aBHCHMOCTb CHJBI F OT I HMeeT BHI:

F—f(e, (30.1)

rIe e, — opT paauyca-Bektopa (puc. 30.1), a f(r) — mpoeKuus Bex-
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TOpa CHJIBI Ha HanpaBJieHHWe pajuyca-BeKkTopa, T. €. F,. Ilna cuist
OTTaNKuBaHusl GYHKUHS f(r) MOJOKUTENbHE, AN CHJIBI NPHTAXKEHHA —
otpuuatesbHa. Puc. 30.1 BEIMOJIHEH st CTyYasi OTTaJKHBAHHS HaCTHIL!
OT cHJIoBOrO LeHTpa. ®opmysna (30.1), pasymeercs, CnpaBef/iiBa TOJIbKO
B TOM CJyyae, eclH Hayajo KOOpAMHAT (T. €. TouKa, W3 KOTOpOH mpo-
BOZASATCS PaAMYyChI-BEKTOPLI) MOMELIEHO B UEHTP TMOJs.

Pre. 30.1, Puc. 80.2,

Moment cunet (30.1) oTHocurenbHo ToukH O, OUEBHAHO, paBeH
HYJI0. 310 Cc/efyeT M3 TOro, Y10 /€40 CHJBl PABHO HYJIO. Orciona
B cooTBercTBHH ¢ (29.18) BHITEKaeT, YTO MOMEHT HMIYJIbCA HaCTHLb,
ABHKYILUEHCS B IEHTPAJbHOM MOJE CHJ, OCTAETCS MOCTOSHHBIM. Bek-
top M=I[rp] B KaXkIblii MOMEHT BpeMeHH MepIIeHIHKYJIAPEH K MJIOCKOC-
TH, 0OpasoBaHHOH BeKTopamH T W p (pHC. 30.2). Ecniu M=const, s1a
nnockocTh 6yner ¢urcHpoBaHHOH. Takum 006pasoM, MpH HBHXEHHH
YaCTHLE! B LEHTPAJbHOM TOJE CHJI ee PajiiyC-BEKTOP OCTAaeTCsl BCE BPEMS
B OJIHOH TJIOCKOCTH. B 3TOH 2Xe NJIOCKOCTH JIEXKHT BCE BPEMS BEKTOP Pp.
CrnienoBaTe/ibHO, TPAGKTOPHS YaCTHILl NpPEACTaBjisieT co0oi MJIOCKYIO
kpuBYI0. I17OCKOCTb, B KOTOPOH JIEXHT TPaeKTOP¥sl, MPOXOAHT Hepes
uentp mossi (cM. puc. 30.2).

Ha puc. 30.3 u3o6parx<eH y4acCTOK TPaeKTOPHH HaCTHLI (sexTop M
HanpaBJeH Ha uYepTex). 3a BpeMsi df pajiuyC-BEKTOpP YaCTHILL OMHCHI-
BaeT 3aIUTPHXOBaHHYIO MJOManb dS. J1a mJjolaib paBHa MNOJOBHHE
nJoWany NapajeJorpaMMa, NOCTDOGHHOTO Ha BeKTopax I M Vv di.
[Nocnenusisi B CBOK O4Yepelib PaBHAa MOAYJIO BEKTODHOTO NPOW3BENCHHS
[r, v df] (cm. Teker, crenyrouuii 3a Gopmysoft (2.28)). Taxum o6pasom,
nJIolafb SalITPHXOBAaHHOIO TPEYroJIbHHKA paBHa

dS = |[rv]| dt = o | [1P] | dt = M

(MBI BEIHEC/IM CKalsipHBI MHOXHTENb di 33 3HAaK BEKTOPHOTrO MPOH3Be-
nenus1). PaszenuB 06e YacTH MOJYYEHHOrO COOTHOLICHHS Ha dt, nmoay-
9HM, YTO _

das M
TR (30.2)
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Bennunna dS/di, T.e. niomanb, onuchiBaeMas paxHycoM-BEKTO-
POM HUaCTHLUBLI B €IHHHILY BpPEMeHH, Ha3blBaeTCcsi CEeKTOp HaJ b-
HOM CKopocThbi. B mentpanbHoM mose cua M=const, cneno-
BATEJIbHO, H CEeKTOpHAJbHAsl CKOPOCTh YACTHLLI OCTAeTCs OCTOSHHOMH.

¥

Prc. 30.3. Puc. 30.4.

HafineMm BhipakeHHe MOMEHTa MMITYJbCA YACTHUBLI B MOJSPHEIX KO-
opnHHaTtax r H @ (puc. 30.4). Cornacuo gopmysam (3.12)—(3.15) Bexrop
CKOPOCTH YacCTHILI MOXXHO IpEJACTaBHTb B BHJIE

; V=v,+Vy=re,+ ree,. (30.3)
ITopcraBuB 3710 BEIpaXkeHHe B dopmyny ans M, moayuum:
M=m[rv]=m[rv,]4+m[rvg].

BeKTOpEI T ¥ V, KOJIJIHHEaPHBI, [T03TOMY NepBOE CjlaraemMoe paBHO HYJIO.
CilenoBaTeILHO,

“M=m[rvy]=m[r, roeg]=mro[r, eg].

BexropHoe npoussezenve [r, eg] paBHO re,, rie e, — opT ocH z (Ha
puc. 30.4 5TOT OpT HanpaBJieH Ha Hac). Takum 0Gpasom,

M= mr’(ine,. (30.4)
Orclofia 3aKJio4aeM, 4To
M, = mr®g, (30.5)

rie M, — NpOeKnHsi MOMEHTa HMIYJbCa Ha OChb 2. Monyas MomeHTa
UMIyJbCa paBeH MOAYJIo BhipaxenHs (30.5).

Tenepb o6paThMCsi K SHepruy dacTHupl. LleHTpasibHblE CHJLL 5IB-
AsioTes: KoHcepBaTHBHBEIME (cM. § 21). CorsacHo (22.1) pabora KoHcep-
BATMBHO!l CHJIbI paBHa YOBUIH NOTEHLMAJbHOH SHEPruH wHacThubl U.
[lostomy aas cuisl (30.1) MMeeT MeCTO COOTHOLIEHHE dA=—dU, T.e.

dU=—dA=—f(r)e.dr=—f(r)dr.
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Hpoumerpupoaaa STO COOTHOUIEHHE, NOJY9HM, HYTO
U=—{f()dr. (30.6)

Uz (30.6) carenyer, 4To NMOTEHUMAJbHAS SHEpPrysl YaCTHILI, HaXOoNsmek-
Csl B 110J1€ LHEHTPAJIPHBIX CHJI, 3aBUCHT TOJIbKO OT PACCTOSIHHSA JIO LEHTpa
r: U=U(r).

Oco6plit HHTepeC MPeJCTaB/ISIOT CHIBL, OGPATHO NPOMOPUHOHAIbHbIE
KBaJpaTty PacCTOSiHHsi OT CHJIOBOrO LeHTpa. Jis HuX QyHkuus f(r)
B dopmyne (30.1) mmeer BHI

F(=2, (30.7)

e o — NOCTOsiHHAs BeJuYHHa (>0 COOTBETCTBYET CJYYalo OTTAJIKH-

BaHHs OT LeHTpa, o0 — C/Iyyalo NPUTSDKEHHs K weHTpy). K umcay

TaKuX CHJ TNPHHANIEKAT TIPABHTALMOHHBIE H KYJOHOBCKHE CHJIEL
INoncranoska ¢yukunu (30.7) B Bepaxenue (30.6) naer:

d

" rne C — noctosHHasi MHETErpupoBaHusi. OOBIYHO YCJIOBJIMBAIOTCS CYH-
TaTh MOTEHUHAJBHYIO SHEPrui0 Ha OeCKOHEYHOCTH (T.e. NPH 7=o0)
paBHoit HyJo. IIpu atom ycnosuu C=0, Tak yTto

oL
u=2. _ (30.8)

”Tal{, IoJiHast MeXaHH4YeCKass SHEpPrusi YacTHILHI, nﬁﬂmymei’{cg
B NOJIE IEHTPAJIBHBIX CHJI, OﬁpﬂTHO IIPOITIOPUHOHAJIbHBIX KBaJapaTy pac-
CTOAHHSA, ONPEIESAETCH BbIpaXKeHHeM

2
E=T-4+2%. (30.9)

3amenuB B cooTBeTcTBHH C (30.3) KBagpaT CKOPOCTH V CYyMMOii KBajpa-

TOB CKOPOCTefi V, H Vg, T. €. NOACTABHB BMECTO 0% BEIDAXEHHE 124722,
NONYYHM, YTO

12 mr? mr’q.)"- (o3 ' 30
E=—Z—+250 =, (30.10)

B nentpasipHOM noJie SHEPrHs M MOMEHT HMIYJbCA YACTHIBI COXpa-
usitorest. CrieloBaTeNibHO, JeBbie yacTh ¢opmya (30.5) u (30.10) mpes-
CTaBJISIIOT COOOM KOHCTAHThI. TaKHM 0GpPa3oM, MBI IPHXOAMM K CHCTeMe
IBYX nu(pdepeHUHanbHbIX YpaBHeHH:

mr2o = M, = const,
(30.11)

mrt - mr‘*cﬁ’z -}- —?—:25 = const.
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ITpouHTErpHpOBaB 3TH YPaBHEHHS, MOXKHO HaHTH I U @ KaK QYHKIHHU
OT #, T. €. TPAEKTOPHIO H XapaKTep JABHKeHHs yacTHubl. OTMETHM, YTO
B ypaBHeHus (30.11) BXoasiT mepBble NMPOH3BOAHEIE IIO BPEMEHH OT r
1 ¢. [TosToMy uX ropaszo Jierye peliHTh, 4eM YpaBHEHHs, BEITEKAIOILHE
u3 3aKoHOB HbloTOHa, KOTOphIe COepKaT BTOPHIC NPOM3BOAHEIE OT KO-
OpJIMHAT.

Pemenne cucremer (30.11) BHIXOAMT 33 pamMKH JaHHON KHHIH. Mbl
OrpaHHYMMCSI TeM, YTO NpPHBENEM KOHEUHBIH pe3y bTat. TpaeKkTopus
YaCTHLEL MPeACTaBsieT Co60i KOHHYECKOe CeueHHe, T. e. 3JIHMC, JHO0
napabosy, Ju60 runep6ony. Kakasi 3 3THX KpHBEIX HaGJi0naercs
B JJAaHHOM KOHKDETHOM GJlyYae, 3aBHCHT OT 3HaKa KOHCTaHThl & U BEeJH-
YHMHBE MOJIHOH 3HEPruM YacTHLEI.

y2Y/]

£<0

Pue. 30.5. Puc. 30.6.

B cnyuae otrankuBanusi (1. e. npu o>0) TpaeKTopHell YacCTHIULI
MOXKeT ObiTh ToJbKO runepbosa (puc. 30.5). Ecnu M,=0, runepGona
BHIDOJKJAETCA B NPAMYIO, NPOJOJIKEHHE KOTOPOH NPOXOAHT uepes
CUJIOBOH LeHTp. 3amerum, 4to npu >0 nonxast sHeprus (30.9) e
MOXKeT ObITh OTPHIATENbHOI.

B cnyuae nputsikenusi (T. e. npH a<<0) NMOJHAs SHEPTHS MOXKET
OBITH KaK IMOJOXKHTENbHOM, TaK H OTPHIATENbHOH; B YaCTHOCTH, OHA MO-
JKeT oKasaTbCsi paBHoii Hymo. Ilpu E>0 TpaekTcpHsi OKasbiBaercs
runep6ooii (puc. 30.6). IIpu E=0 Tpaektopusi OGyjer napaboJioi.
DTOT cnyyall OCYLIeCTBISeTCsI, €CJIH YacTHila HauMHaeT CBOe JBHKe-
HHe M3 COCTOsIHMSI NoKosi Ha Oeckomeunoctd (cm. (30.9)). Haxomern,
npu E<O TpaekTopuei O6yzAeT saaunc. IIpH 3HaueHHAX SHEPrHH H MO-
MEHTa HMIY.Jbca, YAOBJICTBOPSIOUHNX VCIOBHIO E=—ma?/2M?2, sanunc
BLIPOXKIAETCSI B OKPYXKHOCTh.

JIBmKeHNe no 3JIHncy siBasiercss (PMHHUTHBEIM, JABHXKEHHe IO napa-
6osie u runep6ose — UHGUHUTHEIM (cM. § 26).
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§ 31. 3apaua aByx Ten

3anaveii ABYX Ten HasblBaeTcsl 3ajiaua O JBHXKEHUH JIBYX B3aHMO-
nedcTByolMX yactHl. Cucrema, 06pasoBaHHAsi YacTHIIAMH, npeuno-
Jlaraetcst 3aMKHyTol. B § 27 6bl10 BRISICHEHO, YTO UEHTP Macc 3aMKHY-
TOH CHCTEMBI JIHOO MOKOUTCS, JIH-

)Mo c B 60 IBHXKETCS NPSIMOJIMHEHHO U
o b “m,  PaBHomepro. Bynem pemath 3a-
Jayy B CHCTeMe I1eHTpa Macc (B
5 er c r -CHCTeMe), MOMECTHB Hayaso Ko-
) > > 7,  opmunar B Touky C. B sTom cay-
yae re=(myry+mqry)/(m,+m,)=

5 Fe=F(r)er c E,=—f(r)e, =0, T.e€.
7y " - Mz My =-—Mo.l, (3 I . 1)

(puc. 31.1, a). Beenem Bektop
r:rg’"—rl, (31.2)

: Puc. 31.1.

ONpPEeeNIAOIIHE MOJIOXKEHHEe BTOPOH HYaCTHIbI OTHOCHTEJNBHO MEepPBOil
(puc. 31.1, 6). Pewass coBmectno (31.1) u (31.2), nerko HaliTH, 4TO

ny my
r=————-—>--=r, rR=—TmT, 31.3
. my—+my °’ 2 my+m, ( )
[Nono6uo (23.1), moxuo Hanucatb, 4t0o Fi,=—F, =f(r)e,, rae
f(r) — dyHKuHs paccTosiHMA MEXAY YaCTHHAMHM, NOJIOMHTEAbHAs A/
CHJII npuTsDKeHus (puc. 31.1, 8) M oTpumaTe/bHass AJIsi CHA OTTAaJKHBA-
Husi. Hanuiem ypaBHeHHsI NBHXKEHHs YaCTHIL:

miry=f(r)e, mg,=—f(r) €,.
PasjiesiiM MepBoe ypaBHEHHEe Ha m;, a BTOPOE — Ha fM, M BbIUTEM
3aTeM M3 BTOPOTO YpaBHeHHs NepBoe. B peayibTate MOJYUHM:

;2—;1—_—--—(L+-n-1—2—)f(r)e -

my

CornacHo (31.2) neBasi yacth ectb r. Takum obpasom,

z-—(leJrT;;—)f(r)e. (31.4)

Ypasuenve (31.4) MoxHO OpPMaNBLHO pPaccMaTPMBaTh KaK ypaBHe-
HUE JIBUXXEHHS BOOOpaXaeMOM YaCTHUB! B LEHTPAaJbHOM IOJE CHJ.
ITonoxenue YacTHIBI OTHOCHTE/IBHO LEHTPA CHJ ONpPEeNensieTcss pamuy-
com-BekTopom r. CoryiacHo (31.4) BooOpaxaemoil YacTHLE HYXHO NpH-
nucath Maccy p, ONpenensieMyl0 YCJIOBHEM

N R (31.5)
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Orcioza
o= o L3 Ul (31.6)

my -y i
Beanyuna (31.6) HasbiBaercs nmpHBEeJAEeHHON Macco# ua
CTHIL. '

Takum o6pasom, 3apaya ABYX Tejl CBOAMTCS K 3ajaye O JBHXXEHHH
OIHOH YaCTHUHI B LleHTpaJbHOM noJsie cuil. Hains u3 (31.4) r kak QyHK-
1Mo £, MOXXHO onpenesuTb no dopmynaam (31.3) ry(f) u ry(f). Bextophl
r U r, OTKJajpiBaloTCsa H3 LeHTpa Macc cverembl C. Ilostomy, 4ToCbl
MOKHO OBIJIO BOCHoJib30BaThesl ¢opmynamu (31.3), paauyc-BeKTOp T
BOOOpaxKaeMOH YacTHLBI HY>KHO OTKJaAblBaTh Tak»Ke M3 TOUuKH C (1as
peasbHbIX YacTHI[ BekTop (31.2) NpoBOAMTCS OT NEpBO¥M YacTHUBL KO
BTOPOH).

N3 dopmya (31.3) u puc. 31.1 BHAHO, YTO 06e YaCTHILI ABHXKYTCH
OTHOCHTEJIBHO uem*pa Macc 1o reoOMeTpHYECKH ROLLOGHIJIM TPaeKTOpH-
siM 1), npuYeM npsiMasl, COeAWHSIOAs YaCTHIIBI, BCE BPEMS IPOXOAHT
yepe3 1EHTP Macc.

1) B cayyae, Korga cuia B3aHMoJeHCTBHS 06paTHO NMPONOPLHOHANTbLHA KBaapaTy
PACCTOAHHMS MEXAY YACTHLAMM, 3TH TPAE€KTOPHH TNPEACTABJAIOT COOOH 3JJNICH, HaH
napaGonel, unu runepGoast (cM. § 30).
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§ 32. Cunpt mHepuuH

3akoHE HbloTOHA BHINOJHSIOTCS TOJBKO B HHEPLHaJbHEIX CHCTe-

Max orcyera. ‘OTHOCHTEIBHO BCeX HWHEpIHAJbHBIX CHCTEM JaHHOE TeJo
NIBHKETCS C OAMHAKOBBIM YCKopeHHem Ww. JliobGast HeMHepiHaJbHas
CHCTEMa OTCUETa JBHKETCSI OTHOCHTEJIbHO HHEpIHANbHLIX CHCTEM C He-
KOTOPEIM YCKODEHHeM, NOSTOMY YCKOpeHHe Tela B HeHHeplHalbHOMH
cucreme orcuera w' Gyaer oTiHyHO of W. OG03HaYHMM PasHOCTh YCKope-
HUH Teja B MHEPUHAJbHON M HEMHepUHaJbHOH CHCTeMaX CHMBOJIOM a:

w—w' =a. (32.1)

s mocTynatesbHO JABHXKYHIEHCS HeHHepuHasJbHOH CHCTeMBI a Ofu-
HaKOBO /It BCEX TOYeK NpocTpaHcTBa (a=const) u npexacrabisier coGoi
yCKOpeHHe HEHHepIHaJbHOH cHCTeMBl oTcyera. [asi Bpauiaromekcs
HEeHHEepIHaJbHOH CHCTEMBl @ B Pas3HbIX TOYKAaX MPOCTpaHcTBa OyaeT
pasnuueeiM (a=a(r’), rae r’ — paauyc-BeKTOp, ONpenessioumHii mo-
JIOXKEHHE TOYKH OTHOCHTeJIbHO HEHHepIHaJbHOH CHCTeMBl OTCYeTa).

Ilycts pesysbTHpymOWAas BceX CHJ, 0OYCJOBJIEHHBIX JEHCTBHEM HA
IaHHOe TeJI0 CO CTOpPOHBI ApYyrux res, paBHa F. Toraa corjiacHo BTO-
pomy 3aKoHy HblOTOHa YCKOpeHHE TeJla OTHOCHTENbHO JItoOOH HHEpIH-
aJbHOH CHCTEMBI OTCYeTa PaBHO

w=~1—F.
. m

YcKopeHue e Tesla OTHOCHTEJIbHO HEKOTOPOH HeHHepLHaJbHOH CHCTe-
MbI MOXKHO B COOTBETCTBHH C (32.1) npeiacTaBuThL B BHIE

1
w’zw——aZEF—a.

Orciona cnenyer, yro aaxe npu F=0 Teno Gyner ABUrathCs 1Mo OTHO-
LIeHHI0O K HEHHEPUHaJIbHOH CHCTeME OTCYeTa C YCKOpPeHHeM —a, T. €.
TaK, KaK ecyid Obl Ha Hero neficTBoBajia CHJa, paBHas —ma.
CkasaHHOe 03HAaYaeT, YTO MPH ONHCAHHH ABHMKEHHS B HEHHEPIHAJb-
HBIX CHCTeMaX OTCYETa MOMKHO MOJIb30BaThbCs ypaBHeHHMsiMH HpioToHa,
€CIM Hapsily C CHJIaMH, OGYCJIOBJIEHHHIMH BO3JEHCTBHEM Tesl APy
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Ha Jpyra, YYHTHIBaTh TaK HasbiBaeMble CHJOH HHepnouu F;,
KOTOpHIE CJelyeT NoJlaraTh PaBHBIMH NPOH3BEJEHHIO MAcChl Tena Ha
B3ATYIO C OOpaTHLIM 3HAKOM Pa3HOCTh €r0 YCKOPEHHH N0 OTHOLIEHHIO
K HHepIMa/JbHON H HEHHepLHAJbHOH CHCTEeMaM OTCYeTa:

F;,=—m(w—w')=—ma. (32.2)

CooTBeTCTBEHHO ypaBHeHHe BTOporo 3akoHa HbioToOHa B HeHHEpIHaJb-
HOM cHcTeMe oTcyeTa OYHET HMETb BHI

mw' = F--F (32.3)

[TosicHHM Hallle YTBepXKAEHHE CJEeYIOUMM nmpumepoM. Paccmorpum
TeJIEKKY C YKPEnJeHHeIM Ha HeH KPOHIUTEHHOM, K KOTOpPOMY HoJBe-
1IeH Ha HUTH mwapuK (puc. 32.1). IToka Tesie>kKa MOKOUTCS MJIH IBHKET-
cst 6e3 YCKOpeHHUs], HUTh PacroJioXKeHa BepPTHKaJbHO H CHNa TsKecTH P
ypaBHoBelllMBaeTcs peakuueli HHTH F,. Tenepb npHBeneMm Tejie XKy B
NoCTynaTesibHOe NBHXKEHHE ¢ YCKOpeHHeM a. HUTb OTKJIOHHTCS OT Bep-
THKaJIH Ha TaKoH yroJ, 4ToOnl pesynbrHpyroumas cua P u F, coobuiana
IIapHKY YCKopeHHe, paBHOe a. OTHOCHTE/bHO CHCTEMBI OTCYeTa, CBS-
3aHHOM C TeJIeXKKOH, LIapHK NOKOMTCS, HECMOTPSI Ha TO, YTO pesyJbTH-
pyiomas cua1 P u F, otsinuga ot Hysas. OTCyTCTBHe YCKOPeHHs LIapHKa
10 OTHOIIEHHIO K 3TOH CHCTEME OTCYeTa MOXKHO (OPMATBHO OODBSICHHTH
TeM, YTo, Kpome cui P ¥ F,, paBHBIX B CymMme ma, Ha MapHK JEHCTBYEeT
emie W cHaa uhHepuuu F; =—ma.

BBefieHre CHJI WHEPIUHMH JaeT BO3MOXHOCTb OITHCEIBATE JBHXKEHHE
TEeN B JIFOOHIX (KaK HHEepUHAJBHEIX, TAK H HeHHepLLHaJIBHI:IX) CHCTeMax
OTCYeTa C-MIOMOIIBIO OTHUX H TeX XKe YPaBHEHWH JNBHXKEHHS.

Crnenyer OTYEeTVIMBO NMOHHMATh, YTO CHJBI HHEPLHH HEJb3s CTaBHThb
B OIMH Psii C TaKHUMH CHJIaMH, :
Kak YOpyrue, TrpaBHTaluOHHBE Y4
CHJIbI M CHJIBL TPEHHsi, T. e. CHJa-
MH, 06YCNIOBJIEHHEIMH BO3eHCTBH- :
eM Ha TeJo CO CTOPOHBI JPYrHX [

Tes1. CHJIBl HHEepUHH 06YCJOBJIEHEL E

CBOICTBaMH TOH CHCTEMHI OTCHeTa, L —_—
B KOTOpOHl paccMaTpHBalOTCH Me- Q
XaHUYyeckue siBaeHHs. B 3ToMm
CMBICJIE HX MOXXHO Ha3BaTh (QHK- z’
THBHBIMH CHJIaMH. () (o)

BBenenue B pacCMOTPERHe CHIL 2227, 77777.77 T 00
WHEpUHH He SIBJISIeTCs NPHHIUNH- Puc. 32.1,
aJbHO HeoOXonuMbIM. B npurunne
aob6oe JBHXXEHHe MOXHO Bcerja
PacCMOTPETH 10 OTHOILEHHIO K HHEpIHaIbHOM cicTeMe otcyeta. OnHako
NPAKTHYECKH YacTO IMPENCTaBJsieT WHTepeC KaK pa3 IBHXKEHHe Tell
70 -OTHOIIEHHIO K HEeHHepUHaJbHBHIM CHCTEMaM OTCYeTa, Hamnpumep IO
OTHOILEHHIO K 3eMHOI MOBepXHOCTH. Mcronb3oBaHyue CHJI HHEPHMH JaeT

in*
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BO3MOXXHOCTh PElUHTh COOTBETCTBYIOULYIO 3aAauy HEenocpeACTBEHHO MO
OTHOLUEHHIO K TaKOM CHCTEME OTCYeTa, YTO YacTO OKas3biBaeTcs 3Hauu-
TEJILHO MpoILe, YeM pacCMOTPEeHHe JBHXKEeHHS B MHepUHallbHOH cHCTeMe.

XapakTepHbIM CBOHCTBOM CHJI HHEPUHH SfIBJSETCS HX TNPONOPIHO-
HallbHOCTb Macce Tesia. bJaronapsa sTomy cBOHCTBY CHJIbI HHEPLIMH OKa-
3bIBAIOTCA AaHAJOTHYHBIMH CHJIaM TAroteHHs. [IpeacraBum cebe, 4TO MbL
HaXOAUMCH B YIaJIeHHOH OT BCeX BHEIIHHX TeJsl 3aKpHITOH KabuHe, KO-
TOpas IBHXKETCSl C YCKOpeHHeM g B HanpaBJeHHH, KOTOPOe Mbl Ha30BEM
«Bepxom» (puc. 32.2). Torma Bce Tena, HaxonsiuiHecs BHYTPU KaOHHBI,
O6yayTt BecTH ce0si Tak, Kak ecyii Obl Ha HHX JeHCTBOBaJa CHJla HHep-
uuM —mg. B yacTHoOCcTH, Npy:KHHA, K KOHIly KOTOPOH MOABEIIEHO TEJo
Maccel /7, pacTsiHeTcs Tak, YToObl ynpyras CuJia YpaBHOBECHJa CHJY
uHepuuu —mg. ONHAKO TaKue e siBleHHA Habniofalikuch Obl H B TOM
ciyuyae, ecqid Obl KaOWHa Oblia HEMOABHXXHOH M HaXOAMJach BOJIH3H
nosepxHocTH 3emnu. He uMess BO3MOXHOCTH «BHIIVISHYTE» 32 Mpejedisl
KaOHHBI, HUKAKHMH OIBITAMH, NPOBOJAMMBIMH BHYTPH KaOHHBI, MBI He
cmoryid 6bl YCTaHOBHTH, YeM OOYcJIOB/ieHA CHJla —mg — YCKOpPEHHBIM
JBHIXeHHeM KaOHHBI WM NeHCTBHEM IpaBHTaLHOHHOrO mons 3emiad. Ha
3TOM OCHOBAaHHH TOBOPSAT 00 3KBHBaJICHTHOCTH CHJI HHEPIMH H TArore-
HUA (B OJHOPOIAHOM TIpPaBHTAUHOHHOM TMoJie). 3Ta 3KBHBAJIEHTHOCTh
JIEKHT B OCHOBe OOLIeH TeOpHH OTHOCHTENbHOCTH DHMHLUTEHHA.

§ 33. LUeHtpoOexHasi cujia MHEPLHH

PaccvoTpum  AMCK, Bpallaomuics BOKPYr NeprneHAHKYJIs PHOI

K HEMY BepTUKaJbHOH OCH 2z' ¢ YIVIOBOH CKOpoCcTbiO ® (pHc. 33.1).
Bmecte ¢ nucKkom Bpaliaercs HaleThll Ha CIHLY LUAPHK, COeIUHEHHBIH
Bepz ¢ ueHTpom Aucka mpyxuHOH. Illapuk 3anumaer Ha

g CITHIIE TAKO€ IOJIOXKEHHE, NpH KOTOPOM CHJIA HaTsA-

JKeHus npyxuHel F, okaspiBaetcs paBHOH npous-

BEIlEHHIO Macchl IIapHKa /M Ha ero YCKOpeHHe W, =
=—0w?R (cm. (5.10); R — panuyc-BeKTOp, NpoBe-
JAEHHbIH K WIapHKY H3 LEeHTpa JAWCKa, ero MOAYJb

rjl

w
7d
L
z' F“ﬁ
Puc. 32.2, Pue. 33.1.

§ 33. LLEHTPOBE)XHAS CHJIA HHEPLLMH 121

R naer pacCTosiHHe IUapHKa OT UEHTpa JHCKa):
Fpp=— mw*R. (33.1)

OTHOCHTENHHO CHCTEMBI OTCYETa, CBSI3aHHOH C JHMCKOM, ILApHK IO-
KOMTCST, DTO MOXKHO (POPMaJIbHO 00 SCHHTD TeM, YTO, KpoMe cHJbI (33.1),
Ha LUapHK JEHCTBYeT CHJIa HHEpPLHH

F. = mo'R, (33.2)

HanpaB/eHHasi BJOJb pajuyca OT LEHTpa AMCKa.

Cuny uHepuuu (33.2), BO3HHMKAIOLLYIO BO Bpallalouleics (o OTHO-
ILEHHIO K MHEepLMaJbHEIM CHCTEMaM) CHCTEME OTCYeTa, HasbiBaloT L € H-
TPOGEX HO¥ CHJOHK HHEpIHH OIra CHia JeHCTBYeT Ha

3'1
/e v
R
; ¢
- . 4 %
| b
I
I
I 4
/4 ! F=mw P=m
#1/ "*...__\‘ { g g
& =~ o
Puc. 33.2. Puc. 33.3.

Tes0 BO Bpallfafolieficss CHCTeMe oTcyera, He3aBHCHMO OT TOro, NMOKOUTCS
TeJIO B 3TOi cucTeme (KaK Mbl NTPeANoJaray A0 CHX NOp) MJH IBHXKETCH
OTHOCHTEJIBHO Hee Cp CKOPOCTBHIO V'.

Eciu mosioxkeHHe Tesla BO BPAILAMOILEHCsT CHCTEME OTCYeTa XapakTe-
pH30BaTh PagHyCOM-BEKTOPOM I’, LEHTPOGEXKHYIO CHJIy HHEPUHH MOXK-
HO NpPEACTaBHTb B BHJE JBOHHOrO BEKTOPHOIO NpPOHU3BENEHHsI:

Fie=mlo, [r', o]]. i1(33.3)

DefictutenibHo, Bektop b=I[r’, @] wHanpaBieH neprneHAUKYJIAPHO
K BektopaM ® H F, ¢ «Ha Hacy (pHc. 33.2) ¥ paBeH 10 MOLYJIO @r' sin =
=wmR. BekTopHoe mpoH3BeieHHe B3aHMHO NEePHeHAMKYJISPHBIX BEKTO-
poB mo u b coBnazaer no HanpasyerHio ¢ Fy ¢ U uMeeT MonyJib, paBHbIH
mob=mw*R=F .

[Ipy TOYHOM peIleHHH 3ajay O ABHXXEHHH TeJ OTHOCHTEbHO 3eM-
HOM MOBEPXHOCTH HYXHO YYHTHIBATH LEHTPOOEKHYIO CHIY HHEPLHH,
paBHyl mw?R, rie m — Macca Teja, ® — YrjoBasg CKOPOCTb Bpalle-
HHS 3eMJM BOKPYr €€ OCH, R — paccrosiHHe Teja OT 3eMHOH OcH
(puc. 33.3). B cayuyasix, Koriia BHICOTa TeJ Haj NOBEPXHOCTHIO 3eMJIH
HEBeJIHKa, MOXHO MOJIOXHUTL R paBHEM R3 cos ¢ (R3 — panuyc 3emay,
@ — 1WKHpoTa MeCTHOCTH). Torjga BhIpaXkeHHe AJsi LEHTPOOEIKHOH CHJIBL
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HHEepPIHH NpPUMET BHI
F 6= mo*R3cos Q. (33.4)

Hab6monaemoe oTHOCHTeIBHO 3eMJIH YCKOpeHHe CBOOOIHOTrO NajeHHs
Tes1 g 00ycJIoBIeHO nefcTBUeM CHJbL F,, ¢ KOTOpOH TeJ0 NpUTATHBAETCH
Semaeit, u cunbl F . Pesynbrupyromasi sTux cui

P=F,+Fy (33.5)

ecThb CHJIa TsKecTH, paBHasa mg (cMm. (16.1)).

Ornuune cunbl TskeCTH P oT cuiel nputskenust K 3emne F, Hese-
JIHKO, TaK KaK LEHTPOOeXHasi CHJa HHEepHHH 3Ha4YHTeJbHO MeHbLIe,
yem Fg. Tak, nisi Mmaccel B 1 Kr HauGoJsibllee 3Hauenue F ¢ HaGuopae-
MO€ Ha 3KBaTope, pPaBHO

mw?R3 = 1-(27/86400)%-6,4.10°= 0,035 H,

B To Bpems Kak F, paBHa npu6mausutesbHo 9,8 H, 1. e. nouru B 300 pas
6oJn1e.
Yros o Mmexxay HanpasaerusiMu F, u P (cM. puc. 33.3) MOXHO ornpe-
JIeJIHTh, BOCIOJIb30BABIIHCh TEOPEMOH CHHYCOB:
sina_ Fyg  mw2Rzcos@ _ 0,035
TSI, WP mg 77 9,8

cos ¢ =~ 0,0035 cos ¢,

OTKYJa _
sin aa20,0035 sin @ cos p~0,0018 sin 2¢.

CHHYC MaJIoro yrJjia MOXXHO NMPHOJIHXEHHO 3aMEeHHTh 3HaYeHHEM CaMoro
yraa. B pesysbraTe mMoJy4HM, 4TO

a~0,0018 sin 2¢. (33.6)

TakuM o6pa3oM, yros1 a U3MEeHsIeTCsl B IpefiesiaX OT HyJsl (Ha SKBaTope,
rae ¢=0, H Ha nomocax, rae ¢=90°) no 0,0018 pax wiau 6 (Ha wu-
pote 45°).

Hanpasnenune cusel P coBmanaer ¢ HanpasieHneM HHTH, HaTSHYTOH
rPy30oM, KOTOpOe Ha3hlBaeTCsl HalpaBJIeHIeM OTBeca WJIH BepTHKalb-
‘HeM Hanpasienuenm. Cuna F, nanpasiena x nenrpy 3emus. CriefoBa-
TeJIbHO, BepTHKalbh HanpabJjieHa K LeHTPY 3eMJil TOJbKO Ha moJiocax
U Ha 3KBaTope, OTKJOHSSACh Ha NMPOMEXYTOUHBIX MIHPOTaxX Ha yroa o,
onpepessieMeli BeIpaxkeHneMm (33.6). 2

PasHoctb F,—P paBHa HYJIO Ha NOJI0CaX U JOCTHraeT MaKCHMyMa,
pasroro 0,3% cumnl F,, Ha skpatope. M3-3a cmmocHyTocTH 3emin
y TNoJIfocoB cuia F, cama mno cefe HeCKOJbKO BapbHpYeT C IIHPOTOH,
Oynyud Ha 3KBaTope npuMepHo Ha 0,2% MeHble, YeM Yy MNOJIOCOB.
B urore yckopenue cBOGOJHOrO NajfieHusi H3MEHSIETCS C WIHPOTOH B mpe-
nesax ot 9,780 m/c? Ha s3KBatope 10 9,832 M/c? Ha noJiocax. 3HauyeHHe
£=9,80665 M/c? NpHHATO B KayeCTBE HOPMAJbHOTO (CTAHAAPTHOIO)
3HaYeHHS. : :
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3ameTHM, YTO OTHOCHTENbHO HHEpUHMaJbHOH, HanpHMep, eJHOUeH-
TPHYECKOM CHCTEMBI OTCYeTa CBOOOAHO Najaloliee TeJo ABHXKETCsl C YC-
Kopennem w=F,/m (a re g). Ws puc. 33.3 BHAHO, YTO H3 paBeHCTBA
JJIsi PA3sHBIX TeJ YCKODEHMSI g BEITEKaeT H DAaBEHCTBO YCKOPEHHH w.
JeiicTBUTENIBHO, TPEYroJIbHHKH, MOCTpoeHHble Ha Bekropax F, u P
JJIsi Pa3HBIX TeJs, NOJOOHLI (YIVIBl oo M @ JJIsi BCeX Tesl B JAHHOM TOUKe
8eMHOH NOBEpXHOCTH OfMHaKOBhI). ClenoBaresbHO, OTHOLWIEHHe Fg/P,
KOTOpOe COBNAJiacT C OTHOLIEHHeM W/g, IJIs BCEeX TeJ OJHO H TO Xe, OT-
Kyla BBIT€KaeT, YTO TNpH OJHMHAKOBBIX g INOJIYYaloTCs OAHHAKOBBIMU
H w.

§ 34. Cusa Kopuonuca

ITpu BHIKEHHH TeJla OTHOCHTEJIBHO BPAUIAIOIIEHC sl CHCTEMBI OTCYETa,
KPOME LEHTPOOeKHOH CHJILI HHEPLWH, NOSBNSETCS elle OJHA CHJa, Ha-
3piBaeMas cuJOoi KopuHosnca HIH KOPHOJNHCOBOWN
CHJIOH HWHEepIHUH.

IosiBJIeHHe KOPHOJIMCOBOM CHJIBI MOXKHO OGHApPYXHTh Ha CJeAyio-
uiem npuMepe. Bo3bMeM rOpH30HTaNIBHO PAaCNOJIOKEHHBIH HHCK, KOTO-
PHI MOXKET BpallathCst BOKPYr BepTHKaNnbHOH ocH. ITpoueptum Ha mu-
CKe pajuaibHylo mnpsmyio OA (puc. o
34.1, a@). 3anycTHM B HanpaBJIEHHH OT
O k A mwapuk co ckopocteto v'. Ecnu
IWCK He BpallaeTcsi, IIapuK OyJeT Ka- g
TUTLCSI BAOJIL MPOYEPYEHHONM HaMH Ipsi-

Moii. Eciiu ke IHCK NMpHBECTH BO Bpa- o ]
LieHHe B HaNpaBleHWH, YKa3aHHOM g
CTPeJKOH, TO IIAapHK GYIeT KaTHTLCS

Mo HM300pax»eHHOW NYHKTHPOM KpPHBOW

OB, npuyem ero CKOpOCTb OTHOCHTENBHO 4 )
nucKa v’ OyIeT M3MEeHATb CBOE HANpas- 42
JeHue. CiefloBaTebHO, [0 OTHOIIEHUIO o A

K Bpauamouleiics CHCTeMe OTcYeTa Iua- Piict34'T,

PHK BejeT cebsl Tak, Kak ecaH Obl Ha
HEro peHcTBoBasia cuja - Fk, NepneHIHKyJsipHass K CKOPOCTH V.

HToOb! 3acTaBHTD MAPHK KATHTHCS [0 BPaLIAIOWEMYCsl INCKY BAOJb
pajHanbHOM MNpsIMOH,  HYXHO CJlelaTh HampaBJSIOULYIO, HanpuMep,
B BHzie pe6pa OA (puc. 34.1, 6). Ilpu KaueHwWH IIapHKa HaNpaBJSIOLIEe
pe6po ZeficTBYeT Ha Hero ¢ HeKoTopok cuioii F,. OTHoCHTeJbHO Bpa-
UAIOUWEHCA CHCTeMBI (IHCKa) IUApHK IBHXKETCS! C MOCTOSIHHON IO Ha-
MPABJEHHIO CKOPOCTLIO. 3TO MOXHO (GOpMasbHO OOBSICHHTB TEM, YTO
cuna F, ypaBHOBEIINBaeTCS MPUJIOKEHHOR K IIAPHKY CHIOH HHepIuH
Fx, nepnennukynsipHoii K ckopoctd v'. Cuna Fx ¥ ecTh KOpHOJHCOBA
CHJIA HHepLHH.

Halinem cnavana BeipaxeHue CHJBL Kopuoauca ayisi yacTHoro ciay-
Yasi, Korja 4acTHUd /7 ABHXETCS OTHOCHTE/IbHO BPAILaKOEeHCsl CHCTEMBI
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OTCYETa PABHOMEPHO IO OKPY>KHOCTH, JieXauleii B IJIOCKOCTH, mep-
NEeHIUKYJSPHOH K OCH BpallleHHsI, C HEHTPOM, HaXOAsLIHMCSI Ha STOH OCH
(puc. 34.2). CKopocTh YaCTHLEI OTHOCHTEJIbHO BPAlLAIOLIEHCs] CHCTEMEL
o603HauuM v’'. CKOpPOCTb YaCTHIbl OTHOCHTEJLHO HENMOABHXKHOM (MHep-
LMaJIbHOH) CHCTEMBbI OTCYeTa V paBHa No BenHuyMHe v'+ @R B ciyyae (a)
¥ |v'—oR| B cnyuae (6), rie ® — YrJjoBasi CKOPOCTh Bpaliaioiiencs
cucteMel, R — pazuyc OKpyxKHocTH (cM. (5.7)).

@ w
[ A F 1 CTi ! F '\‘
\V/.- l\ ’/ﬂ, s i
SR e < <7 %,
B TGO,
u' ui
a) J) .

Puc. 34.2.

Ilnsi Toro yToOHl YacTHIA JBUraJach OTHOCHTEJIbHO HENOABHXKHOM
CHCTEeMBI 1O OKPYKHOCTH CO CKOPOCTbIO U=0'-+®R, Ha Hee JAOJKHA
JeHCTBOBaTh HaNpaBJieHHasi K LEHTPY OKpYxHocTh cuia F, nanpumep,
CHJla HaTsKEHHsI HHTH, KOTOpPOH YacTHIi@a NpHBs3aHa K LUEHTPY OKPYXK-
HOCTH (cM. puc. 34.2, a). BenuyuHa 370l CHJbI paBHa

2 ' 1 oR)? r2

me?_m@ R Mm%\ omy'e+mwtR.  (34.1)
R R R

OTHOCHTE/IbHO BpaldIoLIeliCsi CHCTEeMBl YaCTHIIA B 3TOM CJly4ae ABHXKeTCs
C ycKopeHueM wy, =v'?/R, T. €. TaK, Kak ecau Obl Ha Hee JNleHCTBOBaNa
cHla

F=nmw,=

pu
iy, = "%~ = F —2mu'0 — ma?R (34.2)
(cm. (34.1)). Takum o6Gpa3om, BO Bpallawouleicsi CHCTEMe YacTHIa BeleT
ce0s Tak, KaK ecyii Obl Ha Hee, KpOMe HanpaBJIeHHOH K IIEHTPY OKpPYX-
HoctH cuibl F, neficTBoBasM ellle [Be HampaBJeHHbIE OT UEHTPA CHJIBL
F,c=m®*R u cuna Fx, MonyJb KoTopol paBeH 2mv'® (puc. 34.2, a).
Jlerko coo6pasuThb, 4To CHIY Fx MOXHO NPEICTaBHThL B BHIIE

Fx=2m|[v'o]. (34.3)

Cuna (34.3) u ectb KopHosucoBa cuia ueepuuH. Ilpu v'=0 37a cuia
orcytcrByer. Cuna F,¢ He 3aBHCHT OT V' — OHa, KaK Mbl y2Ke OTMedaJlH,
JEHCTBYET KaK Ha NOKOsHecs, TaK M Ha JBMXYIUIHECS TeJia.

B canyuae, u3obpaxeHHOM Ha puc. 34.2, 6,
mv?  m@—oR)? _ mu?

s Al 4 2
RS ER 2mo’ © + mw*R,

IR
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CooTBeTCTBEHHO

mo'2 ’ 2

T=F+2mv o — mo?R.
CnefoBaTe/lbHO, BO BPALIAIOLIEHACs] CHCTeMe YacTHILa BeJieT cebs TakK, Kak
ec/ii Obl Ha Hee IeHCTBOBAJIM JBE HaNpaBJIeHHBIE K LEHTPY OKDPYXHOCTH
cuisi: F u Fg, a Takxe HanpaBiieHHass or neHTpa cuna Fg=mo*R
(cM. puc. 34.2, 6). Cuna Fg 4 B 3TOM cayyae MoxeT ObITb MpelCTaBJieHa
B Buze (34.3).

Tenepb nepeiiiem K HaXOXKEHHIO BhIpaxieHHs1 cuibl Kopuroauca nis
coyyasi, KOrja YacTHUA ABHXKETCSI OTHOCHTEJBHO BpallaloLeHCs: CHCTe-
MBI OTCYeTa ITPOM3BOJIBHBIM 00pa3oM. CBs»KeM C BpallalolieHCs CHCTe-
MO KOOpJMHaTHBIE OcH X', ', 2, mpUYeM oChb 2’ COBMECTHM C OCbIO Bpa-
wenus (puc. 34.3). Torna panmyc- -
BEKTOpP YaCTHIBI MOXKHO IpPeICTaBUTh g
B BHIE

r'=x"e,+y'e,+2'e,, (344)C) g o™
T7e e;, e, W e, — OpPThl KoopiauHar- iy’ rey
HbIX oceft. OpThl €, H e, BpalalOTCs I
BMeCTe C CHCTEMOH OTCHeTa C yrJIcBOH mr\ !
CKOPOCTBIO ®, OpPT €, OCTaeTcs He- O~
MOJBH>KHBIM. z

IToJioKerHe YaCTHIE! OTHOCHTE/Ib- Puc. 34.3.

HO HEMOABMXXHOH CHCTEMBI CJenyeT

onpeNesisiTh C TMOMOULBbIO pamuyca-BeKTopa r. OaHako CHMBOJIBL I’ H T
0003HayaIoT OIUH U TOT 2Ke BeKTop, NMPOBeJeHHbIH H3 HayaJ/la KoOpAHHAT
K yactuie. CUMBOJIOM I’ 0603HaYHJ 3TOT BEKTOpP HabJsrofartesib, KHBY-
IMi» BO Bpallamomeicss CHCTeMe OTCYeTa; I0 €ro HabJIIoJeHUsIM OpPThI
€;, €, e; HEMOJIBMXKHAI, NMO3TOMY NpH A depeHUHPOBaHHH BbIPAXKEHHS
(34.4) ou obpauiaercsi C STHMH OpTaM¥ Kak ¢ KoHcTaHTaMH. CHMBOJIOM £
NONIb3yeTCsi HeMOABHMKHEIN HabJronaTenb; AJsS Hero opThl €; U €, Bpa-
LIAIOTCS CO CKOPOCThIO ® (OpT e, HenoapuxkeH). Ilostomy npu nudgde-
PEHIMPOBAHHH PAaBHOTO I BbipaxkeHHs (34.4) HENMOABHXKHBIH HabJiona-
TeJb JIO/DKeH o0pailarbes ¢ €, U €, Kak ¢ QyHKUUSIMH {, NPOH3BOJAHEIE
KOTOpbIX PaBHBbI:

e,=we), e;——we; (34.5)

(cm. puc. 34.3 u dopmyay (2.56); opT e, ., NEPIEHAHKYISPHBIH K ey,
paBeH e,, OPT €,,., NEePNERAHKYJIsPHEIK K e, paBeH —e;). lasi BTO-
PHIX NMPOH3BOAHLEIX OPTOB MO BPEMEHH MOJIYYaloTCst BBIPAXKEHHS:

>y S , 'y ‘s -

e, = e, = — 0%, e,=—we,=—0%,. (34.6)

HaiifeM CKOpOCTb YaCTHIBI OTHOCHTEJLHO BpAIUAIOLIEHCsT CHCTEMBI
orcyeta. us storo npomuddepenumpyem paauyc-sekTop (34.4) no Bpe-
MEeHH, CUMTasi OPTbl KOHCTaHTaMHM:

vV =r'=x'e,+y'e;,+2'e. (34.7)
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[NoBTopHOE AH(DEepeHIPOBAHHE 3TOr0 BEIPAXKEHHST JaCT YCKOpeHue ya-
CTHIILI OTHOCHTEJIbHO Bpallalolieficss CHCTEMbl OTcyeTa:

w =v’' =x'e,+ y'e,+2'e;. (34.8)

Tenepb HaiiieM CKOPOCTb YacTHIBI OTHOCHTEJBHO HEMONBHMKHOM
cucremsl otcuera. Jlasi atoro npoauddepeHUIHEpPYEM panuyCc-BEKTOD
(34.4) «c mosWLMI» HENMOABMXKHOrO HabsonaTesss. Bocnosnb3oBaBLIHCh
o603HayeHHeM I BMeCTO I’ (HanoMHHM, YTO F=r'), NOJY4YHM:

:|:=J'c’e;+x'é;+ér’e;+y'é;+::."e;, (34.9)

[TpoaudxbepeHIHPOBAB 3TO BHIpaXkeHHe elle pa3 1o f, Hakjem yCKopeH:e
YACTHIBI OTHOCHTEJIBHO HENOABHXKHON CHCTEMBI:

w=v=1x'e,+2x'e,+ x'e,+y'e,+ 2y e+ y'e;+ z'e;.

[Mpunsie Bo BHHMaHHe GopmyJsl (34.5), (34.6) u (34.8), noayyeHHoe co-
OTHOILIEHHE MOXXHO mpeoOpa3oBaTh K BHAY:

w=w 20 (x"e;—y'e;) —o? (x'e,+y'e)). (34.10)

PaccmotpuM BekTopHOe npouspenenne [, v'l. Ilpencrasum ero B
BHIe onpenenutesst (cMm. (2.33)):

-

e;: e; €z
[(1), V’]= Oy Oy Oz), (3411)

s I
Uy Uy U

Corsiacio (34.7) v,=x', v,=y’, v;=z', Kpome TOTO, NpPH BHIGPAHHOM
HaMM HampaBJEeHHH KOOPIAHHATHBIX OCeH w,=w,=0, ®,=w. Iloxcra-
HOBKa 3THX 3HauyeHHH B (34.11) aaer

-’

e, e, e : !
[0, v]=]0 0 o0 |=—eoy teonx. (34.12)
St

7

™ .

[TonyyeHHblit pe3ysibTaT MOKa3blBaeT, YTO BTOPOIl 4YJeH (QOpPMYJH
(34.10) MoxHO 3anucath B Buje 2 [o, v']. Beipaxkenne, crosiuee B CK06-
Kax B nocjensem uiere gopmyas (34.10), paBHO DePHEHAHKYJISPHOH
K ocH BpaulleHusi (K ocH 2') cocraBisitoiieli paaHyca-BekTopa r” (cm.
(34.4)). O603Haunm 3Ty cocraBJsfouylo cumBooM R (cp. ¢ puc. 5.5).
C yueToMm Bcero cKasaHHOro cooTHoilenue (34.10) MoxHO 3amucaTth cle-
AyiolHM 00pasom:

w=w +2[0, v']—0?R. (34.13)
U3 (34.13) BEITEKaET, YTO YCKOpEHHE YaCTHILI OTHOCHTE/IbHO HEIoJ-

BHXKHOH CHCTEMBI OTCYETA MOXKHO NPENCTaBUTE B BHAE CYMMEBI. TpexX
YCKOpeHHﬁZ YCKOpPEHHA OTHOCHTEJIBHO Bpamammeﬁ(:ﬁ CHCTEMEL W',
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yCKOpeHusi, paBHOTO- —®@*R '), U yCKOpeHHS
wk=2[0, v], (34.14)
KOTOpPOE HaspBaeTcsi KOPHOJHCOBHM YCKOpEeHHEM.
Jnst Toro YToOHI YaCTHIA ABHrafiach C yckopeHHeM (34.13), Ha Hee

JOJIKHBL IeHCTBOBATh KaKHe-TO TeJsla ¢ pe3yJibTHpYolel cuiol F=mw.
Corsiacio (34.13)

mw’ = mw-—2m[e, v']+mo?R=F +2m[v’, o]+ me*R (34.15)
(mepecTaHoBKa COMHOMKMTENIEH H3MeHseT 3HaK BEKTOPHOTO IpOH3Bese-

nus). ITosiyueHHblil pe3ysbTaT O3HAYaeT, YTO NPH COCTaBJEHHH ypaBHe-
HUSA BTOpOro 3akoxa HbloToHa Bo Bpaulaiouieficsi CHCTEME OTcyera, Kpo-

Puc. 34.4. Puc. 34.5.

Me CHJI B3aUMOJEHCTBHS, HYXKHO YUHTHIBATH LEHTPOOEKHYIO CHIIY HHEp-
KK, onpenessieMyto Gopmy.ioi (33.2), a TaK:Ke KOPHOJIHCOBY CHJIY, KO-
Topast H B camom oOluem ciiydae onpenensiercst opmyJioi (34.3). Orme-
THM, uTO cHia Kopuosuca Beerjia JIEXHUT B IVIOCKOCTH, NEpIeHARKYJIsIp-
HOH K OCH BpALIEHHA.

U3 conoctaBnenusi gopmyn (34.9), (34.7) u (34.5) BHITeKaer, yTo

v=v'+x'e,+ye;=Vv +o(x'e;—ye).
C NOMOLIBIO BHK/AIOK, aHAJOTHYHELX TeM, KOTOPbIe NPHBEJH Hac K Co-

oTHoweHuo- (34.13), MOXHO YOeIMTbCS B TOM, YTO NOCJEAHMH Y/eH
NOJTy4YeHHOTo BbipaxeHusi paseH [, r']. CienoBarenbHO,

v=v'+[o, r']. (34.16)

" Tlpu v'=0 3ta dopmysa nepexoxut B (3.8).

") Ycxopenue wp=—02R HaspBaeTct mepeHocH B M, OHo npecTaBaser
co6oit TO ycKopesHe, KOTOPHIM o6sajana GBl 4acTHIA, MOKOAWAACS B ABHKYLIEHCH
(B HamemM caydae BO Bpallaioluielicst) cHCTEME OTcYeTa,
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Mpumepsl NBHIKEHUH, B KOTOPHIX NpPOSIBASETCS] KOPHOJHCOBA CHJA
uHepuH. [IpH HCTOJIKOBaHUH SIBJIEHMH, CBSI3aHHBIX C JIBH)XXEHHEM Tell
OTHOCHTEJIbHO 3eMHON MOBEPXHOCTH, B psiie CJyyaeB HeoOXOAUMO Y4YH-
THBATH BJIMSIHHE KOPHOJMCOBBIX cHJl. Hanpumep, npu CBOGOAHOM

7,

Puc. 34.6.

nafieHHH TeJ Ha HUX JeiiCTBYeT KODHOJIHCOBA CHJIA,
06ycI0BIMBAOLIAas OTKJOHEHHe K BOCTOKY OT JIH-
HuH oTBeca (pHc.34.4). Dra cujia MakCHMaJsbHa Ha
SKBaTOpe M 00pallaeTcsi B HYJb Ha IOJIOCaX.
Jlersimufi CHapsiA TaKke HCIbITHIBAET OTKJOHe-
HHSA, OOYCJIOBJIEHHbE KOPHOJMCOBBIMH  CHJIaMH
unepurn (puc. 34.5). Ilpu BHICTpese U3 OpYAHS,
HaNpaBJeHHOro Ha ceBep, cHapsil OyZeT OTKJo-
HATbCA K BOCTOKY B CEBEpPHOM MOJIYIIapWH U K 3a-
naay — B oxHoM. [Ipu crpesbbe BAOJbL MEpHAM-
aHa Ha IOr HanpaBJeHHs OTKJOHEHHs OYAYT mpo-
THBONOJOXKHBIMH. IlpH cTpenbbe BIOJb 3KBaTOpPa
cunbl Kopuoanyica 6yAyT npWXHMaTh CHapsia K 3em-

- Jle, eC/IM BBHICTpeJ1 NpOH3BelleH B HamnpaBjieHHH Ha

3anajl, H NOJHMMATh €ro KBepXy, €CJH BhICTpeN
NpoM3BeJieH B BOCTOYHOM HanpasJ/ennu. [Ipenocras-
JisieM YHTaTeNIo caMoMy YOeauThCs B TOM, YTO CHJa
Kopuonuca, HeHCTBYOLIasi Ha Teso, ABHXYlleecs
BIOJIb MEpHAHAHa B JIOOOM HampabjieHuu (Ha ce-
Bep MJIM Ha I0r), HanpabJeHa [0 OTHOLIEHHIO K Ha-
NpaBJeHMIO ABHXeHHs BIPaBO B CeBEPHOM MoJiylua-

PHM K BJIEBO B I0XKHOM MOJyIIapuH. ITO NPUBOLUT K TOMY, YTO Y PEK NOA-
MBIBA€TCSI BCET/a NpaBblil 6eper B CeBepHOM NOJYIIapDHH H JIeBbIH Oeper
B I0’KHOM NOJIyIIapUH. DTH XKe NPHYUHBI 00BbACHSIOT HEOHHAKOBEIH H3-
HOC peJIbCOB NMPH IBYXKOJIEHHOM IBHXXEHHH.

Cuibl Kopuoauca NpoSIBASIOTCS M NPH KayaHusx MasTHuka. Ha
puc. 34.6 nokasaHa TPaeKTOPHs rpysa MasTHHKA (115 MPOCTOTH Mpe-
TIOJIOXKEHO, YTO MAasTHHK HaXoauTcsi Ha noaoce). Ha cesepHom mo.toce
cuna Kopuomica Gyner Bce Bpemsi HanpaBJ/eHa BAPABO MO XONy MasiT-
HHKa, Ha I’KHOM ITI0JI0ce — BJIEBO. B HTOre TpaekTopHusi HMeeT BHI po-

3€TKH.

Kak clefiyeT W3 pHCyHKa, IVIOCKOCTh KauaHMi MasiTHHKA NOBOpayH-
BaeTCsi OTHOCHTENILHO 3eMJH B HalpaBJeHWH YacoBOK CTPEJIKH, MpHYEM
8a CyTKH OHA COBepLIaeT OJMH 00OpOT. OTHOCHTE/NbHO TeJHOleHTpHYe-
CKO#l CHCTeMBbI OTCYETA JIeJI0 OGCTOHT TaK, YTO MJIOCKOCTh KayaHui ocra-
eTCst HeH3MeHHOH, a 3emJIsi IOBOPayKBaeTCd OTHOCHTENIBHO Hee, JieJiast 33
CYTKH OJIMH 060poT. MOXXHO NMOKasaTk, YTO Ha LIMPOTE @ MJIOCKOCTD Ka-
yanuii MasTHHKA NMOBOPaYyMBAeTCs 3a CYTKHM Ha yroJ 2s sin q.

Takum o6pa3oM, HaG/IOleHHA 32 BpalleHHeM MNJIOCKOCTH KauaHui
MasTHHMKa (MafTHHKH, NpelHa3HAYeHHHIE s STOH UeTH, HashBalOTCH
MasTHHKaMH @©YK0) JaloT HENOCPEACTBEHHOEe JOKas3aTesIbCTBO Bpalle-
Hus 3emyi BOKpYr cBoeli OCH.
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§ 35. 3aKoHbl COXpPaHEHMsI B HEMHEePLUHAJbHbIX CHCTeMax oTcyeTa

C yuYeToM CHJl MHEpLHH YPaBHEHHs ABHXKeHHs B HeHHepIHaJbHOH
CHCTEME HHYeM HE OTJIHYAIOTCS OT YPaBHEHMH ABIXKEHWS B HHEpUHab-
Holi cucTeme oTcueTa. IToaToMy Bce CeACTBHS, BRITEKAKOWHUE H3 YpaBHe-
HMI JIBH)XXEHHS, B YaCTHOCTH cooTHouienus (24.12), (27.3) u (29.18),
OCTAlOTCSl CIPaBeNJMBEIMM K B HeHHEpHHaJbHBIX CHCTeMaX OTCYera.

B neunepuuanpHol cucreme dopmyna (24.12) vimeer BHI:

Ez 31 EJ. o Aiz HEKOHCEPB + Ala Huepu? (35- l)

Flie Ajs guepn — PaA00Ta, CHJI HHEPLUMH.
dopmyJst (27.3) u (29.18) BHIIAAAT B HeMHEPUHAJbHOH CHCTeme
caenyrouuM o6pasom:

d
2P = 2 Fuueun+ 2 Fupepwo (35.2)
d
dt M= 2 N nin 2 Nuuepu- (35.3)

3necb Fy ey, — CHJA, OOYCJOBJEHHAS B3aumonefictBHeM, Fy .pn —
cuna uHepuud; Npew, H Nypepy — MOMEHTBI YKa-

w
3aHHBIX CHJI. ar
Lenrpobexnasi cuia uHepuuu F,g=mo?R sB- LECLR 1
JsieTcsi KOHcepBaTHBHOM. JleficTBHTeJbHO, pabdoTa R
3TOH CHJIBI paBHA 4
2 2
Aty = Fugdr=mo? { Radr.
‘ 1 1
U3 puc. 35.1 BHAHO, YTO MpOEKIHs BeKkTopa dr Ha g
HanipaBieHHe BekTopa R paeHa dR — mpupaiie- Puc. 35.1.
muio moayas R. CnemoBarensHo, R dr=R dR=
=d (R?/2). Takum o6pasoM,
¢ IR R: R}
As, u6=mm”S d (—2—) = Me? —— —mw? ——2‘— 5 (35.4)
1

IMonyuenHOe BHIpaXKeHHE, OYEBHIHO, HE 3aBHCHT OT NMYTH, MO KOTOPOMY
NPOHCXOMUJIO NepeMelleHHe H3 TOYKH I B TOUKY 2.

KoHcepBaTHBHOCTb CHJIBI Fy¢ 103BOJISIET BBECTH MNOTEHUHANbHYIO
suepruio uactHubl U,g (IEHTPOGEXKHYIO 3HEPrHio), YObLIb KOTOpOil
onpesiensieT paboTy HEHTPOOEXKHOH CHJIBI HHEpLHH:

AlzuG:Uuﬁx‘“‘Uuﬁz (355)
(cm. dopmysy (22.1)). Us conocrabnenns ¢opmyn (35.4) u (35.5)



130 . IV, HEHHEPIHAJIBHBIE CUCTEMBI OTCHETA

3aKJII0YaeM, 4TO
U=— —%-mco*R?-—]—const.
KOHCTaHTY MOXHO MOJIOKHTH paBHOH Hyuo. Torja aIs meHTpoGex-
HOM SHEPrHH MOJIYYHTCS! ClIe/lyIollee BeIpaXKeHue:
1
Uys=— mo*R%, (35.6)
Ecnu Beipaxkenue (35.6) 106aBUTh K MOTEHLMAJNBHO¥ SHEPTHM Ya-

CTHIBI, TO B BeJHYHHY Ais yuepy B POpMYJIE (35.1) HE CliefyeT BKIIOYATH
paboTy LEeHTPOGEXHOH CHJIBI HHEPLHH.

FrI1ABA V
MEXAHHKA TBEPJOIO TEJIA

§ 36. JiBxxxenue TBepaoro teja

B § 1 MBl NO3HaKOMMJIHCh C ABYMSI OCHOBHBIMH BHIAaMH JABHIXEHHS
TBEpJIOro Tejla — IIOCTYNaTeNbHEIM H BpaulaTesbHbIM. i

[Tpu nocrynatenbHOM IBHXKEHHHM BCE TOYKH TeJia MOJYYaloT 3a OfUH
H TOT e INPOMEXKYTOK BPEMEHH paBHble 10 BeJHYHHE M HanpaBJIEHHIO
nepemelleHHs], BCIEACTBHE Yero CKOPOCTH H YCKOPEHH ST BCeX TOUeK B Ka-
KB MOMEHT BpeMeHH OKashlBaloTcst oiHHaKoBbIMH,. [TosTOMY fnocraToy-
HO ONpeJeJITh ABHKEHHe OJHOH U3 TOYeK Teja (HanpHumep, ero ueHTpa

1 Ty sl
D Ly e s SR D
R e e e =
" e e
vg N Y A
7 A \ ez
\ ¢
8 e \ »9}!
Yy \\ /
1"/"'7’/ \r—/;,
Ve i i 7 \g:
Puc. 36.1. Puc. 36.2.

Macc) il TOro, YToObl OXapaKTepH30BaTh MNOJHOCTBIO JBHKEHHE BCEro
TeJ1a. :

Tlpu BpamaTenbHOM JBMKEHHH BCE TOYKH TBEPAOTO TeJa JBHXKYTCH
HO OKPYXXHOCTSM, LEHTPHI KOTOPLIX JIeXKAT Ha OXHOH M TOMH 2Ke NpsMOH,
HaskIBaeMOH OChio BpallleHusi. [ljist onyicanus BpalaTebHOro JBHKEeHHUsT
HYXXHO 33J1aTh II0JIOKEHHEe B NMPOCTPAaHCTBE OCH BpalleHHS H YIJIOBYIO
CKOpPOCTb TeJla B KaXKAbIH MOMEHT BpEMEHH.

OkasnbiBaeTcsi, 4To JiioGoe JBMKEHHE TBEPIOTO Teja MOXKeT ObITh
NPEICTaBJICHO KAK HAJIOXKEHHE JABYX YKa3aHHBIX Bhlllle OCHOBHbIX BHJIOB
ABikeHHs. [TokaXkeM 3T0 IS cydass MJ O C KO T O JABHXKEHHS, T. €.
TAKOro, NpuU KOTOPOM BCE TOYKH Tejla MepeMeliaoTcs B napasiiebHbIX
nJockoctsax. [IpumMepom MJIOCKOTO IABHIKEHHS MOMKET CNYXKHTh KaueHHe
LHJIMHApPaA Nno njockoct (puc. 36.1). '
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IIpousBosibHoe mepemelleHiie TBEPAOrO TeJa H3 MoJioxenns I B 1o-
noxenue 2 (puc. 36.2) Moo NpeacTaBuTh KaK CyMMY JBYX nepemeuie-
HHH — MOCTYMATebHOTO NepeMeLlenHs] H3 NOJIOXKeHHsl [ B MOJIOXKeHHe
1" wnu 1” w noBopoTa Bokpyr ock O' uiu ocu O”. OyeBHAIHO, YTO TaKoe
pasbueHHe NepeMelleHHs Ha MOCTynaTeJbHOE W BpallaTesbHOe MOXET
GbITH OCYILECTBJEHO GeCUHCIEeHHLIM MHOXXECTBOM CIIOCOGOB, OAHAKO B
JoGOM cJlydyae NPOH3BOAHTCS MOBOPOT Ha OAHH H TOT XKe YroJ Q.

B CcoOTBETCTBHH CO CKa3aHHBEIM BHILE 3JeMEHTapHOoe NepemelleHHe
KaKoH-1U60 TOYKH Teja ds MOXKHO Pas3JioKHTL Ha JiBa NepeMelleHus —
«nocTynaTesbHOe» ds; W «BpallaTebHOe» dsgy:

ds =ds,, - ds,

npuyem ds, AN BCEX TOYEK TeJa OJHO M TO ke. Takoe pasyoxkeHue
nepeMellleHusl ds MOXHO, KaK Mbl BHJEJH, OCYIIECTBHTbL Pa3JIMYHBIMH
cnocobamM, TNpPHYeM B KaxIOM Cjydyae BpallaTesibHOE IepeMElEHHEe
ds, OCyLIECTBJISIeTCS] OBOPOTOM TeJjla Ha OJMH M TOT ke yroJa dg (Ho oT-
HOCHTEJIbHO Pa3/MuHBIX Oceit), B TO BpeMsi Kak ds, U ds, OKa3bIBalOTCS
Pa3JHYHBIMH.

Paznenns ds Ha COOTBETCTBYIOUIHY NpOMEXYTOK BpeMEHH df, monay-
YHM CKOpPOCTH TOYKH

dS_dSn dSB s ’
T T R

I'e Vo, — OfMHAKORasl AJisi BCEX TOYEK TeJia CKOPOCTE MOCTYNareNbHOro
JIBIXKEHHS M V' — pasjuynast JJisi PasHblX TOYEK Tesla CKOPOCTh, 00yc-
JIOBJICHHAs! BpAaLEHHEM.

Takum 06pasoM, NJIOCKOE JABH;KeHHe TBEPIOro Tesa MOXKHO MpeacTa-
BUTb K4aK CYMMY JIBYX HBMKEHHil — TOCTYNaTeJbHOro cO CKOPOCTbIO
V, W BpallaTeJbHOrO C YIJOBOH CKOPOCTBIO @ (BeKTop ® Ha puc. 36.1
HanpaBJIeH MepHeHIHKYJAPHO K MJOCKOCTH yepTexa, 3a yeprex). ITo-
N0GHOE' NPe/ICTaB/IeHHe CJIOKHOTO JBHKEHHS MOXKHO OCYMIECTBHTD MHO-
JKECTBOM CrOCcoGOB, OTJHYAIOLIMXCSl 3HAaYCHHAMH Vo B V', HO COOTBETCT-
BYIOUIHX OJHOI ¥ TOH e YrJoBoil cKopocTd ©. Hanmpumep, ABmkerHe
UMIMHApA, KaTtdAmerocss 6e3 CKOJbXEHHSI 10 MJIOCKOCTH (puc. 36.1),
MOXHO IPEICTaBHTh KaK NOCTYyNaTeJbHOe JABHXEHHEe CO CKOPOCTBIO Vo
H OJHOBpEMEHHOe BpallelKe C YIJIOBOH CKOPOCTBbIO @ BOKpyr ock O,
16O KaK NOCTYNaTesbHOE ABHKEHHE CO CKOPOCTDIO Vo= 2V, U BpaleHHe
¢ TOll e YIJIOBOi CKOpPOCTbIO @ BOKpYyr ock O, Jin6o, HaKoHell, Kak
OJHO TONBbKO BpAllleHHe ONsiTb-TaKH C TOil Ke YIJIOBOH CKOPOCTBIO @
BoKpyr ocu O. N :

Haspas cucremy orcyera, OTHOCHTEIbHO KOTOPOM Mbl paccMaTpHBa-
eM CJOXKHOE ABHXEHHEe TBEePAOro Tesa, HeNOJIBHXKHOU, ABHXKEHHE TeJa
MOHO NpPEJCTAaBHTh KaK BpalleHHe C YIJIOBOH CKOPOCTBIO @ B CHCTEME
‘OTCYEeTa, KOTOpasi ABHIKETCS OTHOCHUTENIbHO HENOABHKHOM CHCTEMBI I10-
CTynareabHO CO CKOPOCTBIO V.’
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. JInHeHHas1 CKOpPOCTb V' TOYKH C palliyCOM-BEKTOPOM T, OGYCJIOBJIEH-
Hasl BpalleHHeM TBepjoro Teja, paBHa v'=l[er] (cm. (5.8)). Crenosa-
TeJIbHO, CKOPOCTb 3TOH TOYKH NPH CJIOXKHOM JBHKEHHH MOXeT GhiTh
npeAcTaB/ieHa B BHIe

v=yv,+[or]. (36.1)

OJleMEHTapHOe NepeMeLIeHHE TBePOTro TeJia PH MJIOCKOM JABH:KeHHH
BCErJla MOXKHO NPEeACTaBHTHL KaK MOBOPOT BOKPYTI HEKOTOPOH OCH, Ha3bl-
BaeMOi MTHOBEeHHOH OCHIO BpalleHH si. ITa OCh MOXKET
JIeXXaTh B npelleslax TeJa, JIH60 BHe ero. IloJsioxKeHHe MIHOBEHHOH OCH
BPAallleHUs] OTHOCHTEJIbHO HEMOABHKXHOH CHCTEMBl OTCUETa H OTHOCHTEJIb-
HO CaMoro TeJia, Boo6llle rOBOpsi, MEHsIETCsl cO BpemeHeM. B ciyuae ka-
TsAllerocst UMNKMHAPa (puc. 36.1) MruoBerHast ocb O coBnanaer ¢ JHHHeH
KacaHHs UHJHHAPA C MVIOCKOCThIO. [IpH KayeHuH [HIHHAPA MTHOBEHHAs
OChb nepemelaercss Kak Mo IJIOCKOCTH (T. . OTHOCHTEJbHO HeNOIBHIK-
HOJi CHCTeMBl OTCYeTa), TaK H II0 NOBEPXHOCTH LHJIMHApPA.

 CkopocTH BCEX TOYEK Tesla JJIsi Ka)KAOrO MOMEHTa BPEMEHH MOXXHO
CUHTAaTh O0YCJIOBJIEHHLIMH BpalleHHeM BOKDPYI COOTBETCTBYIOLIEH MIHO-
BeHHOII ocH. ClleoBaTeNIbHO, MJIOCKOe ABHXKEHHe TBEpPAOTrO Tesla MOXKHO
paccmaTpHBaTh KaK pAJ NOCJAENOBATebHHX 3JEMEHTapHbIX BpPaLleHHH
BOKPYI MPHOBEHHBIX OCeH.

Ilpy HensoCKOM IBHXKEHHH 3JIEMEHTapHOE NepeMellieHHe Tesla MOX-
HO NpeICTaBUThL KaK NMOBOPOT BOKPYT MTHOBEHHOH OCH JIHLIL B TOM CJY-
yae, eCJIH BEKTOPHI Vo U @ B3aHMHO NepreHAHKYIsipHbl. EC/IN yroJ mex-
Ly 3THMH BEKTOPaMH OTJIHYEH OT 71/2, IBHXKEHHE TeJla B KaXKAblii MOMEHT
BpeMeHH Oy/JeT HaJIOKeHHeM JBYX MIBMXXEHHI — BpallleHHsI BOKpPYT
HEKOTOPOH OCH W MOCTYNATeJTbHOrO ABHXKeHHs! BJOJb 3TOH OCH.

§ 37. [ismxeHHe LEHTpPa Macc TBEepAoOro Tteja

Pa36uB Tesno Ha 3neMeHTapHBIE MacChl mM;, MOXXHO NpPeNCTaBUTh €ro
KaK CHCTEMY MaTepHaJbHBIX TOYeK, B3aUMHOE PacnoJioXKeHHe KOTOPhIX
OCTaeTCs] HeH3MEeHHBIM. JIo6asi U3 3THX 3JeMEHTAapHBIX MacC MOXKeT Ha-
XOAHTBCST MOJ BO3JeHCTBHEM KaK BHYTPEHHHX CHJI, OOYCJIOBJIEHHBIX ee
B3aVMOJEHCTBHEM C IPYTMMH 3JEeMEHTapHBIMH MaccaMM paccMmartpuBae-
MOro TeJia, TaK ¥ BHEIUHHX cuJ. Hanpumep, ecnu Tesio HaXOAUTCS B NoJie
CHJI 36MHOTO TSITOTEHMsI, Ha Ka)XIYIO 3JEeMEHTapHYyI0 Maccy Tesa m;
Oyner neiiCTBOBAaTh BHEIUHSIs CUJa, paBHas m;g.

Hamnumem aisi KakJa0H 3JeMeHTapHOH MacChl ypaBHEHHe BTOPOro
3akoHa HepioToHa: :

rae f; — pesyabTHpyrouas BceX BHYTPeHHUX cuJ, a F; — pesynbtu-
pylollasi BCeX BHENIHHX CHJI, NPUJIOXKEHHBIX K JaHHOH 3JeMeHTapHON
Mmacce. CnoxuB ypaBHeHus (37.1) AJsi BCeX 3JIeMEHTapHBIX Mace,
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MOJTYIHM: A

Zm‘-wf:-Zf,-—!-EFi. (37.2)
OnHako CymMMa BCeX BHYTPEHHHX CHJI, NEHCTBYIOIIMX B CHCTEME, PaBHA
Hyqio. [losToMy ypaBHenue (37.2) ynpoliaercss CJIeAyOUHM o6pasom:

Smw;=3F,. (37.3)

37ech crpaBa CTOMT Pe3YJBTHPYIOIIAsl BCeX BHEIUHHX CHJI, NEHCTBYIO-
IWMX Ha TeJo. :

CyMMYy, CTOSILILYIO B JieBOH YacTu (opMyJibl (37.3), MOXKHO 3aMEHHTh
NpOM3BEEHHEM MacCCHl Tela /. Ha YCKOPEHHE €ro IEHTpa Macc We.
HelicTBuTeNnbHO, corJiacHo (27.6)

Dimix=mre.

ITponudipepeHHpOBaB 5TO COOTHOUIEHHE JIBAXKIBI 10 BPEMEHH H NPHHSAB
BO BHHMaHMHe, UTO I;=W;, @ [-=W, MOXKHO HamnHcaTh:

D)MW =mwc. (37.4)
ConoctaBuB GopmyJsl (37.3) u (37.4), npuieM K YpaBHEHHIO
mwWe="2 Fp e (37.5)

KOTOPOE O3HAYaeT, UTO YERMpP Macc meepdoeo mena O6UICeMEs maK, KaK
dsuzanace GbL MaAMEPUANbHAS MOYKA C MACCOL, PAsHOL macce meaa, noo
Oedicrneuem 6cex NPUNOINCEHHBLX K MEAY CUA.

Ypasrerue (37.5) HaeT BO3MOXHOCTh YCTAHOBHTL IBHXXEHHE LIEHTPA
Macc TBEpAOro Teja, €CJAH H3BECTHA Macca TeJla M JIEHCTBYIOIIWE Ha
Hero cuJisl. B ciiyyae nmoctynaTesbHOTO ABHKEHUs 9T0 ypaBHeHHe Oyer
onpejessiTh YCKOPEHHe He TOJBKO LEHTPa Macc, HO H JIoOOH ApYroH
TOYKU TeJa.

§ 38. Bpauienue Tena BOKPYr HEMONBHIKHON OCH

PaccMoTpuM TBepZioe TeJio, KOTOpPOe MOXET BPallaThCsi BOKPYT He-
MOJABHMXKHON BepTHKa/bHOiH ocH (puc. 38.1). UTtoOnl yjep:Kath oCb OT
lepeMelleHH B IPOCTPAHCTBe, 3aKJIOYUM ee B NONUIMNHUKH. Onupaio-
LHICA Ha HHXHHH NOMHIHHK (uiaHel D4 NpeaoTBpallaeT nepemere-
HHe OCH B BEPTHKaJbHOM HalpaBJIeHHH.

AGCOJIIOTHO TBEpAOE TEJO MOXHO pacCMaTpHBATh KakK CHCTeMY ya-
CTHI{ (MaTepHaJbHEIX TOYEK) C HEH3MEHHLIMH PAaCCTOSTHHSIMH MEXNIY
HuMH. JIJisi BCAKOHM CHCTEMBI YaCTHL[ CIpaBelJsIMBO MoJiyyeHHoe B § 29
ypaBHeHHE

d
'EM=2NBaemn (381)

(cM. (29.18)). 210 ypaBHeHMe CpaBeJIHBO M IS TBeproro Tesia. B mo-
caenHeM ciyuae M ecTh MOMEHT HMMITyJbca TeJsa; cnpaea B (38.1) crour
CyMMa MOMEHTOB BHELUHUX CHJI, AEHCTBYIOLIHX Ha TeJo.
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Bosbmem Ha ocH Bpaltenust Touky O H GyleM XapaKTepH30BaTh MO-
JIOXKeHHe 00pa3yIolluX TeJIO YaCTHIl C MOMOUIBI0 PafHYCOB-BEKTOpPOB I,

. IPOBEJIEHHBIX M3 3TOH TOYKH (Ha puc. 38.1 nokasaHa i-s yacTuua ¢ Mac-

COH m;; KPY>XKOM € KDECTHKOM IOKa3aHa CKOPOCTb
V; 9aCTHILHl, HanpaBJeHHas 3a yepTex). CorsacHo
(29.5) MOMeHT MMNyJibca i-if YaCTHLBI OTHOCHTEJb-
Ho ToykH O paBeH

M, =lr;, m;v;1=m;lr;, v;l. (38.2)
BekTophl ; ¥ V; s BCEX YACTHIL TeJa B3aHMHO

nepneHauKyJasipHsl. [losToMy MoOmyJab BeKTopa
(38.2) paseH

Mi=m;r;v;=m;r;0R;, (38.3)
rae R; — pacCTosiHHe YacTHLBI OT OCH BpalleHHs @n
(em. dopmyay (5.7)). ]I[
Ormetnm, yTo corsacHo (38.3) Monyab BekTopa Puc. 38.1,

M; nponopiioHaseH CKOpOCTH BpAlUIEHHS Tesla ®;

HanpaB/ieHHe e BeKTopa M; OT @ He 3aBHCHT — 3TOT BEKTOP JIEXKUT
B IJIOCKOCTH, NPOXOAsilell yepe3 OCb BpalUEHHs] ¥ YaCTHLY m;, U nep-
NEeHAUKYJISIPEH K I;.

Jlerko yGemuTbcsi B TOM, YTO JJISl BceX OGPas3yiolUX TeJO YacTHIL
yron Mexay BekTopamH M; u © siBasieTcst octphiM. [ToaToMy npoexuuu
STHX BEKTOPOB Ha COBMAJAIOULYIO C OCHIO BPAUIEHHS OChb 2 MMEIOT OfH-
HaKoBble 3HaKH. C YYETOM 3TOrO MOXKHO HamnucaTthb, 4TO

M, ;= M;cosa; =m;r;oR;cosa;=m;(r;cosa;) Ro=m;Riw,. (38.4)

3nech a; — yroa Mexay Bekropom M; M ocblo 2. Ilpu H3MeHeHHM Ha-

NpaBJieHHsT OCH 2 Ha obpaTHOe obe npoekuun — M,; U ®, — H3MEHSAIOT

3HaK, OAHaKO paBeHCTBO (38.4) ocraeTcst cnpaBelJHBEIM.
IIpocymmipoBaB BeipaxeHue (38.4) no Bcem yacTuuaM, MoJy4YHM Mo-

_ MEHT HMIYJIbCa TeJla OTHOCHTEJLHO COBII3ZaIoled ¢ OChHO Bpall€HHsA

OCH z:
Mz=2le:2m£R?mz=szm,'R2. (385)

Benunuuna /, paBHasi CymMMe NMPOW3BEJeHUH 3JeMEHTapHBIX MacC Ha
KBaJlpaTel HX PacCTOsSIHHHM OT HEKOTOPOH OCH, Ha3blBaeTCsi M O M € H-
TOM HHEepPpIHH Teja OTHOCHTEIbHO JaHHOH OCH:

1= mR}. (38.6)

CymMMHpOBaHYe NPOH3BOAMTCA MO BCeM 3JIEMEHTapHBIM MaccaM m;, Ha
KOTOpble MOXXHO pas3bGuTh TeJo.
ITpunsie Bo BHHManue dopmyay (38.6), Beipaxcenue (38.5) MoxHO

NpeAcTaBUuTbL B BHAE
M, = I, (38.7)
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ITonyuenHas dopmysia axajoruyxa dopmydse p,=mu,. Posb Maccsl ur-
paeT MOMEHT MHepLHH, POJIb JIMHEHHOH CKOPOCTH — YIJIOBasi CKOPOCTb.
W3 Buna Beipaxenus (38.7) cienyer, 4To BeJHukHa M, He 3aBHCHT
OT TOro, OTHOCHTeNbHO Kakoil Touku O (nexallell Ha OCH BpaLleHHS)
Gepercst MomeHT M.
Coruntacuo (29.19)

d
_a?Mz:“—ENznnema'
IMoncraBuB crona Beipaxkenue (38.7) mns M,, npuiem K YpaBHEHHEO

]ﬁz = E Nz BHELUH? - (388)

rae f,=©, €cTh NpOeKUHsl YI/JIOBOrO YCKOPEHHs Ha OCb z. ¥ DaBHEHHe
(38.8) aHa/IOrHYHO YpaBHEHHIO mw, = X F,. PoJib Macchl HrpaeT MOMEHT
WHEpIHH, POJib JIHHEHHOr0 YCKODEHHS — YIJIOBOE YCKOpEHHe H, HaKo-
Hell, pOJib Pe3yJbTHPYIOUeH CHJB — CYMMapHBHIH MOMEHT BHEIUHHX
CHJIL.

- Cymma BeipaxkeHHIt (38.2) maeT MOMEHT MMMYJbCa TeJIa OTHOCHTEJNb-
HO ToukH O (cm. puc. 38.1):

M:ZM;-:E!?‘I;'[I',‘, Vi]. (38.9)

B ofuwem cayuae BekTop M He coBmajaeT no HampaBJIEHHWIO C OCbIO
BpAlleHUsI TeNa 2 W TOBOPAYMBaeTCsi BMECTe C TeJOM BOKDYT 3TOH
OCH, ONMHCHIBasi KOHYc (pHc. 38.2). ;

M3 coobpaxkeHHil CHMMETPHH sICHO, YTO AJsS OJHOPOAHOIO ') Tena,
CUMMETPHYHOI'O OTHOCHTENIBHO OCH BpallleHHs (VIS OJHOPOJIHOTO Tesa
BpallleHHsl), MOMEHT UMIY/IbCa OTHOCHTEIbHO TOUKK O, Jiexallel Ha ocu
BpaUIeHHsi, COBIMAJaeT N0 HalpaBJeHHIO C BeKTOpoM ®. B 3tom cayyae
MOAYJb MoMeHTa uMnyJsbca M pasen |M,| — monymo npoekunu M Ha
ock z. [IpHHSIB BO BHHMaHHe BeipaxkenHe (38.7), mojyyuMm, yTo

M=1I|o,|=lo.

Hakoneu, yurs, 4To BeKTOpsl M H @ MMEIOT OJHHAKOBOE HalpaBJerHe,
NPUAEM K COOTHOIICHHIO

M= lo. (38.10)

Hanomuum, yto, B oTyinyne oT cooTHomeHust (38.7), cnpaBeaHBOro
Ijst qoGoro Tena, coorHouleHue (38.10) uMeeT Mecro JiHIb B Caydae
TeJia, BPAlIAIOLIErocsi BOKPYr OCH CHMMETPHUH, a TaKXke, KaK MBI YBUAHUM
HUXKe, /IS HeCHMMETPHYHOro TeJa, Bpalllarollerocsi BOKPYr OfHOH H3
CBOMX TJIaBHBIX OCeil HHepLHH.

B cnyuae, Korja och BpallleHUsi TPOXOAUT Yepe3 LeHTP Mace Tena C,
3HayeHHe MOMEHTa M He 3aBHCHT OT MOJIOXKEHHS Ha OCH BPAIICHHS TOY-
ki O, OTHOCHTeJIbHO KOTOpoit oH Gepercsi. JleficTBHTeIbHO, BO3bMeM Ha
ocH BpauleHust TOYKH O U O, cMelleHHbe APYr OTHOCUTEBbHO Ipyra Ha

1) B MexaHHKe OJHOPOAKLIM HAa3LIBAeTCH TEJIO C ONHHAKOBOH BO BCeM 06beMe Niot-
HocTeio (M. § 39), :
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oTpesok a (puc. 38.3). M3 pucynka BHaHO, 4TO ry=a-+r;. Moment um-
myJibCa OTHOCHTENbHO Touku O' paBeH

M =3m,[r;, vi]=3m[(a+r), v]=Xm[a, v]+Xm[r, vl
Bropoe cJ1araemMoe B paBoii YacTH MPeACTaB/seT CoBoi MOMEHT HMITYJTb-

ca M otrocuTenbHO Touku O. ITepBoe ciiaraeMoe MOXXHO peo6pa3oBath
cyieyIoluM 06pasom:

2m[a, vi]=[a, Zmy]=[a mvc].

'TTocKOJTbKY 1IEHTP MAcC JIEXKHT Ha OcH BpaileHus, V=0 H, cjenosaresb-
Ho, M'=M. I OJHOPOAHOrO TeJja, BPALlArOLIErocsi BOKPYr OCH CHM-
METpHH, He3aBHCHMOCTb M OT mosioxenusi ToYKH O BbITEKaeT H3 BHIA

dopmybr (38.10).

|
Puc. 38.2. Puc. 38.3.

B cayuae BpamuieHusi BOKPYT BepTHKaJbHOH OCH OAHOPOAHOIO CHM-
METPHYHOrO TeJia: CHJIbI GOKOBOTO JABJeHHs1 NOAUIMITHUKOB Ha OCh (CM.
puc. 38.1) He BO3HHMKaIOT. B OTCYTCTBHe CHJIBI TSKECTH MOAWMITHHKH
MOXHO 611710 66l y6paTh — OCh H 6e3 HHX COXPaHsiia Obl CBOE OJIOXKEHHE
B npocrparcrBe. Ocbh, NoJioXeHHe KOTOPOH B IPOCTPaHCTBE OCTAeTCH
HEH3MEeHHbIM TPH BpallleHWH BOKPYT Hee Teja B OTCYTCTBHE BHEIIHHX
CHJI, Ha3biBaeTcsI CBoGOAHOH OCbhLIO Tena.

MokHo fOKasaTh, YTo JJisi Tena JioOold GOopMBl M C MPOH3BOJBHBIM
pacnpeneseHHeM MacChl CYIIECTBYIOT TpH B3aHMHO NEpNeHAHKYJIsSpHbIE,
NPOXOJsALIHE Yepe3 LEHTP Macc Teja OCH, KOTOpbie MOLYT CHYXKHTb
CBOOOAHLIMH OCSIMM; OHM Ha3blBalOTCI TFJMaBHBIMH OCSAMH
HHepULHHU Tesa.

Y omuopopHoro mnapasgenenunena (puc. 38.4) ryaBHBIMM OCSMH
uHepuuu 6ynyt, ouesuano, ocH 0,0y, 0:0; u 0303, npoxoasiye yepes
HEHTPBI MPOTHBOJIEXKALLKX TPaHeH.
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Y Tena, o6sajialoliero oceBoit cHMMeTpHeH (Hanpumep, Y OXHOPOA-
HOro ') HHJAHHIPA), OAHOI M3 IVIABHBEIX OCeH HHEPUUH SB/ISETCS OCh CHM-
METpHH, B KauyeCTBe JIBYX APYTHX OCeH MOTYT CJYXHTb ABE JIIOOHE B3a-
MMHO NEepNeHAUKYJIsIpHBIE OCH, JIeXKalie B MJIOCKOCTH, NepreHAHKYJIsP-
HOM K OCH CHMMETPHH M [POXOAsLIHE 4Yepe3 LEHTP Macc TeJja
(puc. 38.5). Takum 06pa3oM, y Tesla C OCeBOil CHMMeTpHeH QUKCHPOBaHa
TOJIBKO OJlHA U3 IVIaBHBIX OCeil WHepIUH.

Y Tena ¢ UEHTpaJNLHOI CHMMETpHeH, T. . Y 1apa, MJOTHOCTb KOTO-
POro 3aBHCHT TOJIBKO OT PacCTOSIHHSA OT LEHTPa, [JIaBHBIMH OCSIMH HHEp-
LUK ABJSIOTCA TPH JIOOBe B3aHMHO NEPMeHAHKYJIsIpHBIE OCH, MPOXONs-
e yepes ueHTp Mmacc. ChnenoBaTe€/bHO, HM OJHA M3 IJIaBHbLIX ocei
HHEepPUHH He (PHKCHPOBAHA.

MoMEHTHI HMHEepIHH OTHOCHTEJBHO TIJVIaBHBIX OCeH HasHIBAIOTCH
rTaBHBIMH MOMEHTAaMHU HHep UM Tela. B ofuwem ciydae
5TH MOMEHTBI pasinunbl: [;55/,5=15. Jlns Tena ¢ oceBoH CHMMETpHER
IBA [JIABHBIX MOMEHTA MHEPLUMH HMEIOT OLHHAKOBYIO BEJHUHHY, TPeTHi
e, BOOOILE FOBOps, OTVIHYeH OT HUX: [;=1[,7<1;. Y, HaKoHel, B clyyae
TeNa C LEHTPaJbHOH CHMMeTpHeld Bce TPH IJIaBHBIX MOMEHTa HHEpLHH

opuHaKoeb: [;=1I,=1;. 0
PaBHBIMH 3HaYEHUSIMH TJIABHBEIX MOMEHTOB l’
WHepuuH obsjagaeT He TOJNbKO ONHOPOAHbIN '
1ap, HO 1, CKaxeM, ONHOPOJHBIA Ky6. B obliem Q)
e
| 4
i e i
il
Uz

|

Oy
Puc. 38.4. Pnc. 38.5.

c/lyyae TaKOe PaBEHCTBO MOXKET HaGJMIoAaTbCs NPH HaAJexalleM pacipe-
JEeJICHHH MacChl AJ1s TeJla COBepUIeHHO NPOM3BOJbHOH (opMel. Bee no-
NOOGHbIe TeJjla Has3biBAlOT L1a POBH MU BOJYKaMH., Xapakrep-
" HBIM JUISl HHX SIBJSI€TCSI TO, UTO Jiob6asi och, NPOXOoAsiliasi yepes HeHTp
macc, obJjlajaeT cBoOMCTBaMH CBOGOAHOHM OCH H, CJEAOBaTeJbHO, HH
OJIHA U3 IVIaBHBIX ocell HHepIHH He GuKCHpOBaHa, Kak U AJsst mapa. Bee
LUapoBble BOJYKH BeNyT ce0si NpH BpalleHHH B HAEHTHYHBIX YCJOBHSX
OIMHAKOBEIM 00pasoM.

1) Jocratoyko, 4ToGE! MITOTHOCTE TeJa GElIa B KaJIOM CedeHHH (YHKUKelH TOJBKO
PaccTOfiHHA OT OCH CHMMETPHH.
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Tena, nns Koropux [y=1I,5~15, BenyT cebst Kak ONHOPOJHEIE TeJa
BpauieHus. KX HaspiBaloT CHMMETpPHUYHBHMH BOJYKAMH.
Hakonen, Tena ¢ Jy=l,5~[; Ha3bBalOT aCUMMETPHUYHB MH
BOJYKaMH.

Ecnu Teso Bpamiaercst B yCJIOBHSIX, KOrjla Kakoe-JHO0 BO3/EHCTBHE
H3BHE OTCYTCTBYET, TO YCTOHYMBHIM OKa3LIBAETCS TOJBKO BpalleHHe BO-
KPYr IVIaBHBEIX Ocefl, COOTBETCTBYIOLHX MaKCHMaJbHOMY M MHHHMAJb-
HOMY 3HaYeHMSIM MOMEHTa WHepUMH. Bpaiienue ke BOKPYr OCH, COOT-
BETCTBYIOLIEH MTPOMEXYTOYHOMY IO BeJHYHHE MOMEHTY, OYNeT HeyCToH-
YHBEIM. DTO O3HaYaeT, YTO CHJBI, BO3HHKAIOUIHe MPH MaJeinleM OTKJO-
HEHHH OCH BpallleHHsi OoT 3TOil IJIaBHOH OCH, NEeHCTBYIOT B TAKOM Ha-
TIpaB/JEHHH, YTO BeJHWYHHA 3TOrO OTKJOHeHMsi Bo3pactaer. [Ipu or-
KJIOHEHHMH BpalLeHHsl OT YCTOHYHBOH OCH NOJ AEHCTBHEM BO3HHKAIOLIUX
NPH 5TOM CHJI TEJI0 BO3BPANIAeTCst K BPaleHHIO BOKPYT COOTBETCTBYIO-
LIEH TrJIJaBHOH OCH.

B cKa3aHHOM MOXXHO YOEIUTBCS, MOMBITABILUCE MOJAOPOCHTh KaKoe-
Jub0 Teso, MMelolee (opMy mapaliiesenwnena (Hampumep, KopoGoK
CIHYEK), TPHUBEJIS ero O JHOBPEMEH -
HO Bo Bpaulenue ). Ilpu atom 06-
HapymuTcs, 4YTO TeJjo, mnajas,
MOXKET BpalaTbCs YCTOHYHBO BO-
Kpyr oceii, MNpOXOAsLIHX uepe3
HauboJblIiE HJKM HaUMeHblUHe
rpaHu. [TonbITKH 2Xe MOAGPOCHTH
TeJIO TaK, YTOOBl OHO BpalliaJioch
BOKPYI OCH, NpOXOnsiueH uepes
cpepHye rpaHH, OyayT Gesycreni-
HBEIMH. Puc. 38.6.

ITpu HANUYHK BHELIHEro BO3-

JeHCTBUSI, HAIPUMEp, CO CTOPOHEL

HHTH, 332 KOTOPYIO MOJBEIIEHO Bpallalouieecs: Teso, YCTOHUYHBBIM OKa-
3BIBaeTCH TOJBKO BPallleHHe BOKPYT IJIaBHOI OCH, COOTBETCTBYIOLIEH Hak-
GosibieMy 3HAYEHHIO MOMEHTa HHepIuH. [To 370l MpHYHHE TOHKHIT CTep-
JeHb, NOJBeNICHHbIN Ha HUTH, MPUKPENJIEHHOH K ero KOHIY, NpH ObICT-
pom BpalleHHH GyaeT B KOHEYHOM HTOre BpalllaThCsi BOKPYT MepreHi -
KyJISipHO#l K HeMmy OcH, npoxogsiueii uepes nextp (puc. 38.6, a). Ana-
JIOTHYHEIM 06pa30M BeJieT ce6si IHCK, MOABEIICHHBI Ha NPHKperJIeHHOH
K ero kpaio HuTH (puc. 38.6, 6). '

Jlo cuX 1mop peub Livia O TeJiaX ¢ HeM3MEHHbIM pacrpeie/ieHlieM Macchl.
Tenepb NpennoJoXHM, YTO TBEPAOE TEJIO MOXKET Ha KaKoe-TO BpeMs
yTpauHBaTh CBOHCTBO HEH3MEHHOCTH B3aHMHOIO pacIoJIOXKeHHs €ro
yacreii, MpHYeM B TeYeHHE STOro BPEMEHH NPOHCXOAHT nepepacnpesee-
HHE MAacChl Tejia, B pe3yJbTare KOTOPOrO MOMEHT HHEPHUH H3MEeHAeTCs

1) BosneficTBHE CHJBL TSKECTH B 3TOM CJyyae He SBIAETCA CYLIECTBEHHBIM,
Ono umb 06ycnoBAMBAET NPOMCXOAsALIee HApALY C BpalleHHeM NafeHHE Tesa,
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oT 3Hauenus [; no 3HaueHus [,. Ecau Takoe mepepacnpenesente ocy-
LIECTB/SIETCS] B YCJIOBHSX, Korjga X Ny...=—0, To cornacHo 3akony
COXPaHEHHs] MOMEHTa MMITyJ/lbCa JOJIKHO BBINOJHATBCS PaBEHCTBO

[1(0121.2&)2, (38.11)

rie ©;— HMCXOJIHOE, a M.,— KOHeYHOe 3HayeHHe YIJIOBOH CKOPOCTH
Tesia. Takum o6pasom, H3MEHEHHe MOMEHTa WHEpLHH BJeueT 3a coboi
COOTBETCTBYIOLlee H3MEHEHHEe YIJIOBOM CKOPOCTH. ITHM OOBSCHsIETCH
OObIYHO JIEMOHCTPHpPYeMoe SIBJeHHe, 3aKJiouaionieecss B TOM, YTO YeJio-
BEK, CTOSIIMH Ha BepTALIeHCA CKaMbe, Pa3BOjisi PYKH B CTOPOHbI, Ha-
YHHaeT BpallaThCsl MeJJIeHHee, a NMpHXHUMasi PyKH K TYJOBMLLY, Ha-
YHHAeT BpallaThCs ObicTpee.

§ 39. MomeHT HHepuuM

U3 onpenenesuss (cm. (38.6))
I=3AmRY)

BHJIHO, YTO MOMEHT HHEPIMH €CTh BeJHYHHA aJIMTHBHas. DTO 03HAYAET,
4TO MOMEHT HHEpPIIHH TeJla paBeH CyMMEe MOMEHTOB HHEPLHH €ero yacreu.

INonsiTHe MOMEHTa MHEPLHHU GBLTO BBELEHO HAMH NIPH PACCMOTPEHHH
BpauleHus tBepjoro tesia. OaHako cjenyer HMeTh B BULY, YTO 3Ta BeJIH-
YHHA CyHIeCTBYeT Ge30THOCHTENLHO K BpauieHwio. Kaxuoe teso, nesa-
BHCHMO OT TOr0, BPAIllAEeTCsl OHO WJIH NIOKOHTCS, 06J1afaeT ONpeesIeHHEIM
MOMEHTOM HHEPUHH OTHOCHTEJHLHO JII060H OCH, NONOGHO TOMY KaK TeJlo
o6saZigeT Maccoii He3aBHCHMO OT TOrO, ABMIKETCSI OHO MJIM HAaXOAWTCS
B IIOKOe.

Pacnpesenense Macce B NpefesiaX Tela MOXKHO OXapaKTepH30BaTh
C NOMOUIbIO BEJHYMHBI, HasbiBaeMOH MM OTHOCTb 0. Eciiu Teno
OJIHOPO/IHO, T. €. CBOMCTBA €ro BO BCEeX TOYKAX OAHHAKOBHI, TO IJIOT-
HOCTBIO HAasBIBaeTCs BeJHYHHA, paBHas

p=mlV, (39.1)

rae m — macca rena, a V — ero oowem. Takum o6pasom, B cayuyae of-
HOPOJHOrO TeJia MJIOTHOCTh NpeAcTaB/sgeT co6oH MacCy elMHHIbI 06bema
TeJsa.

JJisi Tesa ¢ HepaBHOMEDHO pacClpefeseHHOH Maccoji BepaXkeHHe
(39.1) naer tpennioio muOTHOCTH. I1/IOTHOCTL B AaHHON TOYKe onpeje-
JISeTCsi B 3TOM CJyyae CJeAyIOmHuM 06pasoM:

Pl ST (39.2)
av o AV dV

B stom Bepaxkenun Am — macca, 3aKJioueHHast B o6beme AV, Koto-

') B stom naparpade nenecoo6pasio 0603HauuThL 3M€MeHTApHYIO Maccy Teia
cuMBosioM Am; BMecTo mj.
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pbifi MPH MpeJeNIbHOM MepeXxofie CTATHBaeTCs K TOH TOuKe, B KOTOPOH
ONpEeNENISETCS IJIOTHOCTD.

INpenenbreift nepexon B (39.2) Henb3s noHHMath Tak, yto AV cra-
ruBaeTcst 6yKBaJbHO B TOYKY. Ilpu TakoM MOHMMaHHM JJisi ABYX NpakK-
THYECKH COBMAJAlOLIMX TOYEK, OIHA W3 KOTOPHIX NPHXOAMTCS Ha SAPO
aTtoMa, a Jipyrasi — Ha NPOMEXYTOK MeXAYy siApamMH, mnojydaJjcss Obl
CHJIbHO OTJIHYAIOLIUHCS pe3yabTaT (IJ1s1 NMepBOH TOYKH OrpoMHas Be-
JHYMHA, a AJsg BTOpoii — Hysb). Iloatomy ymeHwmenne AV ciepyer
NPOU3BONUTEL 1O TeX Mop, MOKa He 6yneT nojdyyeH U3 HUYECKH
6eCKOHeUHO MaJblii 06beM, MOJ KOTOPLIM MOHMMAIOT TaKoH 061eM, KOTO-
pbIH, C OHOH CTOPOHBI, AOCTATOYHO MaJl AJIsf TOro, YTOObl MAKPOCKOMHU-
yeckHe (T. e. mpHcyliHe OGOJBIIOH COBOKYMHOCTH aTOMOB) CBOHCTBA
B NIpejfiesiaX ero MOXHO ObIJI0O CYHTATH OJMHAKOBEIMH, a C AP YTOH CTOPOHHI,
JOCTATOYHO BeJIUK JJIsi TOrO, YTOOBI He MOrJia NpOSIBHTBCS AHCKpeT-
HOCTb (NpepLIBHOCTH) BelIECTBa.

CornacHo (39.2) snementapHasi Macca Am; paBHa MPOH3BENEHHIO
IJIOTHOCTH TeJa P; B NAHHOH TOYKE Ha COOTBETCTBYIOIUHH 3JeMeHTap-
Hbli o6bem AV;:

_ Am;=p; AV;.
CnenoBareslbHO, MOMEHT MHEPIHH MOXHO MPENCTABHTH B BHJAE
1 =',2 p;RiAV,. (39.3)
Eciu nioTHOCT Tesla MOCTOSIHHA, €€ MOXKHO BBEIHECTH 3a 3HaK CYMMBL:
I=p > R:AV,. (39.4)

CootHoutenusi (39.3) u (39.4) siBASIOTCS NMPHUOIHIKEHHBIMH, NpPHYEM
TeM GoJiee TOYHBIMH, YeM MeHBILE 3jeMeHTapHble o6beMer AV; U cooT-
BETCTBYIOLIHE UM 3jeMeHTapHele Macchl Arm;. CriejloBaTesIbHO, 3ajaya
HaXOXIEHHsT MOMEHTOB HHEpLHHM CBOJAHMTCH K MHTErPUpOBAHHMIO:

1= Rrdm=pR2av. (39.5)

Unterpaset B (39.5) Gepyrcsi mo Bcemy ob6beMy Tena. BeaHuuHbl p H
R B 3THX HHTErpajiaXx siBJsIOTCS QYHKUHSMH TOYKH, T. €., HalpuMep,
AEKapTOBBIX KOOPAMHAT X, Yy H 2.

- B xauecTBe nmpumepa HaliieM MOMEHT HHEPIHMH OJHOPOJAHOrO AHCKA
OTHOCHTEJIbHO OCH, NEepueHIHKYIsPHOl K MJIOCKOCTH JIMCKA H NPOXOAS-
mieli yepes ero ueHtp (puc. 39.1). Pasobbem AMCK Ha KOJIbIEBbIE CJIOH
TosHHoi dR. Bee Touku omHOro cjos OYAyT HaXOAWTbCS Ha ONMHA-
KOBOM pacCTOSIHHH OT OCH, paBHOM R. OGBeM Takoro Cliosi paBeH

dV=b2nR dR,

rae b — TosuuHa AucKa. ITOCKOMBKY AMCK ONHOPOJEH, IVIOTHOCTE €ro
BO BCEX TOYKaX OJHHAKOBa H p B (39.0) MOXKHO BBIHECTH 33 3HAK



142 rn. v. MEXAHHKA TBEPOOI'O TEJIA

HHTErpaJa:
Ro
I=p{R*dv =p | R*b27R R,
3

rie R,— paauyc naxcka. BbiHeceM 3a 3HaK HMHTErpaja IOCTOSHHBIH
MHOXHTENb 27b: :

Ry
4
I=2mbp | R®dR=2nbp .

0

HakoHell, BBei Maccy AMCKa 1, PaBHYIO IPOH3BEACHHIO IJIOTHOCTH P
Ha o6beM JHCKa bnRj, noJy4yHM:
Rz

_ =52, (39.6)
HaxoxjenHe MOMEHTA WHEPIMH B PaCCMOTPEHHOM TPHMEpE 3HauH-

TEJIbHO YIpoLlaJock BCJEACTBHE TOro, 4YTO TEJO OBLITIO OJHOPOAHBIM
H CHMMETPHYHBLIM, 8 MOMEHT HHEPUHH MBI HCKaJli OTHOCHTE/IBHO OCH

B 7T LE sy

Gy, Y ED

L
2oty o A

R

Puc. 39.1. Puc. 39.2.

CHUMMETPHH. Eciu 651 MBI 3aX0TesM HaliTH MOMEHT HHEpUMH JMCKa OT-
HOCHTEJIbHO, Hanpumep, ock 0’0’, nepneHHKyASPHOH K THCKY H IIpO-
XOnsIeH yepes ero Kpai (cM. puc. 39.1), BHIYHCIEHHS], OYEBHIAHO, OKa-
3aJIHCh OBl ropaszio GoJiee CI0XKHEIMU. B MOI06HBIX CIY4asX HaXOXK IEHHe
MOMEHTa MHEPUMM 3HAYHTEJBHO OOJEryaercsi, €CH BOCIOJIb30BATHCS
Teopemoi IlTeid He pa, KoTOpas GOpMYJIHPYETCs: CJICAYIOMHM
o0pasoM: momerm umepyuu I OMHOCUMENbHO NPOU3BOALHOL OCU paseH
cymme momenma unepyuu I omuocumesbHo ocu, nAPasIerbHol GarHOL
U npoxodswelt uepes yeHmp macc meaq, U NpPoU3BeOeHUs MACCHL MEAQ M
HQ K6aOpam paccmosHus a mevxcoy ocamu:

I =1I.+4ma®. (39.7)

B cootBercTBHU c ’Teopemoﬁ IlITeliHepa MOMEHT MHEPUMH JHCKA OT-
HOCHTE/IbHO ocH O'O° paBeH HaiiieHHOMY HaMH MOMEHTY HHEpLHH
(39.6) orHOCHTeNbHO OCH, NPOXOAsILEl uepe3 UEHTpP HAHCKa, MJI0C
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mR} (paccrosinue mexkay ocsamu 0°0’ u 00 paBHO panuycy AHCKa R,):

2
1="30 4 mRi=3 mRj.

Takum o6pasom, Teopema Illtefinepa, no CyiiecTBy, CBOLMT BHIIHC-
JIEHHE MOMEHTa MHEPIMU OTHOCHTEJNHHO NMPOH3BOJBHOH OCH K BBEIYHCIIE-
HUIO MOMEHTa HHEpIHH OTHOCHTEJIbHO OCH, MPOXOAsLIel Yepe3 LEeHTP
Macc TeJna.

Ilna nokasarenbcrBa Teopemel IlltefiHepa paccmorpum ock C, mpo-
XOJAILYIO Yepe3 HEHTP Macc Tesa, H NapaJuiesibHyio el ock O, oTCTOos-
uyro ot oci C Ha paccrosiuue a (puc. 39.2; obe ocH neprneHiHKY1s1pHBL
K nJiockoctd 4eprtexka). O6o3HauM yepe3 R; mepneHAUKYJIAPHBIH K OCH
C BexTOp, NPOBEIEHHHIH OT OCH K 3JieMeHTapHoH macce Am;, a 4yepes
R; — aHaJOruyHBli BEKTOp, MpoBeaeHHkIH oT ock O. BBeniem Takxke nep-
NEeHAUKYJISPHEE K OCSIM BEKTOP a, COeJHHSIIOULHK COOTBETCTBYIOIIHE TOY-
gu oceii O u C. 151 060kt napel NPOTHBOJIEXKALIUX TOYEK 3TOT BEKTOP
HMeeT OJMHAKOBYIO BEJHUHHY (PaBHYIO PAaCCTOSIHHIO @ MEXAY OCSIMH)
H ONMHAKOBOE HampaBjeHHe. Mexay nepeyHcJeHHbIMH BEKTOPaMH
HMeeTCs COOTHOLICHHE

R;=a-+R;.

Kpanpar paccrosiHHs 3jemeHTapHoii Maccel Am; or ocu C paBeH
R?=R}, a ot ocu O —

RP=(a+R)*=a*+2aR;+R}.

C YU€TOM MOCJIeAHEr0 COOTHOWEHH T MOMEHT HHEPUHH TeJia OTHOCHTEJNBHO
ocH O MOXHO MnpeacTaBeHTb B BHIE

[=3 AmRF=a* 3 Am;+22 3 AmR ;+ X Am;R}  (39.8)

(OCTOSIHHEIE MHOMHTENH Mbl BbIHEC]M 3a 3HaK cymmbl). [locnenmuit
9leH B 3TOM BBHIPAXKEHHH €CTh MOMEHT HHEpUHH Tesa OTHOCHTEJbHO
ocu C. O6o3Haunm ero [..Cymma ajemMeHTapHbIX Macc JiaeT Maccy TeJa
m. Cymma D) Am;R; paBHa NpOM3BEJIEHHIO MACCHl TeJla HAa BEKTOP R,
npoBeeHHbH oT ocl C K HeHTpy macc Tenia. ITocKosbKY LeHTP MHep-
UK JIEKHT Ha oc C, 3TOT BekTop R, 2 cjiefioBaTeqbHO, H BTOPO#H YJeH
B (39.8) paBHe Hymo. Takum o6pasoM, Mbl MPHXOAUM K BBIBOAY, 4TO

[ =ma*+ I,

a 3710 U TpeboBanoch NoKasaTh (cM. (39.7)).
B 3akJioyeHue npHBegeM 3HAUYEHHsi MOMEHTOB HHEpUHH /IS HEKO-
TOpHIX Tesl (TeNla NPEeArosiaraloTcsi OXHOPONHBIMH, M — Macca Teda).
1. Teno mpenctaBisier coGoil TOHKHME AJIMHHBIE CTEPXeHb C ceye-
HHeM Ji060f dopmbl. MaKCHMabHbIH MONEPEYHbIH pasMep CTepHHs b
BO MHOrO pa3 MeHblue MIMHBI cTepxHs [(b<<l). MoMeHT HHepUHH
OTHOCHTE/JIBHO OCH, NepHeHAUKYJISPHOH K CTepXHIO H NPOXOAsuleh
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0 ' yepes ero cepeauny (puc. 39.3), pa-
: 4 BeH '
] g l
- [/ > Ta S 12 G
g 2. Ilia AucKa WM LKJHMHAPa NpH
Prc. 39.3. mobom oTHOweHMH R X [ (puc.

39.4) MOMEHT HHEPIMH OTHOCHTEJIbHO
ocH, coBnajaoulefi ¢ FreOMETPHYECKO} OCBIO LMJIHHADPA, PaBEH

AT
ﬂQmR.

3. Teslo — TOHKHMII mucK. TosuHa AMCKa b BO MHOrO pa3 MeHbIle

Puc. 39.4. . Puc. 39.5.

panuyca JZHCKa R (b<<R). MoMeHT MHEPIMM OTHOCHTEJbHO OCH, COBINa-
Jaioniell ¢ JauMamerpoM Jaucka (puc. 39.5), paBeH

Im%mR’.

4. MoMeHT MHeplIHM Iapa painyca R OTHOCHTENBHO OCH, INpo-
XoslleH uYepea ero LEHTP, PaBeH

—2 pe
—st.

§ 40. TousiTHe O TeH30pe HHEPUHH

B § 38 MBE! YCTAHOBHJIH, YTO A1l OXHOPOJHOrO TeJa, BPAILAloLLerocs
OTHOCHTEJIBHO OCH CHMMETPHH, CBSI3b MEXAy BekTopamMu M 1 o umeer
OYyeHb NPOCTOH BHA:

' M=Jo : (40.1)
(cM. (38.10)) mum
' M,=Ilo,, M,=lo, M,=Ilo, (40.2)

D10 06BSICHSETCS TEM, YTO AJs TAKOro Tejia BeKTOpel M U @ KoJsuHe-
aprel. OHaro B o6mieM cayyae BekTopbl M H @ 06pasylor yroJ, OTJiny-
Helff OT Hyss (cm. puc. 38.2), Tak 4TO CBSI3b MEXAY HHMH He MOXeT
6uiTh BhipaxkeHa ¢opmydiont (40.1).
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[onuTaemcs BLISICHUTB, KaK MOXHO CBf3aTh aHaJIMTHYECKH BEKTOPLI
M ¥ © B camom obLieM ciyyae. Bysem HCX0AUTb U3 TOro, YTo MOAYJIH M .
¥ @ TpPOIOPLUUHOHAJBHEL APYr APYry. JlelcTBUTENbHO, COrJIACHO (38.3)
MOAYJ/IM 3JIEMEHTapHBIX BeKTOPoB M; MponopuuoHaJbHbl MOAYJIO ©,
CJIe[IOBATEJIBHO, H MOAYJb CYMMBI 3THX BEKTOPOB TaK:Ke MPONOpPUHOHA-
JeH ®. JIerko coo6pa3uthk, YT0 TaKas MPONOPLHOHANIBHOCTD MOJYUHTCH
B TOM CJyuae, €CjiM KaxJasi KOMIOHeHTa BekTopa M Gyner 3aBuCeTb

JIHHEHHO OT KOMIIOHEHT BEKTOpa ®:

Mx o Ixxmx 17 !xymy -+ !xz@z’
M,=1I,0,+1,0,+1,0, (40.3)
M,=1,0,+1,0,+ I1,,0,.

3pech BESHUHHB [y, [y U T. L. CYTh KOSG(HIUHEHTEl NPONOPLHOHANL-
HOCTH, HMeIl1e Pa3MepHOCTb MOMEHTa HHepUuHMH (Cp. ¢ (40.2)). Ilpu
YBeJIHYEHHH © B HEKOTOpPOE YMCJO pas B TaKoe € KOJHYECTBO pas
YBEJIMYMTCSL KaXKJasi H3 KOMIOHEHT Oy, My, ©®, ¥ COOTBETCTBEHHO KaxK-
fasi ¥3 KOMNOHeHT.M, M,, M, a 3HaYUT U CaM BEKTOp M. i

B3aumuas opHeHTauHsi BeKTOpoB M 1 © onpejienseTcs: sHaYeHUsIMH
K03(pHIHEHTOB NpONopiuHoHanbHOCTH. IlycTh, Hampumep, P
=1I,,=1, a ocrajbuble KO3QPHIHEHTH PaBHbl HYJ0. Torna gopmyJsl
(40.3) nepexoasT B cooTHouwenHs (40.2), T. e. BekTOpsl M ¥ @ OKashl-
BAIOTCSl KOJIJIHHeapHBIMM. Temepb JOMYCTHM, YTO BEKTOP @ HalpaBJeH
BIIOJIb OCH z M KO3(dHUMEeHTH [, [y, I, ornynel OT Hyns1. B atom
cIydae @,=, mx=my=0. [ToncranoBKa 3THX 3Hauenud B (40.3)
BAaeT, 4YTo

M,=1,0+0, M,=I,050, M,=1I,00.

Bce Tpy KoMNOHeHTHE BeKTOopa M 0KasasuChb OTJIHYHBIMH OT HYJIS, 3HA-
uuT, BeKTop M o6pasyeTr C HalpaBJEHHBIM MO OCH Z BEKTOPOM @ HE-
KOTOpEIF YroJ.

M3 cka3aHHOrO BHITEKAET, YTO B CaMOM OOLIeM CJy4ae CBsI3b MEXIY
MOMEHTOM MMIYJbCa ¥ YIJIOBOH CKOPOCTBIO TeJ1a MOXKeT ObITh BhIpaXKeHa
¢ nomompbio gopmya (40.3). Anasorngusie GopmyJisl MOTYT ObiTh Hanh-

‘CaHbl /1S JIIOOHIX BeKTOPOB a M b, MOAYJH KOTOPBIX NPONOPIHOHAIbHBI

ApYr ApYyry:
by=T,.a,+T.a,+T,.a,
b,=T,.a,+T,a,+T,a, (40.4)
bz o= szax = szay + Tzzaz-

i TpU GOPMYJIEI MOXKHO 3aNKCaTh KOMIAKTHO B BHAE OJHOIO Bhipaxe-

HHA:

bi= 2 Tua (i=%, 4 2). (40.5)

k=x, vy, 2

ITosoXHB i=xX M OCYLIECTBHB CYMMHPOBaHHE, NpH KOTOPOM MHJEKC
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k npoGeraer 3HaYeHHS X, Y, Z, NOJYUHM NEPBYIO U3 GOPMYI (40.4), mo-
JIOXXHB [=y — BTOPYIO U3 (GOPMYJ H T. X.

CoBOKYNHOCTD AEBATH BeJHYUH Ty, Tyy, + v +y T',, AMEHYIOT T € H-
30pomM BTOpPOTro paHrak¥), aonepanuio, BHpaxaeMyw Gop-
Mysamu (40.4), HasHIBAIOT YMHOMEHHEM BekTopa a Ha Tensop T. B pe-
3YyJIbTaTe TAKOrO YMHOXXEHHS MOJy4yaeTcsi HOBHIM BeKTop b.

Tensop npuHATO 3amMCHIBATL B BHAe KBaJPATHOH TaGJIHIEL:

Txx Txy sz -
1‘==(:Tyx ng T&z:) (40-6)
sz sz Tzz

(BMECTO MHLEKCOB X, Y, 2 MOXHO MHCaTh MHAEKCH 1, 2, 3). Beauunusr

Tax, Tay, . - . HA3HIBAIOTCS KOMIOHE HTa MM TeHsopa. Pacrio-
JIO}€eHHbIe N0 JuaroHanu Tabauusl (40.6) xomnomeHTE! Ty, Ty,
T,, HasBHIBAIOTCS M HATOHAJbHBIMH.
3HaueHHs KOMIIOHEHT 3aBHCAT OT BHIGOpa KO-
OpIMHATHHIX OCel, Ha KOTOPHE NPOEKTHPY-
IOTCST BEKTOPHI a U b (oT BEIGOpa ocefi 3aBHCAT
H KOMIIOHEHTHI 3THX BEKTOPOB).

W3 comocraBnenust gopmya (40.3) u (40,4)
BBITEKAET, YTO KO3(DHUHEHTHI B Gopmyaax
(40.3) cyTe KOMIMOHEHTHl TEH30pa BTOPOro
paHra: |

"xx ‘rxy Ixz

Puc. 40.1. I =(1yx 725 i,,z). (40.7)

Iox lzy Izz

Ero Ha3pBaloT T€e H3OPOM MHEp LM K Tena. TOT TEH30DP XapaK-
TepH3yer MHEPTHBIe CBOHCTBA TeJa PH BPALICHHH.

Hro6br HaliTH 3HAUeHHs KOMIOHEHT TEH30pa HHEpLHMH, GymeM Hc-
XOIUTH M3 ONPE/eIeHUsI MOMEHTa HMITYJIbCA TeJa: '

M= m[r;, v;] (40.8)

(cm. (38.9)). Bekropnr r; Gyzem oTKJagmiBaTh OT LEHTPA Mace Teja
(puc. 40.1). 3amenum B Bepaxkenuu (40.8) CKOpOCTH V; BEKTOPHBIM
npoussesenueM [o, r;] (eMm. dopmyay (5.8)). B pesysbrate monyumm:

M=23\m;[r;, [o, r]].
Tenepb Bocronbayemest opmyJIoi «Gai MuHyc Haé» (Gopmysoir (2.35)):
M=23m;{o(rr)—r;(ro)} (40.9)

) TensopoM BTOpPOrO paHra Ha3HBAETCH COBOKYMHOCTh JEBSITH .BeNTHYNH T i)
Tyyr «s Tzz, NPEOOPAIYIOIHXCS NPH NOBOPOTaX KOOPAHHATHEIX OCeH 110 onpefiesieH-
HBeIM npaBuiaMm (cM. Ilpunoxenue III).
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HanomuuM, 4TO CYMMHpPOBaHHe OCYILECTBJISI€TCS MO BCEM 3JEMEHTap-
HBIM MaccaM, Ha KOTOpble MBICJIEHHO PasOHTO TeJo.

CBsiKeM C TeJIOM JeKapToBy cHcTemy KoopauHart?) (cm. pue. 40.1)
¥ pacruileM CKaJsipHble NPOM3BeNeHHs, QUrypypylolye B BEIpaIKeHHH
(40.9), uepes KOMIIOHEHTH BEKTOPOB @ ¥ T; MO OCSIM 3TOH CHCTEMEI
(em. (2.23)). Hauano koopauHAT NOMeCTHM B LEHTp macc Teqa C (ua-
IOMHHM, 9TO M3 3TOH TOUKH MBI OTKJaJblBaJH BEKTOPHI I;). ¥YUTsl, 4TO
rxi=Xi, Tyi=VYi, Tz;=2; TNONYIHM:

M= 2 m; {(’3 (JCE o yz‘ 2 2%) =8 (xx'(ox s Y0y =5 zlwz)}' (40 1 0)
Hafiiem npoeKIHI0 3TOr0 BEKTOPa Ha OChb X:

M, = 2 mi{o, (x4 yi +28) — x; (X0, 4+ y,0, + 2,0,)} =
= 0, D (i +23) — 0, D MXY; — 0, XMz (40.11)

AHaJOrHYHO HAXOASTCS NPOEKLHH BekTopa M Ha ocH y H z:
M,=—o, 3 my;x;+o, Rm; (xi+20) —o, Zimy;z;, (40.12)
M, =—0, > mzx;—0, D mz;y; + o, > my (xi4-yi). (40.13)

CpaBHeHVe INOJIyYEHHBIX HaMH BbIpaXKeHHH C QopMmyJsamMH (40.3)
I03BOJISIET HAHTH 3HAYeHMs] KOMIIOHEHT TeH30pa HHepuHH. Brinmuiuem

9TH 3HAYEHHA Cpasy B BUJE TaGJHIbL:
— 2 mixizi

Emf (3 +21) '—E miXxiyi
I=| —Xmuym > omi (G42l) = Dmiz . (40.14)

_Eml'zi'x( —Em,-z,-y{- Eml(x%-}-y?)

JlyaroHasbHbIe KOMIOHEHTH! TEH30pa MPECTaB/ISIOT co00i pacCMOTPEH-
Hble B NpeNbIAYIEM Maparpade MOMEHTHl HHEPUHH-OTHOCHTEJIEHO COOT-
BETCTBYIOUIMX KOOPAHHATHBIX Ocefi. OTH KOMIOHEHTHI HashIBAlOTCS OCe-
BHIMY MOMEHTAaMH HHe pIiHu. HeqnaronanbHble KOMIIOHEHTHI
Ha3bIBAlOTCA L EHTPOGEX HBMHU MOMEHTaMH HHED-
LM H. 3aMeTHM, YTO HeJHaroHaJbHble KOMIIOHEHTH TeH3opa (40.14)
yroenetBopsior  yenoBuio:  [ay=1Iyx, 1..=1;, [y,=1,,. Tensop,
VJIOBJICTBOPSIIOUIHE TAaKOMY YCJIOBHIO, HaspiBaeTCsi CHMMET P H Y-

H bl M.
IMpakTHYECKH KOMIOHEHTHI TEH30pa HHEPUHH BBIYHCAAIOTCS € I10-

MOIBIO MHTerpHpoBaHus. Hanpumep, KomroneHTa I, onpeusiercs
no dgopmyJe
' ILo={00% v 2 @+ dV,

rne p (¥, y, 2) — nAoTHoCTh, dV — 3/JeMEeHTapHbIH O0BEM. Hurerpupo-
BaHHe NPOH3BOJMUTCS IO Bcemy 0OBeMY TeJia.

1) ITonuepKHEM, YTO OCH STOH CHCTEME! JKECTKO CBA33HhIC TeJOM M BpamIAIOTCA
BMeCTe C HHM,
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Haiijem KOMNOHEHTHI TeH30pa HHEPUHH LIS OJHOPOAHOTO NPSMO-
YrOJIBHOTO MapaJiyie/ienHnesia, BeilopaB OCH KOOPAMHAT TaK, KaK NI0Ka3aHo
Ha puc. 40.2. Havyano KoopauHat coBmajaeT ¢ meHTpom Mmacc Tena C.

o YTo6k! BEIUHCAUTE OCEBOH MOMEHT
/_7;/;11_ uHepuuHu [,,, paso6beMm TeJo Ha
CTOJIGMKH C MJIONA/IbI0 OCHOBAHHS,
paBHo#t dxdy. Bce ssemeHTH Ta-
KOTO CTOJIOHKa HMEIOT OJHHAaKO-
Bble 3HAYeHHS KOOPJAHHAT X H y.
O6wem cronbuka paseH 2c¢ dx dy,
a ero Macca dm=p2c dx dy. Ilo-
3TOMY BKJaj cToJI6HKa B /,, on-
Pral 402! pefiesisieTcsi BhIpaXKEHUEM

dfzz cronbuka — 2pC (xz R yz) dx dy

[MpouHTerpHpoBaB 3TO BHIpaXEHHe MO X, HalifeM BKJIaA B /,,, KOTOPHI
jaer mokasaHHbiit Ha puc. 40.2 cOi AaMHBL 2@, IIUPHHBL 2¢ U TOJ-
IMHEL dY:

+a +a +a
Al eaon=§ 20c (¥ 497 dxdy =2pcdy § x* dx+20cyr dy § dx =
-a -a —a

= (% ocad + 4pcay*) dy (40.15)

(Tak Kak Teso OJHOPOAHO, 0 HE 3aBHCHT OT KOOPAMHAT X, Y, 2).
Hakonen, npousrterpupoBaB Belpaxenue (40.15) mo y, noayuum
I, Bcero Tena:
+b

ly= TSP (% pca® +- 4pcay=) dy:% pca® Ebdy-I—*ipca g yrdy =
=) =b

—b
8 8 1 1
= 3 pcath +5 peab® =  p (2a) (2b) (20) (a* +0%) = + m (a* +5?)
(m — macca Tena). AHANOrWYHBIE BHIUMC/ICHHSI MAAIOT, YTO

Ly=gm@+c), I,=%m@+0co).

- Tenepb BBIYHCAHM OAHH M3 LEHTPOOEXKHLIX MOMEHTOB, HaMpHMeEp
I, Bkyiaj B 3T0T MOMEHT CTOJIGHKA C OCHOBaHMeM dx dy paBex

dey croxbaxa = — PXY 2c dx dy,
a BKJiaja cJjiosi —

+a
Ay cxon=—2pcydy § xdx=0.

CoOTBETCTBEHHO M’ MOMEHT BCEro TeJla paBeH HYJI0. AHAJOTHUHbLHI pe-
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3YJIBTAT MOJydYaeTcss H LIS OCTaNbHBIX LEHTPOGEXHEIX MOMEeHTOB. Ta-
kuM o0pasoM, NpH yKa3aHHOM Ha pHc. 40.2 Bbifope KOOPAMHATHBIX
ocell TeH30p MOMEHTa HHEpLHH OJHOPOIHOrO NPAMOYroJbHOIO MapaJije-

Jienurena HMMeeT BHI
7% 110750
I=<0 Iy 0) (40.16)
0 0=

(MBI COXpaHHMJIH NIPH JHAarOHAJIbHBIX KOMIOHEHTAX IO OHOMY HMHJEKCY).
Taxkoii peayabTar nojyyucs 6jarojapsi Tomy, YTo B Ka4eCTBe KOOp-
JAMHATHBLIX oceli OBIH BLIOPaHBI IVIaBHBIE OCH MHepUMH Tesa (cM. § 38).

yh
a

2 r%/ /
zycld %0 // b

s
i

L}
/// ‘Tfr'/ ‘4«:.{? %
iy zy

Z

2
Puc. 40.3.

Ilpu MHOM BhIGOpE KOOPJAMHATHBIX OCeHl LEeHTPOOeXKHEIE MOMEHTHI HHep-
LMK OKAa3HBAKOTCS OTJIIMYHLIMH OT HYJisl. B 3TOM MOXXHO Y6eUTLCS C 1o-
MOIIBIO CyIefyiolero paccyxzuenust. Ilpu BhiGope oceit, NoKasaHHOM
Ha puc. 40.3, a, njowanu NpsiMOyronbHUKoB I, 2, 3 ¥ 4 OJMHAKOBHI.
Ha nByX 43 HHX NPOH3BEAEHME XY MOJOXKHTENbHO, Ha ABYX — OTpHIla-
TeJbHO. DTO NPHBOIHT K TOMY, YTO MHTErpas OT Xy, B3STHIH MO Beeil
MJIOLIA/H, OKasbiBaeTcsi paBHLIM HyJ 0. IIpu BriGope oceH, MOKa3aHHOM
Ha puc. 40,3, 6, njowany 3alITPHXOBaHHBIX Guryp / u 3 MeHblIe 1Jo-
H@azell HesaluTPHXOBaHHBIX Guryp 2 u 4 (a>b). IlosTomMy HHTerpan
OT xy, B3ATHIH N0 CyMMapHOH mJollanHt, 6yzet orauyeH ot Hyas. Coor-
BETCTBEHHO OTJIMYEH OT HYJISl ¥ HeHTPOOEXKHbIH MOMEHT /.

TlosyyeHHBIH pe3ysbTaT ABJSETCS OOLMM A5 BCEX TeJ, He3aBHCHMO
OT uX QopMEI M pacnpesiesieHst Macchl. Ecaiu B KayeTcBe KOOpAMHATHHBIX
oceil B35ITh IJiaBHble OCH HHEPUMH TeJja, TEH30p WHEPUHH HMEEeT BHJI
(40.16). BeJ'IHi-IHHbI“fx, Iy, I, (Ho He 2 {3-,3,, I,, B (40.7); npu noBopore
KOOpPAMHATHEIX OCeH H3MEHSIOTCS BCe KOMIIOHEHTE! TeH30pa, B TOM YHCJIe
W JHaroHaJsibHple) Ha3LBAlOTCS TJABHLB MM MOMEHTAaMH
WHepuuu Tena. IToguepkHeM, YTO TJIaBHBIMH MOMEHTAMH HWHEDLMH
Ha3bIBAlOTCSI OCEBble MOMEHTHI, BBIYHCJEHHbIE HE B NpPOU3BOJIbHBHIX, @
B I'JIJaBHBIX OCSIX.

I'naBHBIe OCH HHEPLHH B3aUMHO NeprneHAHKYJISPHEL H NepeceKanTcs
B LIeHTpe Macc TeJia. B obuiem ciydae (korna /1 71 ,) 3T 0OCH MOXHO
BbIOpaTh €IHHCTBEHHBIM cnocobom. Jlag mapoBoro Boayka (T. €. TeJa,
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y Roroporo [,=1,=1I,; cm. § 38) noJoxenye rIaBHEIX OCeli OKashBa-
eTCsl COBEpPLIEHHO ~HeonpeleseHHbIM. ¥ CHMMETPHYHOro Bosiuka (/.=
=1,5~1,) $uKCHpOBaHA JIHIIB OCh 2, OCTaJbHbIC JIBe OCH OKA3KIBAIOTCS
HeonpeJle/IeHHBIMH .

[TycTh Tesio BpalaeTcsi BOKPYT OfHOH M3 CBOMX IJTaBHBEIX Ocel HHEp-
LMK, CKaXXeM BOKPYT OCH 2. BrIOpaB ryiaBHele OCH B KauecTBe KOOp/IH-
HaTHBIX OcCefl, NOJYYHM, YTO0 0, =0, ®,=0,=0. ITockoJIbKy npy Ta-
KoM BhIGOpe KOOpAMHATHEIX OcCell TeH3op HHepuuH umeeT BuA (40.16),
¢dopmysl (40.3) DpUBOAAT K CHAEIYIOUNHM 3HAUEHHWSAM KOMIIOHEHT MO-
MEeHTa HMMIyJbca TeJla:

M,=M,=0, M,=I0.

CrejoBaTeslbHO, BeKTOp M nMeer TaKoe ke HanpaBjieHHe, KaK U @.
Taxoii ke pe3yJbTaT MoJyyaeTcs NPH BPalleHHH Tejla BOKPYT APYTHX
ryiaBHbIX oceff. Bo Bcex aTHXx cayyasx

M=o, (40.17)

rie | — COOTBeTCTBYIOWIME TJ4BHEIH MOMEHT HHepuuu Teja. B §38
MBI OJIYUHJIH TaKyIo GOpPMYJY AJsT OJHOPOAHOrO TeJia, Bpallarollerocs
BOKpYr cBoeii ocu cumMeTpul (cm. (38.10)). Teneps Mbl yCTAHOBHJIH, UTO
dopmyna (40.17) cnpaBepnHBa B TeX cjydyasiX, KOIZIa NPOH3BOJIbHOE
TeJIO BpallaeTcsl BOKPYT OJHOM M3 CBOMX IVIaBHBIX OCeH MHEpIHH.

B 3akjmoueHHe BBISSCHUM, B KaKHX CJy4asiX BCerjia CrpaBelIUBYIO

dopmyay M=N (cm. (38.1)) MOXHO mHCaTh B BHJE
IB=N. (40.18)

TIpexxne BCEro 310, OYEBHIHO, MOXHO JieJlaTh, KOTJia TeJo Bpalia-
eTcs BOKPYT IJIaBHOM OCH M MOMeHT cusl N HanpasJieH BJOJb 3TOH OCH.
JleficTBUTENbHO, B 3TOM CJayYae MOMeHT cusl N BbI3bIBaeT NMpHpaileHune
dM, xonnuueaproe ¢ M (dM=N df). Ilostomy BpalueHve BCe Bpems
NPOHCXOIUT BOKPYTL [JIaBHOH OCH, Tak uyTO cooTHoulenne M=Jw He
Hapymaercs. OfHAKO B 3TOM Ciyyae BeKTopHas ¢opmyna (40.18) me
JlaeT HUYEro HOBOrO MO CPaBHEHHMIO ¢ GopMYJIoH

IB,=N, (40.19)
(z — och BpallEeHHs).

IIpu N, sekosvneapHoM ¢ M (sanpumep, npu N, neprneHauKYJsip-
HOM K M), och BpalleHHsi CO BpEMEHEM IepeMEIaeTcsi OTHOCHTE/IbHO
Tesia; MOSTOMY AaXe MPH YCJOBHMH, YTO COOTHOLIeHHE M=/® BbinoJ-
HsIeTCSl B HAYaJIbHLIH MOMEHT, CO BpEMEHeM 3TO COOTHOLIEHHE NepecTaeT
BBIMOJIHSTECS, M ypaBHenue (40.18) yrpauusaer cmbic/. TONBKO B TOM
ciyyae, KOria TeJo SIBJseTCs IIApOBbIM BOJIYKOM, NepemelieHHe OCH
BpalleHHs OTHOCHTEJIbHO Tesla He HMeeT 3Hayemus. [yl 1wapoBoro
BOJIYKA J1106ast OCh IBJISIETCS IVIaBHOU M 06J1afiaeT OAMHAKOBBIM 3HaYe-
HHeM MoMeHTa uHepuuu [; mostomy ypaBHenue (40.18) okasbiBaeTcs
CrpaBeVIHBEIM IIPH JIOGOM B3aHMHOM HampaBJieHHH BEKTOPOB N H @.
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§ 41. Kunernueckasi SHeprusi BpaIAIOWErocs TBEPAOro TeJaa

HauneM ¢ paccMOTpeHHsi BpalleHHsi Tesa BOKPYI HENoJBHKHOMU
OCH, KOTOPYIO Mbl Ha30BeM OcChlO Z (puc. 41.1). JIviHefiHast CKOPOCTD 3Je-
MEHTapHOH Macchl m; paBHa v;=wR;, rae R;— paccrosiHHe Macchl /m;

orocH z. CnenoBaTesbHO, MJIsi KHHETH- za
yeCKOIl SHepTHH (-i 3JeMeHTapHOH Mac- I
Cbl MOJy4YaeTcsi BEIPAXKeHMe 1+

~nt

mivy 1 a
Tl'= lzlﬁ—é"mjo.)zR'-

KuHeTHuecKast SHepPrus Tejia CJlaraercs =
U3 KHHETHYECKHX JHEpruil ero yacTeH:
75
1
T=3T; =50 2, mR%
CymMmMa B npaBOH YacCTH 3TOrO COOTHO- I
IUEHHS] NpeicTaBjseT Co00H MOMEHT £
HHEpUHH Tesia / OTHOCHTEBHO OCH Bpa- Puc. 41.1.

mweHust. TakuM 06pa3oM, KMHETHYECKas!
SHEprus Tejia, BpallAlOMIErocs BOKPYI HENOABHMHOW OCH, paBHa

T = lo®. (41.1)

ITycts Ha Maccy m; NefCTBYIOT ) BHYTPEHHSsS CHJIA f; ¥ BHelUHASA
cuna F; (cm. puc. 41.1). CornacHo (20.5) 3TH CHJIbI COBEpLIAT 3a BpeMA
dt paboty

OCYLIECTBHE B CMELIaHHBIX NPOM3BENCHUSIX BEKTOPOB UHKJIHYECKYIO
NepecTaHOBKY COMHOXMTesell (cM. (2.34)), moayynm:

dA;— o[t T]d+olr, Fld=oNgwmdi+aN;d, (41.2)

roe N@W™ — MOMEHT BHYTPEHHEH CHJIEL OTHOCHTENBHO TOYKH 0,
N; — aHaJOrMYHbIH MOMEHT BHEIUHEH CHJIBI.

INpocymMMEpOBaB BhIpaxkeHue (41.2) no BceM 3JIeMEHTapHEIM Maccam,
NOJYYHM 3JIeMEHTapHYIO paboTy, COBEpLIaeMYIO Ha/ TEJIOM 34 BpeMA dt:

dA= D dA; = {ZNEY™) di -+ o {FN;}dt.

CyMMa MOMEHTOB BHYTPEHHHX CHJl PaBHA HYJIO (CM. (29.17)). CnenoBa-
TeJIbHO, 0G03HAUKB CyMMapHbiii MOMEHT BHEIUHHX cus yepes N, npuiem
K BBIpaXKeHHIO

dA=oNdt=oN,dt (41.3)

%) Pesynbrupylomas ciia f;+F; JeXKHT B MIIOCKOCTH, NEPIEHHKYINSAPHOI K OCH
Bp alleHud, ;
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(MBI Bocriosib30oBasIHCh (opmysiolt (2.21)). HakoHeu, npussie Bo BHUMAa-
HHUE, YTO ® df eCTh yroJs d¢, Ha KOTOpEIH TOBOPaYHBAETCS TEJIO 32 BpeMsi
dt, nonyyum:

dA =N, do. (41.4)

3HaK paboTel 3aBMCHT OT 3HaKa N, T. €. OT 3HaKa NPOeKUHH BekTopa N
Ha HanpaBJjeHHe BEKTOpa .

WTak, npy BpalleHHH TeJia BHYTPEHHHE CHJIbL paGOTHL HE COBEpLIALOT,
pa6oTa e BHEUIHMX CHJI ompegensiercs dopmysoH (41.4).

K dopmyne (41.4) MOXXHO TpPHIITH, BOCNOJBL30BAaBLIKCE TEM, YTO pa-
GoTa, coBepuiaeMast BCeMH MNDHJOMXKEHHBIMH K TeJly CHJIAMH, HAET Ha
npupallieHHe ero KuHeTHyecko# sHepruu (cM. (19.11)). Base guddepen-
‘uuan ot obenx yactei paBeHcTBa (41.1), mpuaeM K COOTHOLIEHHIO

dT =d ([0?*/2) =d ([0*/2) = o do = [ef df = [0, dt = IB, do.

Cornacro ypasHeruio (38.8) If,=N,, Tak uto, 3amenus dT uyepes dA,
npugeM K dopmyne (41.4).

Ta6auuwa 41.1

IocTynatencHoe nBHIKEHHe EpawarensHoe ABHKeHHe

V—JHHEHHAA CKOpPOCTb
W=V — JIHHelHOe YCKOpeHHe

@ — YIJIOBasi CKOPOCTh
=@ —yruopoe yckopenue

m-——macca [ —MOMEHT HHEpLUHH
P = MV — HMOYJAbC M, = [0, — momeHT HMOYJbCa *)
F—cuna N uau N, —MoMeHT cHJIE
p=F M=N
mw=F 1Bz =N ¥)
T =muv?/2 T=lw?}2%

. dA=F¢; ds=F, ds dA=N d¢

*) Jhsi HenoJBMACHOH OCH BpAlUEHHS.

B Ta6n. 41.1 conocraBieHsl (GoOpMYJibl MeXaHWKH BpallaTeJbHOrO
ABHMEHHS C aHAJIOTHYHBIMH (OPMYJaMH MEXaHHKH IOCTYNAaTeslbHOro
ABHXKEHHs1 (MEXaHHKH ToYkH). M3 3Toro comocraBsieHHs Jierko 3akJio-
YHTh, 4TO BO BCEX CJTy4asiX POJIb MacChl HIpaeT MOMEHT HHepUMH, POJib
CHJIBL — MOMEHT CHJIBI, POJIb MMIYJbCa — MOMEHT HMMIOYJbCAa ¥ T. I.

Dopmyay (41.1) Mbl nonyumIu AJist cydasi, KOrja TeJio BpaulaeTcst
BOKPYT HEMNO/BHXHOH (HKCHPOBaHHOH B Tene ocu. Temepsr HomycCTum,
4YTO TEJIO BPAILAETCs MPOM3BOJbLHBIM 06PA30M OTHOCHTEBHO HEMOJABHK-
'HOMH TOYKH, COBMajaoliell ¢ ero LeHTpom macc. CBSKEM KECTKO C TeJsjoM

§41. KHHETHYECKAS SHEPTHS BPAIAIOLUIETOCSI TEJIA 153

JIeKapTOBY CHCTEeMY KOOpDAMHAT, Hayasjo KOTOpOH IOMECTHM B LEHTP
macc Tesia. CKOpOCTb i-H 3JeMeHTapHOM Macchl paBHa V; = [0r;].
CaenoBaTeNbHO, NI KHHETHYECKOH 3HEPrHH Teja MOXKHO HalHCcaTh
BbIpaKeHHe

1 .
T = —é— 2 m‘.U% = % Z ml‘ [(0[';-]2 — ? Z m‘-(:)"rf- 511'12 0‘-‘-,

rfie o;— YroJl MEeXIy BeKTopaMH © H r;. 3aMeHHB sin® a; uepes
1—cos?o,; U yuTSI, YTO ®7; COS O;=@r;, MOJYYUM: -

= _; 2 m; {e*;—(or;)?}.

Pacnumem CKaJIsipHBIE IPOM3BEACHHUS Yepe3 IPOCKUHH BEKTOPOB ®
H I'; Ha OCH CBSI3aHHOH C TeJIOM KOOpPJAHHATHOH CHCTEMBI:

T =1 3 m{(eh+of +of) (453 +2) —
N (mxx[ + myyi _{_ (13221-) ((oxx:' + wyy:‘ + mzzf)} o )
=5 3 m, {(0} + 05 +03) (8 + 4} +21) — 0l — 0,0, %y, —
— 0,0,X,2; — O 0 X; — Oy — OO, Y2, — 0,0, 2;X; —0,0,2;Y; —03zi}.

Hakonen, oObeMHHB claraemble C OJHHAKOBLIMH IPOH3BeICHUAMHU
KOMITOHEHT YTIJIOBOH CKOPOCTH M BbIHECSI 5TH NPOHM3BEJEHHs 33 3HAKH
CYMM, NOJYYHM:

I
T = {0 3 m; (yi +28) + 0f X m; (F+20) +
+ ok 3 m; (x4 YD) — 0,0, D mxy; — 0,0, dimxz;—
— 0,0, D) MY X; -mymzz MY 2; — 0,0, DMz x;—0,0, >mzy;).
CyMMBI, Ha KOTOPHIE YMHOXKAIOTCSI NPOU3BEAEHHS] KOMIOHEHT YIJIo-

BOH CKOPOCTH, CYTh KOMIIOHEHTHI TeH3opa MHepuuH (cm. (40.14)). Cre-
JIOBaTeJIbHO, MBI NPULIIH K dopmyJe

= —;- {I. .0+ Ixymxo;y + 1,00, +1,,0,0,+
+ 1,05+ 1,00, 41,00, + 1, 0,0, + 107} (41.5)
Bty GopMyTy MOXKHO HamucaTh B BHJE

T=5 Y [0, (41.6)
L ok=x, 1y 2

Ilpu cymMMHpOBaHMM MHOEKCHI { H k npoberaiT, He3aBHCHMO APYT OT
Apyra, 3HaYeHHs X, Y, 2.

Ecnu ocH CBSI3aHHOMH C TeJIOM CHCTeMbl KOOpPAMHAT BbIOpATh TaK,
YT0Obl OHH COBNAJIH C IJIABHBIMHM OCSIMM WHEPLMH TeJld, LEHTPOGeXKHbie
'MOMEHTBI HHEPUHH 00paTsATCs B HYJb M BhipaxeHue (41.5) ynpocrurcs
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cIenyomuM obpasom:
1
T =4 {1,0:+ 1,0 + I 0z} (41.7)

3nech I, IJ,, I,— ryiaBHBIE MOMEHTEI MHepUMH Tena. JlJis 1apoBoro
BOJTYKA 3TH MOMEHTE! HMEIOT OJIMHAaKOBYIO BeJIMUKMHY /, TaK 4To dopmysia
(41.7) npunumaer Bun T=*/./w? (cp. ¢ (41.1)). Ilpu BpamieHun npous-
BOJIbHOIO TeJla BOKPYT OJHOM M3 IJaBHLIX OCell MHEpHMH, CKaxKeM OCH
2, 0,=0, 0,=0,=0 Hu dopmysa (41.7) nepexonur B (41.1).

Takum 06pa3om, KMHeTHYeCKas SHepIusl Bpalllalolerocs Tejia paBHa
TNOJIOBHHE ITPOM3BEAEHYUS] MOMEHTAa MHEepIUM Ha KBajpaT YIVIOBOH CKO-
pOCTH B Tpex cayyasix: 1) s Tesla, Bpallarolerocsi BOKPYT HENoABHXK-
HOH OCH, 2) IJist TeJia, BPAILAIOerocst BOKPYT OHOH M3 IVIaBHBIX OCel
MHepnuy, 3) AJ8 L1apoBOro BOJYKA. B ocTalbHBEIX Cyd4asX KHHETHYe-

f:;if[?)aﬂeprﬂﬂ onpepensieTcs 6ojee CNOXKHBEIMA Gopmyaamu (41.5) uau

§ 42. KuHeTuuecKasi SHepPrusi Teja NPH IVIOCKOM JABHKEHHH

Ilnockoe JBHXKEHHE TeMa MOMKET ObITh NPEACTABJICHO KaK HaJoKe-
HHe JIBYX JBH}KEHUH — MOCTYNaTeNbHOI0 C HEKOTOPOM CKOPOCTHIO Vo H
BpallleHUs] BOKPYT COOTBETCTBYIOLIEH OCH C YIVIOBOH CKOpOCTBIO @
(cm. § 36). Coraaceo dopmye (36.1) cKOpoCTb - 3JleMEHTapHON MacChl
TeJla paBHa

v;=Vo+[o, r;],

rJie Vo — CKOpOCTh HeKOTOpok ToukH O Tena, r; — pajauyc-BeKTop, olpe-
JeJISIOUIUH JI0JI0KEeHHe 3JIeMEHTAPHOM MacChl 0 OTHOILEHHIO K Touke O,
Kunernyeckasi sHeprusi i-ii 3JileMEHTapHOH MacCChl paBHa

1 1
T;,= 5 mu; = 5 M {vo+[o, r;]P.
OcyniecTBHB BO3BENEHHE B KBaApAT, HOJYYHM:
1
T‘: == —2— mi {Ug +2V0 [m, r‘] + [ﬁ), rilz}.

BekTopHOe npou3BelieHHEe ® Ha I; HMeeT MOAYJb, PaBHHIH ®R;, rie
R;— paccTosiHHe Macchl /71; OT OCH BpalleHus (CM. puc. 5.5 u Tekcr,
npemwecTByrouuii gopmyJie (5.8)). CnenoBaTeNbHO, TPEThbe CJlaraeMoe
B (urypHeIx cKob6kax paBHO ®*R;. Bo BTOpoM cjlaraeMoM OCYILIECTBHM
UHKJIMYECKYIO NIepecTaHoBKY COMHOXKHTesel (cM. (2.34)). B pesynbrate
NPHIEM K BHIPAXKEHHUIO

Ty=5m{ti-+2[v,, o]r;+oR3}. (42.1)

YTo0k! NOJIYYHTh KHHETHYECKYIO SHEPTHIO Tesla, NPOCYMMHPYEM BhI-
paxenue (42.1) mo BceM 3JieMEHTapHLIM MaccaM, IPHYEM BBIHECEM
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OOCTOSIHHBIE MHOXKHTEJH 33 3HaKH CYMM:

T =% v Y m;+[ve, (o]Zm,-r,- +%—m22mi}22.

CyMMa 3JeMEeHTapHBIX MacC ) m; €CcThb Macca Tesja m. Bripaxenue
mf; PaBHO NPOU3BEJICHHIO MAaCChl TeJia Ha pajiuyC-BeKTOp I¢ LEHTPa

wmacc Tesa. Hakoreu, D) m;R} €CTb MOMEHT UHEPIUUK Tesia /o OTHOCHTE/Tb-

HO OCH, mpoxojasuieii yepes Touky O. [TosTomMy MOXKHO Hamucarth, YTO
T =+ moy+ mrc[Vo, ©] 4+ Loo®. (42.2)

Ecau B KagecTBe ToukH O B3ATh HEHTP Macc Tena C, painyc-BeKTOp
rc 6y/eT paBeH HYJIO, TaK 4TO BTOpoe caaraemoe Hcuesaer. Crenoa-
TeJbHO, 0603HAYHB Yepes V. CKOPOCTh EHTPa Macc, a yepes /. — MOMEHT
HHEpLHM TejJa OTHOCHTENbHO OCH BpAIIEHHS, NPOXOASAIIEH Yepe3 TOUKY
C, noJy4um AJisi KHHETHYECKOH SHepruu Ttesa ¢opmyny

__mve , Ico? 49 3
T =— =, (42.3)

TakuM 06pasoM, KHHeTHYECKasl SHEPTHS Tesla IPH MJIOCKOM JBHXKe-
HHH CJIaraeTcsd U3 SHEPTHH MOCTYNAaTe/IbHOTO JBHMKEHHS CO CKOpOCThBIO,
paBHOI'f[ CKOPOCTH ILIeHTpa Macc, H 3HEPrHH BpalleHHs BOKpYr OCH,
NpoXojsuieil yepes LEHTP MacC Tela.

§ 43. IlpumeHeHHe 3aKOHOB JHHAMHKHM TBEPAOTo Tesa

ﬂBH}KeHHe TBEPJAOrO Teja ONHCHIBAETCH JBYMSI YpaBHEHHAMH:

'me=2FBHemm (43.1)
M=\ Nyeum (43.2)

(cm. dopmydtsr (37.5) u (38.1)). CrenoBatesibHO, ABHKEHHE TeJa Onpeje-
JSIETCS JIEHCTBYIOMMMH Ha HEro BHEIIHHMH
CUJIAMH U MOMEHTaMH 3THX CHJI.

MomeHTEl CHJI MOXKHO OpaTh OTHOCH-
TeIbHO JIF0OOU HEMOABHIKHONW HJIK NBHXKY-
meiics 6e3 YCKOpeHHsi TOUKH. B3siB Mo-
MEHT BHEIIHHX CHJI OTHOCHTEJIbHO TOYKH,
IBHKYLIeHcA C YCKOpeHWeM, Mbl, IO CY-
IecTBy, Hanmucaiu Obl ypaBHenue (43.2)
B HeHHEepUHaJbHOH cHCTeme oTcuyeta. B
3TOM C/iyyae, KpOME BHEIIHUX CHJI, 06yc/IoB-
JIEHHBIX B3aUMOJEHCTBHEM JAHHOroO Teja ¢
APYTUMH TeJIaMH, HYKHO YYMTHIBATH CHJIBI Puc. 43.1.
HHEpUWH M HX MOMEHTHI.

Touky NPHJIOKEHHUsT CUJT, ACHCTBYIOUIHX Ha TEJIO, MOXHO NEPEHOCHTD
BJOJIb JIMHUY NeHCTBUS CHJI, TIOCKOJIBKY NPH 3TOM HH CyMma CHJI, HH HX
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MOMEHTHl He H3MeHSI0TCA (MpU nepeHeceHHH CHJIbl BLOJL JHHHY ee Jedi-
CTBHS MJIEYO OTHOCHTEJNBHO JItOOOH TOYUKH OCTaeTCsl HeH3MEHHBLIM). JT10
TI03BOJISIET 3aMEHATh HECKOJIBKO CHJI OJHOH CHJIOH, SKBHBaJEHTHOH MM
B OTHOILEHHH BO3JIeHCTBHs, OKa3biBaeMOro Ha testo. Tak, Hanpumep, Be
cuast Fy; 1 F,, sexxauine B ofHOH nJjiocKocTH (puc. 43.1), MOXHO 3ame-
HHTb SKBUBAJIEHTHOH UM CHJIOH F, TOUKY NpHJIOXKEHHsI KOTOPOH MOXXHO
TaKxe BblOpaThb NPOHM3BOJbLHO HAa HaNpaBJIeHHH, BJOJb KOTOPOIO OHa
JIEHCTBYET.

COBOKYNHOCTh HEHCTBYIOIHX Ha TeJO MapaJJieJbHBIX CHJ MOXHO
3aMEeHHTb HX PaBHOJECHCTBYIOUEH, paBHOH CYMMe BCEX CHJI H NTPHJIOKEeH-
HOH K TaKoif TOYKe TeJa, YToObl ee MOMEHT OblT paBeH CYMME MOMEHTOB
OTJeJbHBIX CHJI.

Haiinem paBHOJENCTBYIOUIYIO CHJI TS2KECTH. DTH CHJIBI MPHJIOXKEHbL
KO BCEM 3JIEMEHTaM TeJsla, NpHYeM Ha 3J1eMeHTapHYIO Maccy m; NeHCTBYeT
cuia m;g. Cymma cusl paBuia P=mg, rae m=Ym; — macca teja. Cym-
MapHBIH MOMEHT CHJI TS2KECTH OTHOCHTEJILHO HEKOTOpOoH Touku O paBen

N= 2 [rl" (mlg)]s

re T;— Pajuyc-BEKTOp, ONpPENeJsIONHH IOoJIOXKeHHe Macchl m; Mo
oTHoweHHI0 K ToyKe O. Ilepenecs cKaJspHBIH MHOXHTENb m; H3 BTO-
pOro COMHOXXMTEJISI B NEepBBIH M BhIHECS 3aTeM OOLIMH MHOXUTEJNb &
32 3HaK CYMMEI, NOJIYYHM:

N= [(2 m;r;), gl.

CymMa, CTosIas B KPYrJBIX CKOOKax, paBHa IPOH3BEJIeHHIO MacChl TeJia
Ha pafinyc-BeKTop re LeHTpa macc C. ITostomy

N=[(mrc), g]=[rc, (mg)]=][rc, P]. (43.3)

Takum 06pa3oM, CYMMapHBIH MOMEHT CHUJ TSXKECTH OTHOCHTEJbHO Npo-
N3BOJIbHOM TOYKH O COBIAJaeT C MOMEHTOM CHJIBI mg, NPHJIOXKEHHOH K
touke C. Wtak, paBHOjelicTByIOUlas CHJ TsIXKeCTH paBHa P=mg nu
NpHJIOXKEHa K LEeHTPY Macc Tena. OTMETHM, YTO 3TO CIpaBeAJIMBO JHIIbL
B TOM CJ1y4ae, eCJld B pejesax TeJjia MoJie CHJI TSXKECTH OAHOPOAHO (nph
BriBoge dopmyuibl (43.3) MBI CuHTaNH, 4yTo g=const),

W3 (43.3) BBITEKaeT, YTO MOMEHT CHJI TSI2KECTH OTHOCUTEJIbHO LEHTPa
mMacc paBeH HYJO (B 3ToM cayydae ro=0). Touka, OTHOCHTEJILHO KOTOpOi
MOMEHT CHJI TSKECTH paBeH HYJIIO, Ha3hBaeTCA L e HTPOM T 5 X e-
cTH Tena. Takum obpasoM, B cayyae, Korja noJje TAroTeHHs B npe-
JeNax Tela OJHOPOJHO, LEHTP THXECTH COBMNAafaeT C LEHTPOM MacC.

B cnydae olHOpOJHOrO NOJIsE TATOTEHHMS CHJIBL TSI2KECTH, MPHUJIIOXKEH-
Hble K Pa3JMYHbIM 3JeMEHTapHbIM MaccaM, HMEIOT OJHHaKoBOe HalpaB-
JIEHHE U MPOMOPUHOHANBHEL /m;. TaKUM e CBOHCTBOM 00J/1afialoT CHJIB!
MHEpLHH, BO3HUKAIOUIHE B HEMHEpUHaJbHOH CHCTeMe OTcyera, JBHXKY-
1efiCsl MOCTYNnaTeJbHO OTHOCUTENIbHO HHEpLHaJdbHBIX cHcreM. [ledcr-
BHTEJIbHO, B 3TOM CJyyae CHJbI HHEpUHH, MPHJIOXKEHHBIE K 3JEeMEHTap-
HBIM MaccaM 77;, paBHBl — m;a, TAe a — YCKOpPeHHe HeHHeplHaJbHOK

§ 43. IPUMEHEHHE 3AKOHOB JHHAMHKH TBEPOOIO TEJIA 157

cucremsl (cM. (32.2)). IToBTOpHB paccy»xaeHHs, NpUBeaLIHe Hac K dop--.
myote (43.3) (mpu 3TOM 71;8 HY>KHO 3aMEHUTh Ha —71;a), MOXKHO TOKa3aTh, -
YTO PEe3yJIbTUPYIOLLAs CHJl HHEPUHH PaBHa —ma U NPHJIOKEHa K LEHTPY
macc Tesna. [ToaYepkHeM, YTO 3TO CNpaBeJJIHBO JIMIUB JJIS CHCTEM OT-
cyera, JBUXKYLIMXCS NOCTYMAaTesbHO. -
OTHOCHUTETbHO LIeHTPa Macc MOMEHT CHJI WHepuHH (B NOCTymaTeJbHO
OBMXYIIelicst cucTeMe) paBeH HyJto. I1o3TOMy npu coctaBiieHHH ypaB-
HeHHsl (43.2) W13 MOMEHTOB, AL
B3SITBIX OTHOCHTEJIBHO LIEHTpa -
Macc, CHJIBI HHepUHH YYHTHI-
BaTb He HYXKHO.

Puc. 43.2. Puc. 43.3.

BhIsSICHUM YCJIOBUSI PaBHOBECHSI TBEPAOro Teja. Teslo MOXeT ocTa-
BATHCS B COCTOSIHHM NMOKOS B TOM CJy4ae, ecsii HeT NPHYHMH, NPHBOAA~
IMX K BO3HHKHOBEHHIO IIOCTYNAT&JbHOTO IBHXEHHS HJIH BpalleHHs.
Corslacio ypasuenusn (43.1) u (43.2) mst 370r0 HEOGXONUMO H J0CTa-

TOYHO BHINOJHEHHs JBYX YCJOBHIA:
1) cymma BCeX BHEUIHHX CHJI, NPHJIOKEHHBIX K TeNy, HOJKHA 6bITh

paBHa HY.JIIO:
2 Foneun=0; (43.4)

2) pesyJbTHPYIOUHIT MOMEHT BHEIUHHWX CHJI OTHOCHTEJIbHO 060K
TOYKH JOJuKEH ObITH paBeH HYJIIO:

2 Nogewn=0- (43.5)

I[Tpu BHIMOMHEHUY YCIOBUS (43.4) U3 paBEHCTBA HYJIIO CyMMbl MOMEH-
TOB JJ1s1 OJIHOH KaKoH-nM00 TouKH O BhITEKaeT PaBEHCTBO HYJIIO CYyMMBI
MOMEHTOB OTHOCHTEJBHO JiioGOH JpYroit TOYKH s ,I].eﬁc*rawre;muo,
mycTb A5 HEKOTopoil Touku O

SIN;=[r, F]=0. (43.6)

BosbMeM APYrylo Touky O, NoJoMeHHe KOTOpOil OTHOCHTeNbHO O
onpezesiercst BekTopom b. U3 puc. 43.2 BHAKHO, YTO i = r;—b. Cre-
JIOBaTeIbHO, CYMMa MOMEHTOB OTHOCHTE/bHO TOYKH O° paBHa

ENE':‘E[I-E' F1]=2[(r‘_b)! F,—]‘*—_—-E[l“-, F.]'—E[b' Ff] |

Corsacto (43.6) neppasi cymma paBHa HyJo. BelHecs Bo BTOpoOH cymme
NOCTOSTHHEIf MHOKHTe/b b 32 CKOOKH, MOTyauM BbIpaxente —[b, 2Fd
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KoTOpOoe B cHay (43.4) Takxe paBHO HyJ0. Takum o6pasoM, H3 (43.4)
U ycioBHs (43.6) niia Touku O BeiTeKaer ycsosue (43.6) mis Touku O'.

OTMeTHM, YTO BEKTOPHOE yCJjoBHe (43.5) SKBHBAJIeHTHO TPeM CKa-
JISIPHEIM:

2 Nx Bnema: 0’ 2 Ny Bﬂemn::: 0: 2 Nz BHEI-UH::: 0. (43.7)

Hraxk, ycnoBHs paBHOBECHsI TBEPJOro Tesa ONpeeNsiorcs ypaBHe-
HUuaAMH (43.4) H (43.5) unu ypaBHeHusiMH (43.4) u (43.7).

B 3ak/moueHne pacCMOTpHM NpHMEP Ha NpHMeHeHHe 3aKOHOB JAHHA-
'MMKH TBepforo Teqa. ITycTh OHOPOAHBIH LHJAHHAD pafHyca R ¥ MacCH
m CKaTBIBAaeTCsl 6e3 CKOJIBXKEHHsi C HaKJIOHHOI MiQcKocTH (puc. 43.3).
Yrosl HakJIOHAa IJIOCKOCTH paBeH a, a Beicota h(h>R). Hauanbhas
CKOPOCTb LHJIHHJpPA paBHa HyJi0. Tpebyercss HaiTH CKOPOCTH LIEHTPA
MacC M YrJOBYIO CKOPOCTh BpalleHHS LMJIHHAPAa B MOMEHT BBIXOJA
LUHJIHHIPa Ha rOpH30HTaJbHEI yyacToK. JajuM JiBa BapHAHTA PellEeHH.

[lepeuii cnoco6 pemweHHs. Uuruaap 6yAeT ABUraThCA
noj HeHCTBHEM TpeX cuil: cunel P=mg, cusel Tpenus F,, ¥ CHsibl HOp-
manpHoro aaBnenus F, (cM. § 17). Yckopenye nuinBapa B HanpasJje-
HHM HOpPMaJH K IJIOCKOCTH paBHO HyJo. CJjefoBaTeJbHO, CHJIA HOp-
MaJIbHOIO JaBJIeHHsI paBHa MO MOLYJIO HOpMaJbHOH COCTABJIRIOIIEH
CHABL P, HMmeloled BeJHYHHY mg COS .

TpeHue Mexay LUHJIHHAPOM H IVIOCKOCTBIO BO3HHKA€T B TOYKaX HX
conpukocHoBeHHs. TIpH OTCYTCTBHM CKOJILXKEHHS 3TH TOYKH LHJIMHApPA
HeNOABHKHBEI (OHH O0pasyloT MIHOBEHHYIO OCh BpalleHH#), CJe1oBa-
TeJBHO, CHJIA TPEHHS, O KOTOPOH HIET peub, SBJSETCH CHJIOH TPEHuUsi
nokosi. M3 § 15 u3BecTHO, UTO CHJa TPEeHHS NOKOS MOXKET HMETh BEJIH-
YHHY B NpejiesiaX OT HYJsi 40 MaKCHMaJbHOro 3HaueHHs Fo, KoTOpoe
ONpefeNseTcs NpoHu3BefleHHeM Ko3(HUHEHTa TpPeHHS Ha CUJy HOp-
MaJIbHOTO JlaBJIeHHs, MPHXKHMAIOILYIO APYr K APYry conpHKacaouiecs
tena (Fo=kmg cos a). B paccmaTpuBaemMoM ciyyae cHMJia TPeHHsl MpH-
HHUMaeT TaKoe 3HaueHHe, YTOOH OTCYTCTBOBAJIO CKOJbkeHHe. CKOMbxke-
HHE NpH KayeHHH LWIHHAPA NO IVIOCKOCTH OYJIeT OTCYTCTBOBATH NpH
YCJIOBHH, YTO JIMHEHHasi CKOPOCTh TOYEK CONPHKOCHOBEHHs OYJIET paBHA
HYJIO, YTO B CBOIO O4Y€pelb BHIMOJIHAETCS, €CTH CKOPOCTh LEHTPa HHep-
LIMH Uc paBHa B Ka)XJblii MOMEHT BpeMEHH YTJIOBOH CKOPOCTH BpalleHHs
HUJIHHAPA ©, YMHOXEHHO¥ Ha pajHyc LHJIHHApa R:

o =0R. (43.8)

COOTBETCTBEHHO YCKOpEHHE IIEeHTpa MacC @, OYIeT paBHO YIJIOBOMY
YCKOpPEHHIO [}, YMHOXEHHOMY Ha R:

we=PR. (43.9)

Ecan Heob6xonuMasi A/ BHINOJHeHHs ycioBuit (43.8) u (43.9) cuna
TPEHHs] HE NpEeBBIIIaeT MaKCHMaJlbHOrO 3HadeHHs F,, WHIMHAD Oyner
CKaThIBATbCS 0€3 CKOJIbXKEHHsl. B NPOTHBHOM Clydyae cKaThiBaHue Ges
CKOJIBXKEHHST HEBO3MOX<HO.
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Ypaprenne (43.1) B nanHOM ciydae HMEET BHJ
mwe=mg +F.,4F,.
CrnpoeKTHPOBAB ero Ha HarpaBleHHe JABHXEHHS, MOTYYHM
mw,=mg sina—F_,. (43.10)

JIns ofHOpOAHOrO LHM/MHIpPA, BPAllaoOIerocss BOKPYr OCH CHMMeET-
pui, M=/o. ITosToMy ypaBHenHe (43.2) MOXEO mHCaTb B BHIE

IB=3N,, (43.11)

e 2 — och nuauEApa (cm. (38.8)). B ypasHenuu (43.11), HamHCaHHOM
OTHOCHTEJIbHO OCH HHMJIMHAPA, OTVIHYHBEIM OT HYJA GYAET TOJBKO MOMEHT
cHaBl TperMsi. OcTaNbHbe CHJBI, B TOM YHC/IE H Pe3yJbTHPYIOWas CHil
MHEpPUHH, MMEIOT HanpaBlieHHs, TNPOXOLsLIME Yepe3 OCh HHIHMHIPA,
BCJIEJICTBHE YEro MX MOMEHTHI OTHOCHTEJNBbHO 3TOH OCH PaBHbI HYJIO.
TakuM o6pasoM, ypapHenue (43.11) sanmuiercs cJepyiouwuM 06pasom:

IB=RF,,. (43.12)

3pech | — MOMEHT HHEPIHH IUIHHAPA OTHOCHTENBHO €ro OCH, PaBHBIH
1/ mR>.

B ypasuenusx (43.10) u (43.12) copepkarcst TpH HeH3BECTHBIE BEJIH-
unHb:: Fo,, @ 4 B. Ilocnennue JBe BeJHYHHBEI CBSI3aHBl YCJIOBHEM
(43.9), BHLITEKAIOUWWM M3 OTCYTCTBHsI CKOJbXeHMsi. PelinB COBMECTHO
ypaBhenus (43.9), (43.10) u (43.12), Haiigem (C y4€TOM TOro, H4TO I=
=1/,mR?) 3HAYEHHS MCKOMBIX BEJHYHH:

F,,=1/smgsine, (43.13)
We=>*/,g sina, (43.14)
B="2/5(g/R) sinc. (43.15)

Tenepb, KOPa MBI 3HaeM BeJHYHHY CHJBl TPeHHMs IOKOS, HeobXo-
JMMYIO ANS CKaTHIBAHHSI LHJIMHAPa 6e3 CKOJbXEeHHsS, MOXHO HaWUTH

_ YcJoBHE, NMPH KOTOPOM TakKoe CKaThIBaHHME BO3MOXKHO. [I151 CKaTHIBaHH S

6e3 ckosbxkenHs cuia (43.13) He JoJKHA MpeBbIIaTh MaKCHMaJbHOro
S8HAYeHHs CWJIBI TpeHHsi nokost Fo, paBHOro kmg cosa:

*/smg sina < kmg cosa.
Orciona
tg o << 3k.

CnenoBaTe/TbHO, €CJHM TaHMEHC yrJja HaKJ/JOHA MJIOCKOCTH IIPeBBILaeT
yTpoeHHoe 3HaueHHe KO3(HIHeHTa TPEHHUS MOKOsI MEXAY HHJIHHAPOM
H NJIOCKOCTBIO, CKATHIBAHHE HE MOXET NPOHCXOAHUTH 6e3 CKOJIbKEeHHS.

W3 nocrosinctsa w, (cM. (43.14)) cienyer, YTO LEHTP MAcC HIHHI-
Pa JBWKETCS PAaBHOYCKOPEHHO. 3a BpeMsi CKaTBIBaHHSA I, WUHJIAHAD
npoxoaur nyrte h/sin «. Ilpy paBHOYCKODEHHOM JBHXXeHHH NYTb,
YCKOpeHHEe H Bpemsi CBfi3aHBI COOTHOWleHHeM s='/,wi?, IloxcraBuB
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3HaueHHe S, MOJYYHM, HTO
h/sin o = */,wtZ,
OTKYJia C y4eToM 3HaueHus (43.14) st w, NpHXoAUM K QopmyJe

1 3h
CHEmISTTICY o

D10 BpeMmsl, KaK U W, HE 3aBHCHT OT MacChl H pajuyca IHJIHHIpa );
OHO ONpeJIe/ISeTcsi TOJIBKO YIJIOM HaKJOHA IJIOCKOCTH & M Pa3HOCTBIO
ypoBHEH ee KpaeB A.

CKOpOCTb LeHTPa MacC NpH BHIXOJE IHJIMHAPA Ha TOPH30HTAJbHBIH
yuyacTok OyneT paBHa

4
Ve =Wclo, = ]/-Ti_gh'

4 yrJioBpass CKOpOCTb LHJHHApA

1 4

OTmeTHM, YTO CHJIa TPeHHsI MOKOsi paboThl Hajl HHJIMHAPOM He coBep-
1IaeT, TAK KaK TOYKH LHJHHAPA, K KOTOPbIM NPHJIOXKEHA 3Ta CHJa, B
KaX/Iblil MOMEHT BpeMeHH HemoiBHxkHHL (cM. (20.5)).

Jlnsi ropusoHTasbHOH NyocKocTH (e=0) no ¢opmynam (43.14) u
(43.15) nmonyvaercsi, YTO UHJIHHAD, €CJIH €My COGOHiHTH RPeNBapHuTeb-
HO HEKOTOPYIO HOCTYNaTeNbHYI0 H COOTBeTCTBYIOULYIO (Takyi, YTOOEI
He ObLIO CKOJIBXEHHS) YIJIOBYIO CKOPOCTh, Oy/ieT ABHraThcs 6e3 ycKope-
Hus. Ha camom gese iBHKeHHe GYJeT 3aMeNJeHHBIM. DT0 3aMe/JIeHue
06yCJIOBJINBAeTCSl CHJIOH TpeHHs KayeHHsl, KOTopasi HanpaBJieHa Tak,
YTO €e MOMEHT yMeHbLIaeT YIJIOBYIO CKOPOCTh @, @ CaMa CHJIa BhI3BIBAET
COOTBETCTBYIOLIee (ONSATh-TAKH TaKoe, YTOOLI HE BO3HUKAJO CKOJIbXKe-
HUST) 3amejyieHne eHTpa Macc. Cuia TpeHHMs KauyeHHWsl cOBepLIaeT Haj
KaTsIUEMCsl TEJIOM OTPHUATENbHYIO pabory. ]

I[Ipu pelleHHH 3aJ]a4H O CKAaTBIBAHHH LHJIHMHIAPA C HAKJIOHHOH MJIOC-
KOCTH TpPEeHHeM KayeHHs MBI NpeHeGperaJs.

Btopo#h cnoco6 pemeHHUus. [TockonbKy cHla TpeHus
paboThl He coBepluaeT (TpeHHeM KayeHHs npeHebperaem), moJiHas SHep-
rHsi LHJIHHAPA OCTaeTCA MOCTOSiHHOH. B HayasbHbIi MOMEHT KHHETH-
yeckass SHeprusi paBHA HYJIO, NOTEHUHAJbHas SHeprusi paBHa mgh.
B KOHIle CKaThHIBaHHS NOTEHUHAJbHAs SHeprHsi CTAHOBHTCS PaBHOH HY-
JIO, 3aTO MOSBJAETCS KHHETHYeCKasi SHeprus, pasHas (cM. (42.3))

mug = Jew?

2 2055

1) 310 crpaBefiHBO TOJNLKO IS OJZHOPOJHOIO CINIOMIHOrO IHJIMHADA.
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TaK Kak CKOJbMKEHHE OTCYTCTBYET, Ue H ® CBSI3aHbI COOTHOLIEHHEM
ve=0R. IToncTaBHB B BBIpaXeHHe s KHHETHYECKOM SHEPIHH ©=
=vc/R u I.='/;mR? nony4ynm:

muﬁ: mv%: 3
Tm_2 4 == = — mvg.

[MonHasi Heprusi B Hauaje W B KOHUE CKaTbiBAHWS JOJIKHA 6LITh
OJIMHaKOBa:

% muvg = ingh,

OTKYyJa

a4 yrJjioeasi CKOpocCTb

OGpaTiTe BHUMaHHe, HACKOJbKO BTOPOil Croco0 pelleHHs npoine
epBoro.

§ 44. Tupockonsl

I'vpockonoM (MJH BOJYKOM) HasblBaeTCsl MaCCHBHOE CHMMETPHUHOE
TeNo, Bpalaiomeecss ¢ GOJBLILOH CKOPOCTBIO BOKPYI OCH CHMMETPHH.
3ty och MBI 6yieM Ha3bIBaTh OChlo ripockona. Ocb THPOCKONa SBJSIETCH
ofHOH M3 ryaBHBIX oceil WHepuuH. IlosTomy, ecny OoHa He NMOBOpauvH-
BaeTcsi B NPOCTPAHCTBE, MOMEHT HmmyJbca pasen M=/lo, rae I —
MOMEHT HHEpIHM OTHOCHTEJIBHO OCH FHpocKona. IlomycTHM Tenepsb, 4To
OChb TMPOCKONA MOBOPAuYMBAeTCsi C HEKOTOPOil CKOPOCThIO @'. B sTOM
cIy4ae pe3yJbTHPYIOLIee BpalleHHe THPOCKOIa IPOHCXOAUT BOKPYT OCH,
He COBHajalouleil ¢ OChbI0 CHMMETpHH, H HanpaBienue Bekropa M e coe-
najaer ¢ HanpaBJjieHueM OCH rupockoma. OfHAKO eci¥ CKOpOCTh Bpa-
IEHHS OCH @' TNpeHeOPEeXHMO MaJsia 1O CPaBHEHHIO CO CKOPOCTHIO COO-
CTBEHHOTO BpAIlleHHsI THpockona o (0'<€e), To MOXHO MPHOJIHKEHHO
cuuTaTh BeKTOp M paBHBEIM /© U HanpaBJIeHHbIM BJIOJIb OCH THPOCKODNA.
IIpu 3TOM YCJOBHHM NOBOPOT BeKTopa M M MOBOPOT OCH rHpocKona GyayT
SKBHBaJIeHTHBIMUM. B jnajibHefimem Mel 6yfieM npeanoJaraTh, 4TO YcCJO-
Bie o'<<® CcO6IOAaeTCS.

Ilpu NonbITKe BBI3BaTh NOBOPOT OCH TMpoCKona HaGJiojaeTcs CBoe-
o6pasHoe siBJeHHe, NOJyyHBlIee Ha3sBaHHE TU PO CKO N HYECKO -
ro s¢¢exTa: noi AefCTBHEM CHJI, KOTOphie, Ka3aloch Gbl, JOJKHBI
GELTH  BhIBBaTh IOBOPOT OCH rupockona OO BOKpyr npsmoi OO’
(puc. 44.1), ocb rupockona MNOBOPAYHBAETCH BOKPYL NPSIMOH 0"0"
(ocb 00 u npsimasi 0’0" MpeAnoJIaralTes JeXalliMy B [JIOCKOCTH pH-
cyHKa , a npsmasi 0"0” u cuint Fy 1 F,— nepreHuKyIApHEIMU K STOH
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nJjockoctH). IIpoTHBOEcTeCTBEHHOE Ha MePBHIH B3MVISIA MOBENEHHE TH-
pOCKOIa OKa3EIBAeTCs MOJHOCTHIO COOTBETCTBYIOUIMM 3aKOHAM JHHAMH-
KH BpamiaTesIbHOro ABHKeHUd. B camom nene, moment cuat Fy u F,
HanpapsieH BIOJb npsivoit O'0’. 3a Bpems df MOMEHT HMMYJibCa THpO-
ckona M nmosnyuur mpupaulenne dM=N df, KOTopoe HMeEeT TaKoe xKe
HanpasJeHue, Kak H N. Cnycts Bpems df MOMEHT UMITYJibCa THPOCKONA
Gyzer paBeH pe3yabTupyioweii M'=M--dM, nexaiteii B NJOTHOCTH
pucyeka. Hanpapnenne Bektopa M’ coBmajaer ¢ HOBHIM Hanpablie-
HHEM OCH rHpoCKona. Takum oﬁpasom OChb THpOCKOMNa TMOBEPHETCH
BOKpYr npsimoii 0"0” Ha HekoTopeiii yron dg. Ms puc. 44.1 Bummo,
yto do=|dM|/M=Ndt/M. Orciona cjepyer, 4To NMOBOPOT OCH THpO-
CKONla B HOBOE MOJIOXKEHHEe NpPOH30LIeN] C YIJIOBOH CKOPOCTBIO @ =
=do/di=N/M. Hepenuwem 3TO COOTHOILEHHE B BHJE: N—~ ‘M. Bek-
Topel N, M ¥ ©' B3aMMHO neprneHAHKYJsipHBl (BEKTOp ' HanpasleH
Brosib mpsamoi 00" Ha Hac). ITosToMy CB$i3b MeXAy HHMH MOXHO 3a-
nucatb B BHJE

N =[o'M]. (44.1)

Mpl nonyuusu 3Ty GopMysy Isis caydasi, KOrja BeKTOphl @ # M
B3aHMHO NepneHAuKYasapHel. OJHaKO OHa CrnpaBeijiHBa H B caMoM 06-
wem cayyae. Kaxk JBU/HO U3 pHC. 44.2, npu noBOpPOTe OCH T'MPOCKOMNa
BOKPYT BeKTOpa @' Ha yroJ d¢ BekTop M nosyuaer npupanierue, Mo-
AyJb Koroporo paBeH |[dM|=M sin adgp. Bmectre ¢ Tem |dM|=NdL.
Takum obpasoM, M sin o dp=N df, orkyna N=w'Msina. C no-
MOLUBIO pHC. 44.2 Jlerko cooﬁpaamb 4TO H B 3TOM CJy4Yae ClpaBel/IiBa
dopmysa (44.1) (BekTopsl ®" M M JeXKaT B MJIOCKOCTH PHCYHKA, BEKTOD
dM HanpaBJieH 3a YepTeX M MOITOMY H300pa)KeH KPY2KKOM C KpPecTH-

0 koM). Hamomuum, uro dopmyna (44.1)
CrpaBefJHBa JIMIIb B TOM CJyyae, €C/IH
. 0'<Lo.
1

[Ipu nonbiTKax BEI3BaTh TMOBOPOT OCH
g7 ~ THPOCKONA 3aJlaHHEIM 06Pa30M BCJIENICTBHE
W PHPOCKONHYeCcKoro 3¢xpeKkra BOBHHKAIOT TaK

|
sk
[

aq
Puc. 44.1. Puc. 44.2.

HaspiBaeMble THPOCKOMHMYECKH e CHJ b, AeACTBYIOlHe Ha
NONUHITHHKH, B KOTOPLIX Bpallaercs ocb rupockona. Hanpumep, npu
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NPUHYIUTENLHOM MOBOpOTE OcH rupockona OO Boxpyr npsmoi 0'0'
(puc. 44.3) oCb rHpoCKONa CTPEMHTCS INOBEPHYTbCS BOKPYT npsAMOH
0“0". UtoOsl NpeloTBPaTHTE STO BpallleHHe, K OCH FHPOCKONa JOMKHEI
GBITH MPUJIOMKEHB! IeHCTBYIOUIHE CO CTOPOHBI NMOJMKMHHKOB cHJbl Fi u
F;. Ilo tperbemy 3akony HbiotoHa ock rupockona GyaeT AeHCTBOBATb
Ha NoAIMNHKKH ¢ cusnamu F; u F,, KoTophie H IBASIOTCA THPOCKONNYe-
CKHMU cHIaMH. IIpH mpHHYAHTEIBbHOM NOBOPOTE OCH FHPOCKOMNA ¢ YIJIO-
BOM CKOPOCTBIO ®’ MOMEHT CHJI, C KOTODHIMH NOMIKIHHKH NEHCTBYIOT
Ha och, onpejessieTcsi popmyoii (44.1). MoMeHT rHpOCKONHYECKHMX CHJT,
C KOTOPBIMH OCh JIeHCTBYeT Ha MOALIMMHHKH, paBeH

N’ =[Mo']. (44.2)
Hpeﬂno.nox{m{, UYTO OChb I'HPOCKOMNA 3aKpenJeHa B KOJbIE K, KOTO-

poe MOXeT CBOGOAHO MOBOpauMBaThcsl B oboitme 06 (puc. 44.4). Ilpu-
BefieM 06OMMY BO BpalleHHe BOKPYI OCH, JiexKallled B ee IJIOCKOCTH,

0”

Fz*—]rE-"Fz

Pre. 44.3. Puc. 44.4.

C YrJIoBOJt CKOpPOCTEIO ®°. B 3TOM ciiyyae, Kak Mbl BBISICHUJIM, BOSHHKAET
HEHCTBYIOUME Ha KOJIbLO MOMEHT T'HPOCKONHYECKHMX CHJI, Omnpejesse-
MbIl Gopmysioit (44.2). Tlox nelicTBHEM 3TOro MOMEHTa KOJbUO OyJeT
NOBOpayHBaThcsi B 0GOfiMeé B HanpaBJIeHHH, YKa3aHHOM CTPEJKOH, J0
TeX Mop, NOKa OCh M'MPOCKONA He YCTaHOBHTCSI B HalpaBJeHHH OCH Bpa-
HeHKsT 060HMEl U MOMEHT (44.2) He craner paBHbIM HyJo. I1py 3ToM Ha-
npapJ/ieHe COGCTBEHHOTO BpalleHHsl PHPOCKONA M HampaBleHke, B Ko-

TOpoM Bpallaercsi o6ofima, coBnaayt. Ilpy M 1 o', HanpaB/eHHEIX B

MPOTHBOIOJIOXKHbBIE CTOPOHBI, MOMEHT (44.2) TaKKe. paBen Hymo. Ox-
HaKO COOTBETCTBYIOIlee MOJIOXEHIe OCH rHpocKona Gyner HeyCcToHu H-
BEIM — NPH MaJieiilieM OTKJIOHeHHH yraa mexay M u o or 180° no-
stBUTCs MOMeHT N’, KoTopelil GyneT noBopauynBaTh OCh JI0 TEX NOp, MOKa
3TOT Yroa He cramer PaBHBIM HYJIIO.
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Tenepsb onmycTHM, 4TO 0COiMa MOBOpAYyHBaeTcsd C YIJIOBO# CKoO-
pOCTBIO ®' BOKPYT OCH, He Jexalleli B ee MIockocTH (puc. 44.5). B no-
JIO}XEHHH KOJiblia, IPH KOTOPOM MOMEHT HMITyJIbca rupockona M nepneH-
IUKYJsipe K @' (puc. 44.5, a), Bekrop N’ HMeeT HanpaBieHHe, IOKa-

3aHHOE Ha pHCYHKE. CocraBasionias NJ_ 3TOTO BEKTOpPa BEI3BIBAET MOBO-
POT KOJibLia B oﬁoﬁme, B pe3yJabTaTeé KOTOPOro yroJ MexJ1y BEKTOpaMH

M u o’ Gyzer ymenbiathes. Coctapnsmomas N, CTpeMHTCs! TEePEKOCHTb
KOJIbLO OTHOCHTEJBHO 060HMEI. Korja KoJblo 3alMeT Takoe MoJioxe-
HHe, P KOTOPOM YroJl MeAy BekTopamu M 1 o' npumMer HanmeHbluee
BO3MOX<HOE 3Hauenne (puc. 44.5, 6), coctaBasiomias N; craHeT paBHOH
HYJIO, TAK KaK B 3TOM CJyd4ae MOMEHT IHpocKonHuecKHX cui N’ Jexur
B MJOCKOCTH KOJblia; 3TOT
MOMEHT HE MOXXET BBI3BaTh
BpallleHHs1 KoaibLia B 060HME.
Takum o6pasom, MO AEHCT-
BHEM THPOCKONHYECKHX CHJI
KOJIBIIO 3aHHMaeT B oboime
TaKoe IOJIOXKEHHE, TPH KOTO-
pOM YroJl MEXAY OCBIO TH-
POCKOINIa ¥ OCBIO BpallleHHs
06GOHMBEl MHHHMAJIeH.
OnucanHoe  moBejieHHe
rupockona IOJIOXEHO B OC-
HOBY npu6opa, HaspIBaeMOro
Puc. 44.5. TUMPOCKONHUYECKHM
KoMnacoM (TMPOKOM-
nacom). 31OT NpHOOP NPEACTaBIseT COGOH THMPOCKOMN, OChb KOTOPOro
MOXeT CBOOOJHO MOBOPaYMBATbCsl B IOPH3OHTaJbHOH MJOCKOCTH. [lox
BJIHSIHHEM CYTOYHOrO BpalleHHs 3eMJIM OCh THPOKOMIIAca YCTaHaBJH-
BaeTCqd B TaKoe NOJOXeHHEe, NPH KOTOPOM YroJ MeXAY 3TOH OCblo M
OCbIO Bpallenus 3eMIH GyeT MHHUMaJbHEIM (pHc. 44.6). B 3ToM noso-
KEHHH OCb TMPOKOMIIaca OKasblBaeTCs B MepPHAHOHAJBHOH IJOCKOCTH
H, CJIeJIOBaTEJIbHO, YKAa3bIBA€T TOYHO Ha ceBep. I'HpPOCKONMMYECKHH KOM-
Nac BHITOJIHO OTJIHYAETCs OT KOMIaca C MarHUTHOM CTPEJIKOH TeM, YTO B
€ro NoKasaHHsi HeT HeoOXOAMUMOCTH BHOCHTD NONPABKH HA TaK HasbBae-
MOe MarHHWTHOE CKJIOHeHHe '), a TaKXe He NPUXOAMTCS MPUHHMAThL Mep
IJIsi KOMIEHCAUWH BO3JEHCTBHSI Ha CTPEJKY PacHOJOXKEHHLIX BOJIH3H
Hee ()epPPOMAarHUTHBEIX NMPEAMETOB (HanpHMep, CTaJbHOro Kopmyca Ko-
pabnas u T. 1.).
HonycTuM, YTO och THPOCKONA MOMKET CBOGOJAHO MOBOPaYMBATHCS
BOKPYT HeKoTopok Touku O (puc. 44.7). PaccmMoTpuM mNOBEieHHe Ta-
KOTO THPOCKONA B MOJIE CHJ TsXXKECTH. MOMEHT CHJl, MPUJIOKEHHBIX

') MarsHTHEIM CKJTOHEHHEM Ha3BIBAETCH YIoJ MEXAY MarHHTHEIM H reorpaguuec-
KHM MepHIHaHaMH,
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K TMPOCKOIY, PaBeH IO BeJIHUHHE
N=mgl sin c, (44.3)

rIie m — Macca THpocKona, | — paccrosiEie oT Touku O Jio LeHTpa mMacc
PHPOCKONA, & — YroJi, 00pasoBaHHBI OCBIO FHPOCKONA € BEPTHKAJIBIO.
Hanpaesien Bekrop N neprneHAuKYJspHO K BEePTHKaJbHOH IJIOCKOCTH,
npoxojisilleli yepes och IHpockoma (Ha puc. 44.7 3Ta MJOCKOCTb 32-
IITPHXOBaHa).

Puc. 44.6.

ITox nmefictBHeM MomeHTa cHil N MoMeHT mummyJjbca M mosnyyur 3a
Bpems df npupauenne dM=N dt, nepneHauKy/sipHOE K BekTopy M.
HameHeHHe, KOTOpoe npeTrepneBaeT BeKTop M, moJiyuuB npupauleHue
dM, coOTBETCTBYET TAKOMY NIOBOPOTY OCH THPOCKOIa, NPH KOTOPOM YroJ
o He u3MeHsercs. BepTHKanbHas NMJOCKOCTh, NPOXOAsIiasi uepe3 OChb
PHpOCKONa, NOBEpHETCst IPH 5TOM Ha yroa dg. Ha Takoii e yros nosep-
HeTCS B TOPHM30HTaJbHOH mJockocTH BekTop N. B pesysbrate cnycrs
BpeMs1 df OyJeT UMETb MECTO TAKOE K€ B3aHMHOE PacrnoJioxeHHe BeKTO-
poB M ¥ N, KaK ¥ B HayaJbHBIH MOMEHT.

3a nocsenylo i 3J1eMEeHT BpeMeHH df BeKTop M mosyyuT CHOBa npH-
pamenne dM, Kotopoe GyLeT NEPHEHAHKYJSPHO K HOBOMY (BO3HMKIle-
My mnocsie NPEeAeCTBYIOUEro 3JEMEHTapHOro IOBOPOTa) HarpaBleHHIO
Bektopa M, u T. 1. B uTOre och rupockona GyAeT NOBOPAauYUBATECS BO-
KPYr BepTHKaNbHOH OCH, Npoxoisiuieli uepes Touky O, ¢ YrJoBoH
CKOPOCTHIO ', OMHCHIBasi KOHYC C YIJIOM DacTBopa, paBHbIM 2a (CP.
¢ puc. 44.2). (IIpu a=mn/2 KOHYC BLIPOX/aeTCsl B IVIOCKOCTb.) BekTop
M npu 5ToM GyZeT H3MEHATHCS TOJBKO M0 HaNpaBJIEHHIO, MO BEJHIHHE
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oH GyNeT TOCTOSIHHBEIM, TaK KaK 3JeMeHTapHble mpupauleHus dM Bece
BpeMsi GYAYT NEpNEeHAUKYISPHEL K BeKTopy M 1).

HTak, B moJjie CHJI TSXKECTH OCh THPOCKONA C HEMOJABHMXKHOW TOUKOH
NOBOpayMBaeTcsi BOKPYr BEpPTHKAJH, ONHKCHIBAast KOHYC. Takoe IBH«e-
HHE THMPOCKONA Has3blBaeTcss MpeleccHe . Yoyl CKOpoCTh
TIpeneccHy ©' MOXKHO HAHTH, NPHHSIB BO BHHMAaHHKe, YTO COrJIacHo (44.1)
N=w'M sin «. [IpypaBHsiB 3T0 3HauyeHHe BbIpaXKeHHIO (44.3), mony-
yuM, yto ®'M sin a=mgl sin &, oTKyna

Sy L (44.4)

U3 (44.4) crenyet, YTO CKOPOCTh NPELECCHH He 3aBHCHT OT YIVIa HaKJIoHa
OCH THpOCKONA [0 OTHOIIEHHIO K BepTHKaJH (0T yryia a).

x; oy “f
o2 oz oz

a) b) : 4)
Puc. 44.8.

Dopmyay (44.4) MOXKHO NOJNYYHTh TaKikKe CJEIYIOUHM OOpasoM.
Corustacro puc. 44.7 yros d¢, Ha KOTOpbIH NOBEPHETCS MJIOCKOCTb, IPO-
Xosllas yepes OCh KOHYCa ¥ OCb I'MPOCKONa, MOXeT ObiTh NpPEeiCTaB-
JieH Kak orHomenue |[dM| k M sin o (Havano Bekropa M nmpeanosiaraercs
nomelieHHBIM B TOYKy O):

__ |dM| _ Ndt _ mglsina.dt
d{p“Msina—Msina_ Msina ° (44.5)
OueBupHo, uto w'=dq/df. PaspenuB Beipaxenue (44.5) Ha df, npuuem
K dopmyse (44.4).

Mbi paccmoTpesn NpHGIHMKEHHYIO Teopuio rupockona. CorjacHo
CTPOrofi TEOpHH HapsIY C BpalleHHeM OCH BOKPYT BEPTHKAIH MPOHCXO-
IAT KOJIe0aHHSI OCH B BEPTHKAJBHOH MNJIOCKOCTH, CONPOBOXKIAIOLIHECs
H3MEHEHHSIMU YrJla o B Ipelesax OT o A0 Op. DTH KoJeGaHHs OCH
Has3bIBAIOTCS H Y T a Il U € i. B 3aBHCUMOCTHM OT HayaJbHHIX YCJIOBHH
KOHell OCH THPOCKONa BEIYEPUYMBAET Ha BooOpakaemoil cdepHYeCKOH

1) Agamoruuno BefieT ceGsl BEKTOP CKOPOCTH IPH PaBHOMEPHOM NBHIKCHHH TOYKH
o oKpyKHocTd. BekTop v moayuaer 8a Bpems df mpHpawenks dv=w,dt (w,~const).
B pesynbrarte m3MeHseTcss HanpaBleHHe BEKTOpA V, BEJHUHHA XK€ erQ OCTaercst HeHs-
MEHHOH.
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MOBEPXHOCTH OJHY M3 M300pakeHHbIX Ha puc. 44.8 kpuBbiX. Eciu, Ha-
npuMep, 3aKpenuB OChb MO YIJIOM €y, IPHBECTH THPOCKON BO BpalleHHe
¥ 3aTeM 0CBOGOAMTH OChb Ge3 ToJIuKa, OChb CHayasa GyieT, NoBOpaulBasich
BOKPYI BepTHKaJIH, onycKaTbCsi. JIOCTHTHYB yria ®,, OCb CTAHET IOAHH-
MaThCsl, H T. 1. (3TOT cayyali u3obpaxeH Ha pHc. 44.8, 6).

CooOILIHB BOJIYKY HayaJbHbIH TOJIYOK BIIOJIHE ONpEesIeHHOH BeJu-
YHHBl ¥ HanpaBJeHHs, MOXXHO NOOHTBECS TOTO, YTO OCh THpocKona OyxeT
npeueccHpoBaTh 6e3 HyTauuH. Takas npereccus
HaspiBaeTcss peryJaspHo#. Yem Guictpee
BpaLlaeTcsl BOJYOK, TEM MEHblle aMmJIHTyJla HY-
tauuH. Kpome TOoro, HyTauus noraumaercsi Tpe-
Huem B onope. [To3Tomy npakTHYeCKH HyTauus
yacTo GblBaeT HesameTHOH. ITpeueccHs, KoTopas
SBJSIETCS PEryJspHOH JHIIb NPHOJIHKEHHO,
Ha3blBaeTCss MCEeBAOPETryJaAsAPpHOIMH

Ecan Touky O noMeCTHTb B LIEHTP Macc TH-
pockona (CM. pHC. 44.7), MOMEHT CHJIBL TSXKECTH
CTaHeT PaBHLIM HYJIO, H Mbl MNOJYYHM TakK
HasbiBaeMbl# CBOOGO A HH M CHMMET- Puc. 44.9.
PHYHBHH BOJYOK B cuny 3akona
COXpPAaHEHHSI MOMEHT HMIYJbCa TaKoro BoJYKa He Oyner uame-
HSATHCSI HYM 1O BEJIMUMHE, HU MO HanpaBJseHHI0. Ec/iM npHBeCTH BOJYOK
BO BpallleHHe BOKPYT OCH CHMMeTpPHH, BeKTOpel M 1 @ Oy1yT UMETH OfH-
HAKOBOE HaNpaBJieHke, COXpaHsiolleecsi HeorpaHuyenHo poaro. Onxako,
€CJI¥ BOTYOK OYZET NpHBeLeH BO BpalleHHe BOKPYr OCH, He COBMajalo-
el HY C ONHOH M3 ero rJIaBHBIX OCell HHepUHH, BeKTOps M 1 @ He 6yayT
coBnafaThb (puc. 44.9). CooTBeTCTBYIOIMIKE pacyeT NPHBOMHT K CJEAYIO-
WM pe3yJibTaTaM. BeKTop @, OCTaBasiCh NOCTOSIHHBIM MO BeJIHYMHE,
npeLeccupyeT BOKPYr HanpaBseHuss Bektopa M, OmMCHIBasi KOHYC.
OpHOBpPEMEHHO MpellecCHPYeT OCh CHMMETPHH BOJYKa Z, NPHYEM BeK-

T0psl M, @ M OCh 2 BCe BpeMsi HaXOAATCs B OAHOH MJOCKOCTH. Boswok

BpalllaeTcsi BOKPYT OCH z C YIVIoBoil cKopocthio w,=M,/I,, rne M, —
npoekis Bektopa M Ha ock 2, /, — MOMEHT HHepIHH BOJYKa OTHOCH-
TeJIbHO 3TOH OCH. YTJIOBasi CKOPOCTDb NPELEeCCHH paBHa n,,=M/I, rze
I — onuHaKOBoe 3HayeHHe MOMEHTOB MHepuuu [, u /.



FrTABA VI
BCEMUPHOE TSTIOTEHHE

§ 45. 3aKOH BCEMHPHOIO TSTOTEHHSI

Bce Tesa B npupoje B3aMMHO NPHTATHBAIOT APYr ApYra. 3aKoH,
KOTOPOMY TNOJAYHHSETCH 3TO NPHTSKEHHE, OblI yCTaHOBJEH HpIOTOHOM
M HOCHT HasBaHHe 32 KOHAa BCEMHUHPHOTO THTOTEHHS.
CorJiacHo 3TOMY 3aKOHY ClAQ, ¢ KOMOPOLU 08e MAMEPUANbHbIE MOUKLL NPU-
msezusarom Opye 0pyea, NPOROPYLOKALOHA MACCAM IMUX MOYeEK U 06PamHO
NPONOPYUOHANGHA K8AOPAMY PACCIOSHUS MEHCOY HUMU:

myfy
72

F=pMms (45.1)

3pech y — KO3(XpUIMEHT NPONOPIUHOHANBHOCTH, HASBIBAEMBI T p a-
BHTAaUHOHHOK mnocCTOAHBHOIH HanpaBresa cuna Bposs

] = ET ler it
= v 1
Puc. 45.1. Puc. 45.2.

npsAMoli, Npoxojsiiell yepe3 B3aHMOAEHCTBYIOLIHE MaTepHAJIbHLIE TOY-
ku (puc. 45.1).

B BeKTOpHOM BHIE CHJIY, ¢ KOTOpOH BTOpasl MaTepHaJbHasl TOUKa
NPUTATHBAaeT K ceGe MEPBYIO, MOXHO 3amycaTh CJEAYIOWHM 06pasoM:

— ny alTlp
Fio=v—7 €n. (45.2)
CumoJyioM e;, 0003HaueH eHHHYHBLIN BEKTOp, MMEIOUHH HanpaBleHHe
OT MepBOH MarepHaJbHOH TOYKH KO BTOpoii (cM. puc. 45.1). 3amenus
B dopmyiie (45.2) BEKTOP €15 BEKTOPOM €q5, MOJYUHM CHAY Foi, NEHCTBYIO-
LWyI0 Ha BTOPYIO MaTepHaNbHYIO TOYUKY. !
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Jnst onpefeNnieHHuss CHJILI B3aHMOZCHCTBHSI NMPOTSXKEHHBIX TeJd HX
HYKHO Pa36HTh Ha 3JIeMeHTapHble MacChl A, KarKIYI0 U3 KOTOPBIX MOX-
HO Obl10 Obl NPHHSATHL 3a MaTepHaTbHYI TOuKY (pHc. 45.2). Cornacho
(45.2) i-s1 snemMeHTapHas Macca Teqa ! NpUTArHBaercs K k-ii aJemeHTap-
HOH Macce Tesa 2 ¢ CHJIOH

Fpmp i, (45.3)
rik
TIe 7;, — PaccTOsiHHEe MEeXJY 3JeMeHTapHBIMH MacCaMH.
ITpocymmupoBaB (45.3) nmo Bcem 3HAYEHHSAM HHAEKCA kR, IOJYYHM
CHJy, NeHCTBYIOLLYIO CO CTOPOHBI Teja 2 Ha NpHHALJIexKalywo Teny /
sJeMeHTapHylo Mmaccy Am;:

Fo=Y p 0 ke, (45.4)
k

Hakowner;, npocymmupoBap (45.4) no BceM 3HaueHHsSIM HHIEKca i, T. e.
CJIOXKHB CHJIBI, NPHJIOZKEHHBIE KO BCeM 3JIeMEHTapHLIM MaccaM I[epBOro
TeNla, MOJYYHM CHJTY, C KOTOpo# Tesio 2 neficTByeT Ha Teso [:

Am;‘ Am

CymMMHpOBaHHe TPOH3BOAHTCS MO BCeM 3HAaYeHHSM HHAEKCOB [ W K.
CrrefoBaTeNIbHO, eci Tedio / pa3buth Ha N,, a Tesio 2 — Ha N, sjemen-
TapHBEIX Mace, To cymma (45.5) Oyner comepxath N, N, caraemblX.

ITpakTHyecKH cymmHpoBaHHe (45.5) CBOAMTCS K HHTErpHpPOBaHHIO
M siBJIsIETCSs, BOOOILE rOBOPsi, O4€Hb CJIOMKHOM MaTeMaTHYECKOH 3ajayeil.
Ecsin B3aumoJeHiCTBYIOIKE TeJ1a ORHOPOAHBI H MMEIOT NPAaBHJIBHYIO op-
MY, BBIYMCJIEHHS] CHJIBHO ympouwlaiorcs. B yacTHocTH, B ciyuae, KOria
B3aUMOJIelICTBYIOILHE TeJa MPeACTaBJsIOT co6oll OJHOPOAHLIE 1) ILIaphi,
BHIYHCJIEHHE COTJIacHO (45.5) mpuBoauT K Gopmyde (45.2), B KOTOPOH Nox
my W my CIAEAYET NOHUMATh MacChl L1apoB, MOJ 7 — PACCTOSTHHE MEXAY
UX LEHTPaMH H IOJ e;o— €AHHHMYHBIH BEeKTOp, MMEIOUIHH HanpabJeHue
OT LEHTpa NepBOro mapa K UeHTpy Broporo. Takum o6pasoM, 1apsl B3a-
HMOJEHCTBYIOT KaK MaTepHallbHble TOYKH, HMeIollHe MacChl, paBHbie
Maccam IapoB, H IOMELICHHbIE B HX HEHTpaXx.

Ecav omHO M3 Tesl npefcraBisieT cO60 ONHOPOAHBIH IIap OYEHb
GosibLIOro pajMyca (HampHMep 3eMHOM 1ap), a BTopoe TeJO MOXKHO pac-
CMaTpHBaTh KaK MaTepHaJibHYI0 TOYKY, TO MX B3aWMOJAEHCTBHE ONMHCHI-
Baetcst opmyJoi (45.2), B KOTOPO# MOJ 7 HY>KHO NOHMMATh PAaCcCTOsTHHE
OT [EHTpa llapa 10 MaTepHasbHOH TOYKH (3TO yTBepxaeHHe Oyner Jo-
Ka3aHO B cJjenyloulem naparpadge).

1) HocraToyro, 4To6H! pacipese/ieHHe Maces! B npefleslax KaxJjoro mapa o6/1afano
LeHTpalbHOH cHMMETpHel, T. e. 4To6Ll MI0THOCTE Obl1a (PyHKLHEH TOJBKO PaCCTOSHHSA
OT LieHTpa iuapa.
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PasmepHOCTb TPAaBUTALMOHHOH TOCTOSSHHOM B COOTBETCTBHH C
(45.1) paBHa

[F1[r?] __ (ML/T?) L2 -1
L
UucsenHoe 3HauyeHHe 7Y OBLIO ONMpEeJeHO MYT€M H3MEPEHHs CHJIb,

Yemanobowan eonobre  © KOTOPOH MPHUTATMBAIOTCA APYr K ApYry Te-
Ja u3BecTHOM Maccel. ITpH TakuX H3MepeHHsIX
BO3HMKAIOT GOJIbIUKE TPYAHOCTH, TaK KaK VIS
TEJI, MACChl KOTOPBIX MOTYT ObITh HEOCPEACT-

Hums =~ BEHHO H3MEDeHB, CHJa NPHUTSIKEHHS] OKasbl-
Baercsi KpaiiHe manoii. Tak, Hanpumep, ABa
m /,@ tesia ¢ maccod 100 Kr Kaxnoe, Haxonslluecs

3 Ha paccTosiHuM | M Apyr oT japyra, B3aumo-
I IeHcTBYIOT ¢ cuJaoil mopsiaka 107 H, T.e.
@ Kopowercro 7 popsinka 1074 re.
M ITepBo# ycrelHo NONEITKOH ONPee/IeHHS
Puc. 45.3. 9 ObLIH M3MEpeHHus, OCyIlecTBIeHHbe Kasen-
auuieM (1798 r.). Ox npUMEHHJ 11t HBMEPEHHS
CHJI BECbMa YYBCTBUTEJIbHBIH METOA KPYTH/IbHBLIX BecoB (puc. 45.3). [lsa
CBHHUOBBIX wapa m (¢ maccoit 0,729 Kr Ka)Kibli), NpHKpenJieHHbIX
K KOHLIaM JIerKOro KOpOMbICjia, OMelaHCh BOJIM3H CHMMETPHYHO pac-
noJioxKeHHbIX mmapoB M (cmaccoit no 158 kr). Kopomeicsio nojserunBa-
JIOCh Ha YNPYroH HHTH, MO 3aKPYYHBAHHIO KOTOPOH MOXKHO OBLIO H3-
MEpSATh CHJY MPHTSXKEHUsT LIapoB APYr K ApYry. Bepxuuil KOHEW HHTH
6bl1 3aKpenJieH B YCTaHOBOYHOH TOJIOBKE, MOBOPOTOM KOTOPOW MOMKHO
6BII0 MEHATH PacCTOsiHHE Mexxay Iuapamu m W M. HauGosee TOUHBIM
U3 OnpejieleHHEIX PasHBEIMH Cnoco6aMH CYHTAeTCsl 3HaueHHe

v=6,670- 10712 H.m?/kr2,

Ecsau B (45.1) noncTraButh my, m, U r, paBHbIE eIWBHLE, TO CHJIA OKa-
3bIBaeTCs YHCJAEHHO paBHOH . Takum o6pa3om, ABa luapa ¢ Maccoii 1 Kr
KaX/pld, LEHTPH KOTOPHIX OTCTOST APYr OT Apyra Ha 1| M, npuTSTUBa-
I0TCSi B3aWMHO C CHJIOW, paBHoit 6,670-107* H.

§ 46. I'paBuTalHOHHOE NoOJe

I'paBHTaLIMOHHOE B3aHMOJEHCTBHE OCYILIECTBJIAETCS Yepe3 rpaButa-
HOHHOe moJe. Bcskoe Tello M3MEHsIeT CBOMCTBA OKPYKAIOUIEro €ro
NPOCTPaHCTBa — CO3JlaeT B HEM TIpPaBHTallHOHHOE MoJe. JTO moJe
nposiBJsier cebs B TOM, YTO NOMELIEHHOE B HEro ApYyroe TeJio OKa3hiBaeTCs
noz aeHcTBHeM CHJbl. O6 «HHTEHCHBHOCTH» TPaBHTAIlHOHHOILO MOJf,
OYEBHJIHO, MOXKHO CYIMTb MO BeJMYHMHE CHJbI, NEHCTBYIOUEH B JaHHOH
TOYKE Ha TeJO C MaccoH, paBHOH eAMHHLE. B COOTBETCTBHH C 3THM Be-
JHYHHY

E

=— (46.1)

m
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HA3BIBAIOT HAMP AKX E€HHOCTHIO TFpPaBHTANHOHHOTO
m o J si. B 3Toit dopmyse F ecTb rpaBUTAallMOHHAS CHJIA, AEHCTBYIOWIAs
Ha MaTepHaNbHYI0 TOYKY Macchl 7 B JAaHHOI TOYKE MoJ.

PasvepHocTh G COBITazaer ¢ pasMepHOCTBIO yeKoperis. Hanpsixen-
HOCTb TOJISI TSITOTEHUS BOJM3M NMOBEPXHOCTH 3eMJH paBHa YCKOPEHHIO
CBOGOIHOTO MafieHHs g (C TOUHOCTHIO JI0 MOMpPaBKH, 06YCIOBIEHHOH Bpa-
menueM 3emau, cM. § 33).

U3 dopmyast (45.2) Jerko 3ak/IOUHTb, YTO HANPFAKEHHOCTb MOJS,
CO3/1aBaéMOr0 MaTepHaJbHOIl TOYKOM MAacChl 711, paBHA

G=—7y=e (46.2)

rJie e, — OpT pajuyca-BeKTOpa, NPOBEJIEHHOro M3 MaTepHaJbHOH TOUKH
B JAHHYIO TOUKY IOJIsi, r — MOAYJb 3TOro paiuyca-BeKTopa.

IlycTh IpaBHTALHOHHOE IOJe CO3JaeTcs 3aKPEIVIeHHOH B Hauase
KOOpJMHAT MaTepHa/JbHOH TOYKO¥ MacCel m. Torla Ha marepHaiabHyio
TOYKY MacChl m’, HaXOAsULYIOCs B TOUKe C PannyCoM-BEKTOPOM T, oyner
JeHCTBOBAaTb CHJIa

’ mm'’
F=Gm'=—7y—e (46.3)
(cp. ¢ (30.1)). B § 30 Guuio nMokaszaHo, YTO MOTEHUHANbHAS SHEPrHs
TOYKH m' ONpPEefeNsieTCsi B 3TOM CJly4yae BbIPAXKEHHEM
mm'
U=—v— (46.4)
(MoTeHLHaJbHasi SHEPrHsi MpH r=0° NPHHATA PaBHOH HYJIO). Bripa-
mexue (46.4) MOXKHO TPAKTOBATh TAKXKe KaK B3aHMHYIO NOTEHIMA/IBHYIO
SHEPrHI0 MaTepHaJbHbIX TOUeK m H m'.
13 (46.4) BUAHO, YTO KAXKAO TOUKE NOJIsi, CO3/1aBaeMOro MaTepHaJib-
HOIT TOUKOW 771, COOTBETCTBYET OMpE/eeHHOe 3HaueHHe NOTeHIHaNbHON
(1] r
SHepruM, KOTOpoil ofJajaeT B 3TOM I0Je MaTepHalbHast TOdKa m .
[TostomMy noJie MOXHO XapaKTepu3oBaTh MOTEHIIHAJbHOM SHEPrHeH,
i r
KOTOpOjii ob/iaj@ger B JaHHOM MecTe MaTepHajbHas Touka ¢ m =1.
Besauunny

ls

HAaspBAIOT TOTE HIM HAaJOM TPaBHTAULHOHHOrO MOJS.
B s1oit dopmyne U ecTb noteHuHa/ bHasH SHEPrud, KoTOpofii 06Jajiaer
MartepuasibHasi TOYKa Maccel m’ B NAHHON TOYKE HOJIS.

3Has NOTEHIHA/ MOJS, MOXHO BHIYHCAHTH PaboTy, COBEPLIAEMYEO
HAX yaCTHUEH ' CUJIAMU TOJIS DU NepeMElleHHH ee u3 MOJIOKeHHs [
B nosioxkenne 2. CorsacHo ¢opmyse (22.1) sta paGora paBHa

A=Us—U;=m' (1—¢2)- (46.6)

Cornacto (46.1) u (46.5) cuna, neficTeyomas Ha 4acTHIy m', paBHa
F=m'G, a noTeHUMa/sbHAsl 3HEPrHs ITOH YacTHUBl paBHA U=m'g.
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B coorBercrBuy ¢ dopmynoit (22.7) F=—vU, 1. e. m'G=—V (m'y).
BriHecs M3-NOJ 3HaKa TpajieHTa KOHCTAHTY m’' H COKPAaTHB 3aTe€M Ha
3TY KOHCTaHTY, MPHIAEM K COOTHOLUGHHWIO MEXJY HaNmpsKeHHOCTBIO M
NOTEHHAJIOM TPaBHTALHOHHOIO MOJIS:

=—¥o. (46.7)

Hajizem BoipaxkeHue 1Jis B3aMMHOH NOTEHLHANbHOH SHEepruH OOHO-
PONHOrO 1IapOBOrO CJOS H MaTepHaJbHOH TOYKH MacChl 71, NpHYEM
paccMOTPHM JIBa CJyyasi, OTBeyaloliHe HaX0XX/IeHHIO TOUKH BHE H BHYTPH
cnosi. Haunem co canyuast, Koraa m HaXOAuTCs BHe cyosi (puc. 46.1, a).

Puc. 46.1.

BrinenuM 13 cosi KOJIblIo, Kpasi KOTOPOro OTBEYaloT 3HaUeHHsM yria &
H $-+-d9. Paguyc sToro Koabua paBeH a sind, a wupuHa a d¥ (a —
paauyc cnos). CheoBaTeNIbHO, MJIOMIaAb KOJbLA ONpeleJsercss Bhbipa-
xenueM 2na? sin 4 d9. Eciin TonuuHKa caost da, a nJIoTHOCTb P, TO Macca
KoJiblia paBHa 27 pa® da sin $d$. Bce TOYKH Kosblla HAXOAATCA OT m
Ha oxMHaKoBOoM paccrostHud r’. ITosTomy corsacHo (46.4) B3aumHas
NoTeHIHaabHasa SHEPTH:A KoJbla H Macchl m OHPEJJ,EJ'IHQTCH Bblpa}xem{em

dUKm__?anazda S,.i:n ‘&d{}-m. (46.8)

YT0o6sl MOJIYYUTh MNOTEHIHAJbHYI0 3HEPrUid BCEro LIapoBOro CJOs
H Macchl m, HYXHO IPOWHTErpHpoBaTh Bhipaxkenue (46.8) mo yray &
B npeziesiax oT O fo s. Ilpu sToM nmepemeHHas r’ H3MEHsETCs B peneniax
orr — a jo r + a (r — paccrosiiue ot uenTpa caos O jio m). Bripaxe-
HHue (46.8) conepXkHMT JBe CBs3aHHBIE JPYr C APYroM nepeMeHHbe: &
u r’. Ilpexne yeM NPUCTYNHTb K HHTErPHPOBAHHIO, HYXKHO HMCKJIOYHTh
OJIHY U3 3THX NnepeMeHHbIX. MHTerpupoBaHnye ynpoulaercs, ecjii HCKJIo-
yuTh NepemeHHYO 4. CBsi3b MeXAY & ¥ 7' MOXKHO NMOJYYHTb, BOCIOJb-
30BaBILINCh TeopeMoi KocuHycoB. M3 puc. 46.1 Buaso, uro

r'2=a2-+r2—2ar cos 9.

ITponudepeHLpoBaB 3TO COOTHOLLEHHE, NOJYYHM, YTO
2r' dr'=2ar sin % d¥.
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Orciona sin %.d%=(r"/ar)dr’. Tlpouseens B (46.8) Takyi0 3ameHy,
TOJTYYHM:

dUK__'__?anadc:-m-dr y
UHTerpupoBanue no r’ B NMpejenax or ry=r—a Jo ry=r-a naer
Do 4na?d
o 14 npada-m rab pidna®da.-m
U= —y T (g = — g ERECT. (46.9)
r—a -

Bripaxkenue 4ma® da naer obbeMm cnos, a p 4ma® da — ero maccy dM.
Takum o6pasom, B3auMHasi NOTEHIHAJbHas SHEPrHs IIApPOBOrO CJOS
H Macchl /m paBHa

U= —y 22 (46.10)
TJie r — paccTogHHe OT [EeHTpa c¢Jog 0 M.

Jns cnydasi, korga Macca m TNOMeEIlaeTcss BHYTPH cjosi (cM.
puc. 46.1, 0), Bce BBHIKJIQJKH OCTAOTCS TeMHd xke. MHBIMUH GyayT Juulb
fpefieNsl HHTErpHpoBaHus B (46.9), TaK Kak r’' MEHSETCs B 3TOM Cayyae
OT 3HaYeHHsi r;=a—r 10 ry=a-r. CnenoBare/bHO,

atr

dUc,n:__?2nparda-m Sdf'#-—vp‘inada-m-_-.-
a-r

l‘;___._,1"p4:m;d’a‘r;r1=_?tz!.r’vilz-m. (46.11)

Takum o6pa3oMm, B 3TOM CJyuyae NOTEHUMaJbHasi SHEPrHsi OXHHAKOBA
IJsi BCeX r M paBHa 3HayeHuio (46.10), monyvaiomemycs Ans r=a.
Bruipaxkenue (46.10) MO2XKHO TpaKTOBaTh KaK MOTEHLHAJbHYIO 3Hep-
THIO YacTHLBI /m B MOJE, CO3JaBaEMOM ILIApOBLIM cJioeM Maccel dM.
Basitas ¢ o6paTHbIM 3HAKOM MPOW3BOJAHAS OT 3TOH SHEPrHH IO 7 pPaBHA
NpPoeKI MY Ha HalpaBJIEHHWe r CHJIbl, NEHCTBYIOLIEH Ha YaCTHILY:

dF,=— 9 = — (46.12)

3HaK MHHYC YKa3blBa€T Ha TO, YTO CHJIa HampaBJieHa B CTOPOHY yOblBa-
HHMS 7, T. €. K LEHTPY CJOs.

N3 opmyant (46.12) cnenyer, yTo MIapoBOi CJOH JeHCTBYET Ha Yac-
THILY C TaKOM CWJOM, C KaKoil neicTBoBaJsia Obl moMellleHHasi B LEHTP

- CJios] maTepHaJibHas TO4YKa C Maccoii, paBHOﬁ Macce CJ1os.

Buipaxkenue (46.11) He 3aBHCHT OT KOOpAMHAT YacTHubl. ITosTomy
PPAIMeHT STOrO BHIPAXXEHHSI PABeH HYJIO As Beex r << a. Takum obpa-
30M, YaCTHIA, HaXOAsUAasiCss BHYTPH CJIOsi, HE TOABEP)KeHa AEHCTBHIO
HHKaKo# cuJsibl. Kaxkablil a71eMeHT clos AeHCTBYeT, KOHEYHO, Ha YacTHIY
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C HEKOTOPO#H CHJIOMN, HO CyMMa CHJI, IeMCTBYIOUWAX ‘CO CTOPOKBI BCEX 3J1e-
MEHTOB CJIOSI, paBHa HY.IIO.

Tenepb paccmMoTpuM CHCTEMY, COCTOSILYIO W3 OAHOPOAHOrO Iapa
maccel M Y MaTepuasbHOH TOYKH (YacTHIpbl) Maccel m. Pasobbem 1uap
Ha cjod Macce dM. Kaxnplit c/ioii neficTByeT Ha YacTHIY C CHJIOH,
onpenensiemoii gopmynoit  (46.12). TIpocymMmMHpPOBaB 3TO BHIPaXKeHHe
10 BCeM CJIOSIM, MOJIYYHM CHJY, C KOTODOH Iuap JeCTBYeT Ha YacCTHILy:

dM-m Mm
Fo=(aF,=— [y S0 ——y 2. (46.13)
HeficTBHe Iuapa Ha YacTHIy 3KBHBAJEHTHO [AEHCTBHIO ITOMEIIEHHOMH
B LEHTp LIapa MaTepHaJbHOH TOYKH C Maccoil, paBHOH Macce IIapa
(cM. npemwpymuii naparpag).

Ecii B35Th 1ap co cepHyecko nosocThbio BHYTPH, TO HA HaCTHILY,
HaXOAALLYIOCS B 3TOH MOJIOCTH, He GyJeT AeHiCTBOBAaTh HHKaKas CHJA.

[TpocyMMHpOBaB no BCeM CJIOSIM CIJIOIIHOTO HJIH ITOJIOrO 11apa BHIpa-
xkenue (46.10), monyunM B3aNMHYIO NMOTEHUHANbHYIO 3HEPTHIO YaCTHLEl
M 1apa:

3pecb M — macca miapa, m — Macca YacTHUBI, 7 — PacCTOsTHHE OT
YaCTHUEl O LEHTpa luapa.

N3 (46.13) u (46.14) BEITEKaET, YTO IPaBHTALHOHHOE NOJIE, CO34aBae-
MOe OJIHOPOJHEIM LIApOM, SKBHBANEHTHO (BHE luapa) Moo, Co3/aBae-
MOMY MaTepHaJIbHOH TOYKOH C TOH 2Ke Maccoil, HaXojslleHca B LeHTpe
1apa.

PaccmoTpum JBa OfHOPOAHBIX Lrapa ¢ Maccamu My u M,. Bropoi
LIap HCHBITHIBAET CO CTOPOHBI IIEPBOTO TaKOEe XKe JAeHCTBHE, KaKOe OKa-
3biBaJIa Obl MaTepHasIbHast TOYKa Macchl My, HaXOASLAsCsl B LEHTPE nep-
Boro wapa. Ilo tperbemy 3akony HpbioTOHa COOTBETCTBYIOIIAsi CHJA
paBHa IO BeJIHYHHE CHJIe, C KOTOPOH BTOPOH 11ap AeHcTBOBaJ Obl Ha Ma-
TepHanbHyio Touky M;. CorsmacHo (46.13) Moxysb 3TOH CHJIBI paBeH
v MiM/r2. TakuM o6GpasoM, MBI JOKa3ajH, UTO OJHOPOAHLIE LIAphI
B3aUMOJIEHCTBYIOT KaK MaTepHaJbHbIE TOYKH, IOMEIAIOHecs B HX
LEHTpax.

§ 47. TIpuHUKMN SKBHBAJIEHTHOCTH

Macca ¢urypupyer B IBYX Pas/HYHBEIX 3aKOHAX: BO BTOPOM 3aKOHE
HbloToHa ¥ B 3aKOHE BCEMHPHOrO TSrOTEHHsi. B mepBoM cayuae oHa
XapaKTepH3yeT HHePTHLIE CBOHCTBA TeJia, BO BTOPOM — IPaBUTAIHOH-
HBI€ CBOKCTBA, T. €. COCOGHOCTH TeJI PHTSTMBATh APYT Apyra. B cBssu
C 3THM BO3HHMK@eT BOMpPOC, HE CJeAyeT JIH Pa3jinyaThb MHEPTHYIO Maccy
m;, ¥ Maccy TPaBUTALUOHHYIO /1l,.
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OTBeT Ha 3TGT BOAPOC MOXKET HaTh TOJNBKO ONLIT. PaccMOTpHM B re-
JIHOLEHTPHYECKOH CHCTEME OTcyeTa CBOGOJHOe najeHue Tesl. Beskoe
TeJ0 BOJIM3M MOBEPXHOCTH 3eMJH MCHOBITHIBAeT CHJIY MPHUTSXKEHHA K
3emie, Kotopasa corsacHo (46.13) pasua

mgMs
R

=t

(mg— rpaBHTanMORHas Macca JaHHOro Tena, Mgz— rpaBHTAaUHOHHAS
macca 3emun, R3 — paauyc 3eMmuoro wapa). Ilox neficTBHeM 3TOi CHJIBL
Tes0 NpHOGpeTaeT yCKopeHne @ (HO He g; cM. § 33), KOTOpoe NOKHO
OLITL paBHO cuJsie F, NeJeHHOH Ha HHEPTHYIO Maccy Teja i ,:
F My mg

(47.1)

2 2 :
Min R3 m;,

OnbIT NMOKAa3hiBaeT, YTO YCKOpPEHHe w M) BCeX TeJa OJHHAKOBO
(8 § 33 nokasaHo, YTO H3 OAHMHAKOBOCTH &
BBITEKAET OXMHAKOBOCTh w). MHOXHTEND P
P (M3/R3) Tak)Ke OAMHAKOB AJs BCeX TEl. Sy
Crne1oBaTeIbHO, U OTHOLICHHE M1/, OKa- Sy /
3BIBAETCST [J1s BCEX TENl ONHHM M TeM k€.  Jepmenimymp >~
K TakoMy e pe3yJbTaTy NPHBONAT H BCE  x orw fooueny
ApyTHE ONbITH, B KOTOPBIX MOIVIO Obl MpO-  Jervu
SIBUTBCSH Pa3JiH4yHe MeXy HHepPTHOH M rpa- cOpus
BHTAHOHHOI MaccaMH.

13 yncna ynoMsiHyTHIX OMBITOB paccKa-
>keM 06 onbiTe D1Bema, Hauatom B 1887 r.
H npoaospkaBureMcst Gosee 25 ner. B ero
OCHOBE JIEXKHT TO OBGCTOATENLCTBO, YTO HA
TENO, MNOKosieecs BOGJIH3H NOBEPXHOCTH
3eMau, JNEHCTBYIOT, KPOME peaKLHH Oro-
pbi, rpaBuTanMonHas cuna F,, Hamnpas- /
JIeHHas K NeHTPY 3eMJH, a TaKyKe IEeHTPO- Puc. 47.1.
Oexxnasi cuna uHepuuHu F ¢, HanpaBJeHHas
NepneHINKYJIIPHO K OCH BpaUleHHs 3eMJIH
(puc. 47.1; Ha 3TOM PHCYHKE He cobJogeH Maciitab — MOAYJb LUEHTPO-
OeXHOM CHJBI Ha JBA NOPSAKA MEHbILIE MOAYJS I'PaBHTALHOHHON CHJIBI,
cm. § 33). 'paBuTanHOHHAsA CHIA NPONOPLHOHAIbHA TPAaBHTALHOHHOH
Macce TeJaa myg:

LBepmurars

! K venmpy

SEMAU

F,

(G — wanpsikeHHOCTh rpaBHTaUUHOHHOro moJs). LlenTpoGexuast cHia
HHEpIHH NpPONoOpUHOHANbHA MHEPTHOH Macce m;,. CormacHo ¢opmyse
(33.4) ee Moaysb ompenensieTcsi BBIPAXKEHHEM

= mgG

F,¢=m;w*R3c0s¢
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(p — mupora mectHocTH). M3 puc. 47.1 cnenyer, uTO MORYJb BepTH-
KaJIbHOH COCTaBJIAIOIECH LEHTPOOEXKHOH CHJBI HHEPIHH paBeH

Frepy = FgCOSQ =m;,0*R3cos® ¢ = Am,,.

Mgl BBenM o6o3HaueHHe A=0%R3 cos? ¢. OnbIT DTBellia NPOH3BOLHICS
Ha wHporte ¢=45°. B 3ToM cayuae KospdHuueHT A npumepHo B 100 pas
Mmenbue G.

Monynb ropHsoHTaNbHOH COCTaBJAIOMEH CHIBI F ¢ paBeH

Fropus = Fygsing =m; w*R3cos @ sing = Bm;,

(ans @=45° 3HaueHusi Kos(duuHenToB A M B coBnajaior).

OTBelll NOABECHJ HA yNPYroii HUTH CTeP2KeHb C YKPEIJIeHHBIMI Ha €ro
KOHLIaX TeJlaMH IO BO3MOXHOCTH paBHOH Macchl (pHc. 47.2). Tesa Gpa-
JIMCh M3 pasHBIX MaTepHanoB. K HuXKHel YacTH HHTH NPHKPENJAJOCh
3epkanble. JIyy, BHIUEAUIHH U3 OCBETHTENS H OTPaKeHHBIH OT 3epKallb-
La, nonajan Ha nepeKkpecToe 3pHTeNbHOH TpyObl. ITneun I* u [” non6u-
paIMCh TaK, YTOObI CTE€P>KeHb HaXOHJICA B PABHOBECHH B BEPTHKAJILHOM
NJIOCKOCTH. Y CJIOBHE pPaBHOBECHs BHIIVISAHT CHEAYIOIHM 0Opasom:

(mgG —mi,A) U = (mzG —mp,A) l". (47.2)

[Tpubop pacnosarancsi Tak, 4TOGh CTepykeHb GBUI MepHeHAMKYJisipeH
K MJIOCKOCTH MepHAHaHa (cM. puc. 47.2). B stoM cayyae ropH3oHTab-
HBIE COCTaBJISIOLIHE LEHTPOOEKHOH CHJIbI
HHEPIHH CO3JAT 3aKpYy4YHBAKOUIHI MoO-
MEHT, paBHBIH

N =mj,Bl' —m{,BI". (47.3)

HckaoyuB H3 ypaBHeHHH (47.2) v (47.3)
nseyo [, MOXHO NOCJIe HECJIOKHEIX Npeo6-
pasoBaHHil NPHHTH K GopmyJie

’ ! (m'fmfn) G—A
N = msBlet| ] — = CC R e
i 1[: (mg/min) G—A:I

M3 370} pOpMYJIEL BUAHO, YTO B TOM CJIyyae,

e : 7
o s KOr/la OTHOLICHHE I'DaBHTALHOHHOI U HHep-
THOH Macc yii OOOHX TeJl OJHHAKOBO, MO-
Puc. 47.2. MEHT, 3aKpyYHBaIOIIHi HUTb, JOJKEH ObITh

paseH Hymo. Ecin ke oTHOweHnue rmy/m;,
JUIsi epBOro ¥ BTOPOrO Teja HEOAWHAKOBO, 3aKPYYHBAIOMIME MOMEHT
OTJIHYEH OT HyJsl. B 3TOM cilyyae npu noBopoTe Bcero npuGopa Ha 180°
3aKpYYHBalOlIMH MOMEHT H3MEeHHJI Obl 3HaK Ha OOpaTHEIH H CBETOBOMH
3aHYHK CMeCTHJICA Obl M3 NepeKpecTbs 3pHTENbHOH TPyOH (pHe. 47.3).
Ilpu cpaBHEHHH BOCBMHM Pa3/IHYHEIX Tesl (B TOM YHCJIE H JIEpPeBSHHOIO)
C MJIATHHOBHIM TE€JIOM, NPHHATEIM 3a 3TaJIOH, DTBElI HE OGHApyKHJI
3aKpyuYHMBaHHs HHTH. 2TO Jalio eMy OCHOBaHHE YTBEpK/1ath, YTO OTHO-
LICHHE M glm;, A1 STHX TeJl OAHHAKOBO C TOYHOCTBIO B 1078,

§ 47. IPMHLMI1 5KBUBAJIEHTHOCTH 177

B 1961—64 rr. JIUKKe YCOBEpPLIEHCTBOBAJ METOA DTBEla, HCIOJMb-
30BaB AJ51 CO3JaHHSI 3aKPYYHBAIOILEr0 MOMEHTa rpaBHTALHOHHOE NoJe
CoJIHIA ¥ LeHTPOGEXKHYIO CHIy HHEPLUH, 00y C/IOBJIEHHYIO OpGHTaNbHBIM
neikenneM 3eman. B pesysipTare cBOMX HM3MEPEHHH JIMKKe npHIIen

T

w < Tpyta

Oi:Bemument

Tpyba

Gf;é’fmymeﬂa
Puc. 47.3.

K BEIBOJy, YTO OTHOLIEHHE m,/m;, OAHHAKOBO Il HCCIELOBAHHBIX TEI
¢ Tounocthio 1071, Hakonew, B 1971 r. B. B. Bparunckuii u B. W. I1a-
HOB NOJIyYHJIM NOCTOSIHCTBO YKa32HHOIO OTHOLIEHHMs C TOYHOCTBIO 10O
O 12,

Hrtak, Bcg COBOKYNHOCTb ONBITHBIX ()aKTOB yKasblBaeT Ha-TO, YTO
UHePMHAsR U 2PAsUMAYUOHHAA MACCoL 8CEX MeA CMPo20 NPONOPYUONANbHbL
dpye dpyey. DTo 03HAYAET, YTO NpH HajjexalleM BHOGOpe eIMHHIL rpa-
BHTALOHHAsi H HHEPTHAas Macchl CTaHOBSITCH TOXAECTBEHHLIMH, I10-
3TOMY B (H3HKE TOBOPSIT POCTO O Macce. TOXAECTBEHHOCTb rpaBHTA-
WHOHHOH M HHEPTHOH MacC moJiokeHa DHHLITEHHOM B OCHOBY oGLieH
TEOPHH OTHOCHTEJBHOCTH.

B § 32 MBl y)ke OTMeyasH, YTO CHJIEl HHEPUHMH aHajJOrHyHbl CHJIaM
TATOTEHHS — M Te, U APYrHe NponoplHoHabHEI Macce Tejla, Ha KOTopoe
OHH sieiicTBYIOT. Taum ke GbLI0 YKasaHo, YTo, HaX0AACh BHYTPH 3aKPEITOH
KaGHHBl, HUKAKHMH ONbITAMH HeJb3sl yCTaHOBHTb, YeM BbISBAaHO JeHCT-
BHE Ha TeJIO CHJIBI mg: TeM JIH, YTO KabHHa JBHXKETCs ¢ yCKOpenneM —g,
JIM60 TeM, YTO HenojBM»KHAas KaOHWHa HaxoAuTCs BOJH3HM NOBEPXHOCTH
3eMyH. DTO yTBEpXKIEHHE COCTaBJsIET COJAEpXKaHHEe TaK HasblBAEMOTO
NpHHIUHNA 3KBHBAJNEHTHOCTH.

TOXIeCTBEHHOCTL HHEPTHOM H rPaBUTALHOHHOH MacC ABJAETCS CIEL-
CTBHEM 3KBHBAJIEHTHOCTH CHJ HHEPUHH W CHJI TATOTEHHS.

OTMeTHM, YTO C CaMoro Hayana maccy B (45.1) MBI noJjaranv cosna-
Jlarollell ¢ MHepTHOH Maccoi TeJ1, BCJIeACTBHE Yero YNCJIeHHOE 3HAYEHHE p
HaMH ObLIO ONPEAEJSEHO B NPEANOJIONKEHHH, YTO M =M. [Tostomy
(47.1) MO:kHO 3anucaTh B BHJIE

W=7 —ﬂ—ﬂ—;?’- A (47.4)
R3

[TocnepHee COOTHOLUEHHE MO3BOJISIET OMPENENHTh Maccy Seman Ma.
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[NoscTaHOBKa B HEro H3MEPEHHBIX 3HaueHHH w, Rz U y AaeT JJIsi MacChl
3emau sHauenHe 5,98-10% xr.

Jlanee, 3Hasi pajHyc 3eMHOH OPOHTHI R,, H BpeMs MOJHOro ofpa-
menus 3emuu Bokpyr Cosuua 7', moxHo HaitH Maccy Comnua Mc.
Yckopenune 3emsH, paBHoe w?R,, (0=2n/T), 06yCJIOBIMBAETCS CHIIOH
nputskenuss 3emad K ConHiy. CnenosaresibHO,

MzMq
R3p
OTKYya MOXKeET OBITh BHIUHCJIEHA Macca COJIHLL&.

[Tomo6HBIM e 06pa3oM ObLIH ONpefeseHBl Macchl APYrHX HeGec-
HBIX TeJI.

?

MS(‘OERop =3

§ 48. KocMHuecKHe CKOPOCTH

Jnist Toro 4yToObl JBHIaThCsA BOKPYr 3eMJIM IO KPYroBo# opGHTe
C pazHycoM, Majo OTJIHYAIOUMMCS OT pafHyca 3eMiH Rg, TEIO NOJKHO
06/12J1aTh BIIOJIHE ONpeJIeJIEHHOH CKOPOCThIO Uy, BETHYHHY KOTOPOH MOXK-
HO OMpEleJHTh W3 YCJOBHS PaBeHCTBAa NPOHM3BENEHHS MacChl TeJia Ha
YCKOpEHHUEe CHJIe TSXKECTH, NeHCTBYIOIEH Ha TeJo:

2

U1
1T —= L
m g, =mg

Orciona
v; =V gRs. (48.1)

CnenoBarenbHo, JJIsi TOrO YTOOLI KaKOe-JIHGO TeIO CTalIO0 CIYTHHKOM
3emaH, €My HeOOXOJIHMO COOGUIHTL CKOPOCTb Uy, KOTOPasi HasblBaercs
NepBOil KOCMHUYECKOHN CKOpOCTH . [TogcraHnoBka 3Ha-
YeHH g U R3 HaerT s NepBoi KOCMHYECKOH CKOPOCTH CJIEAYIolee
3HayeHHe:

v, =V gR3=V9,8-6,4-10° ~ 8-10° m/c =8 rMm/c.

O6nanas CKOPOCTBIO Uy, TEJO He ymajeT Ha 3emmo. OIHAKo 3Toi
CKOPOCTH HEJOCTAaTOYHO Il TOro, YTOOHI T€JIO MOIJIO BEIHTH H3 CQepH
3eMHOCO NPHTSIXKEHHS, T. €. YIaJHThCsI OT 3eMJIH Ha TAaKOe pACCTOsIHHE,
YTO NPHTsKEHHE K 3em/ie nepecTaeT HrpaTh CYIIECTBEHHYIO pOJIb.
Heobxonuman a1 3TOro CKOpPOCTb U, HA3bIBAETCSi BTOP O H K O C-
MHUYECKOH CKOPOCTBI.

st Toro 4ToGel HaiTH BTOPYIO KOCMHYECKYIO CKOPOCTh, HYIKHO
BBIYHCJIHTE paboTy, KOTOPYIO HEOGXOAHMO COBEPLINTH NPOTHB CHJI 3eM-
HOTO NPHTSXKEHHUsT IJIS1 YAaJeHHsI Tesla ¢ MOBEPXHOCTH 3eMsid Ha Gecko-
HeuHOCTb. IIpH yJaneHHH Tesla CHJIbI 3eMHOTO NPHTSXKEHHS] COBEpPLIAIOT
Haj HUM paboTry

Plo= Sy

KOR*
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CornacHo (46.14) HayanbHOe 3HaYEHHE
Mgzm
Uuaq == "'j'e'; s

KOHEYHOe 3HA4YeHHE eCThb HyJb. TakuM 006pasom,
M_m
S sy St
A'=—9w g

Pa6ora A, KOTOPYIO HY>KHO COBEPIUHTH IIPOTHB CHJI 3€MHOI'O TIPHTSXKe-
HUs, paBHa pabore A’, B3ATOH ¢ OOpaTHEIM 3HaKOM, T. €.

Mom
A=y—=—.
R
ITpeneGperasi pasIHYHeM MEXY CHJIOH TSAXECTH mg U CHJIOH rpaBu-
TAINHMOHHOTO NPHUTSKEHHsI TeJa K 3emye, MOXHO HamHcaTb, 4TO

(48.2)

Mgm
mg="Y —pz_ -
Orciona
M. m
Y *Ri“ = mgRs.

CnenoBareibHo, paGory (48.2) MOXHO NpeACTaBHTL B BHIE
A=mgRs. (48.3)
Oty paboTy yHansioleecs TeJO COBEepIIdeT 3a CYeT 3amaca CBOeH
KHHETHYeCKOH dHepriu. UToOhl 3anac 3HepruH 0Kasajcsi AOCTaTOUHBIM

JUisi coBeplueHHsl paGoThl (48.3), Teo A0/KHO ObITH 3anylIeHO CO CKO-
POCTLIO U, HE MeHblleH, YeM CKOPOCTb U,, OnpejieNisieMas YCJIOBHEM

2
Ln—;)i = ng;; -
Orciona
v, =V 2¢R3. . (48.4)

CropocTh v, H ecTh BTOpas KOCMHYeCKash CKOpocTb. M3 cpaBHeHus c
(48.1) BuAHO, uTO BTOpas KocMHYecKas CKOPocTb B J/2 pa3 Goablie
nepBoi. YMHOXHB 8 KM/C Ha /2, noayyuM il v, 3HaYeHHe, NpHOJIH-
3uTeNbHO paBHOe 11 KM/c.

Otmerum, 4TO HEOOXOAMMasi BeJHYHHA CKOPOCTH HE 3aBHCHT OT
HarpaBJieHHsI, B KOTOPOM OCYILECTBJI€TCA 3anyck Teja ¢ 3emud. Ot
3TOr0 HanpaBJEHHS 3aBHCHT JIHLIb BHA TPAaeKTOPHH, MO KOTOPOIi TeJo
yaansercss oT 3eMJIH.

Has Toro uyroObl MOKHHYTh npenejbl COJHEYHOH  :CHCTEMBI, TeJso
JO/2KHO MPEO0JIeTh, KPOME CHJI NPHTSIXKEHUS K 3emile, TaKXKe H CHJIBL
nputsxxenuss K Cosnny. HeoGxoaumasi 1Jisi 3T0ro CKOpOCTb 3anycka
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TeNla ¢ MOBEPXHOCTH 3eMsIH HasbBaeTCsi TPeTbed KOCMHUYEC-
KOH CKOPOCTDBI vs. CKOPOCTb U3 3aBHCHT OT HampaBJIeHHs 3a-
nycka. Ilpu 3anycke B HanmpaBJeHHH OPGHTAJBHOIO ABHXKEHHS 3eMJTH
3Ta CKOpPOCTb MHHHMa/JbHA H COCTaBJseT 0Koso 17 KM/c (B aToM cayyae
CKOpPOCTb TeéNla OTHOCHTeJbHO CoJIHLA CKJIaJblBaeTCs M3 CKOPOCTH Tesa
OTHOCHTEJIbHO 3eMJIM M CKOPOCTH, C KOTOPOH 3eMJIsi ABHXKETCS BOKPYL
Connua). Ilpu samycke B HampaB/ieHHH, NPOTHBOMOJOXHOM Harpas-
JIEHHIO ABHXKEHUs 3eMJId, UsR73 KM/C.

Bnepsrle KocMuyeckue ckopocTd ObliH poctHrayThl B CCCP. 4 ok-
TA6ps 1957 r. B CoBerckoM Coro3e Gl OCYIIECTBJIEH NEPBBIH B HCTOPHH
YesIOBeYeCcTBA YCMEUIHbIH 3anyCcK HCKYCCTBEHHOrO CHYyTHHKa 3eMJiH.
2 sinBapa 1959 r. 6bln B3ST M BTOpO# py6ex. B 3T0T neHb ¢ coBeTcKokH
3eMJIH OTMpaBHJach B MOJIET KOCMHYecKasi pakera, KOTopasi BHILLIA
U3 cpepHl 3eMHOTO NPUTSXKEHHs! H CTajia NepBOH HCKYCCTBEHHOH mJlaHe-
To#t Hawekl Conneynon cucreMel. 12 anpens 1961 r. B Coserckom Corose
OBLT OCYIIIECTBJIEH NIEPBEIif OJIET YeIOBEKa B KOCMHYECKOE IPOCTPAHCTBO.
[MepBri#i coBetckuii kocvMoHaBT KOpuit Asekceesny I'arapHH coBepiuun
noJieT BOKPYr 3eMiIH H 6J1aronoJy4HO MPH3EMJIHJICS.

TIJABA VII
KOJIEBATEJILHOE JIBU)KEHHUE

§ 49. Obmue cBeAeHHs O KoJie0aHHaX

KoJre6aHngMH HA3BIBAIOTCS IIPOIIECCH], OTIHYAIOUIHECH TOH HJIH HHOH
CTeneHbIO NIOBTOPAeMOCTH. TaKiM CBOHCTBOM IOBTOPSEMOCTH 06/1Aal0T,
HanpyuMep, KauaHWs MasTHHKA YacoB, KOJEOaHHS CTPYHBL HJH HOXEK
KaMepToHa, Hanpsi>KeHHe MexJy OOK/IaJKaMH KOHJCHCAaTopa B KOHType
panyonpHeMHuka H T. I.

B 3aBHCHMOCTH OT (pM3HYECKOH NPHPOJIBI NOBTOPSIOUIEroCcs npouecca
pa3uualT KOJNeGaHHs: MeXaHHYeCKHe, SJCKTPOMArHHTHEIE, SJEKTPO-
MeXaHHyecKHe U T. Ai. B JanHOH rjiaBe pacCMaTpPHBAIOTCS MeXaHHYECKIe
KoJsie6aHHs .

Kouie62aiysi LIMPOKO PAacCnpoCTpaHeHH B NpHPoJie ¥ Texuuke. Bo mio-
THX CJy4asgX OHHM HIpaloT OTPHLATENbHYIO pOJb. Kone6anus mocra,
BO3HMKAIOLME 1M3-33 TOJYKOB, COOOLIAEMEIX €My KOJiecaMH noesjia npH
TNPOXOXEHHH Yepe3 CThIKH PeJlbCoB, Kone6anust (BUOpauku) Kopmyca
Kopabyisi, BHISBAHHEIE BpallleHHeM rpeGHOro BMHTa, BHOpaUHH KpbLILEB
caMoJieTa — BCe 3TH IPOLECcchl MOTYT NPHBECTH K KaTacTpogiuyecKHM
NOCJIENICTBHAM. B NOJOGHBIX c/lyyasix 3ajaya 3aK/loyaeTcsi B TOM, yTo6HB!
NPEeOTBPATHTH BOSHHKHOBEHHE KOJI€GaHUH HJH BO BCAKOM ClTydae BOC-
NIPenATCTBOBATh TOMY, YTOOb! KOJeGaHHs NOCTHUIVIH ONACHBIX pPa3MepoB.

BMmecTe ¢ TeM KosieGaTebHbIe MPOLECCH JIeXKaT B CaMOil OCHOBE pas-
JIMYHBIX oTpacyeil TexHukH. Tak, Hampumep, Ha KoJieGaTeIbHEIX Tpo-
jleccax OCHOBaHa BCs PajHOTEXHHKA.

B 3aBHCHMOCTH OT XapakTepa BO3ZIeHCTBHS Ha KoJeGJouyiocs CHe-
TeMy -pasJHyaloT CBOGOAHbIE (HJIH coOCTBEHHbIE) KoJieOaHHs, BBIHYX-
JleHHble KoJieGaHKs, aBTOKOJeOaHHs M NapaMeTpHYecKHe KoJsebanus.

CBOGONHBIMH MJIH COGCTBEHHBIMM HA3BIBAIOTCS TaKHe KoJeGaHHs,
KOTOpHIE NPOMCXOAAT B CHCTEME, MPeJOCTaBIEHHOH CaMoi cebe nocJte
TOro, KaK el 611 coo6LIeH TOTYOK JIHOO OHa Gbla BHIBEIEHA U3 NOJIOMKe-
Husi paBHOBecHs. [IpHMepOM MOTYT ClyXKHTh KoJeGaHHsA LIapuka, noi-
BEIIEHHOro Ha HUTH (MasTHHUK). [JIs TOro yToObl BHI3BaTb KOJeGaHUs,
MO>KHO JIHO60 TOJKHYTh LIApHK, JHO0, OTBes B CTOPOHY, OTHYCTHTE ero.

BEIHYK/IeHHEIMH HasbIBalOTCs TaKHe KosleDaHHs, B IPOLECCe KOTOPhIX
KOJIeGIOLAsiCs CHCTEMA ITO/IBEpPraeTcsl BO3/JeHCTBHIO BHEIIHE!H NepHoaH-
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YecKH H3MeHstomedcst cuabl. IlpumepoM cityxar KoseGaHHsT MOCTa, BO3-
HUKAIOHEe MPH NPOXOXKIEHUH IO HEMy JIOJeH, LIAraioumuX B HOLY.

ABTOKOJIe0aHHS, KaK U BEHYK/ICHHEIE KOJIEGaHHS!, CONPOBOXAAIOTCA
BO3JICHCTBHEM Ha KOJEOIOUIYIOCS CHCTEMY BHELIHMX CHJI, OJZHAKO MO-
MEHTBl BPEMEHM, KOIJla OCYIIECTBJAIOTCS 3TH BO3ACHCTBHS, 3aNalOTCA
caMod KoJsieOJmonteficss CHCTeMOH — CHCTEMa caMma YIpaBJserT BHEIUHHM
BoazeicTBHEM. [IpuMepoM aBTOKONEeOaTENBHOM CHCTEMBI SIBJSIOTCS Ya-
Cbl, B KOTOPLIX MassTHHK MOJIy4aeT TOJYKH 32 CYET SHEPILHH IOJHATOI
PHPH HJIH 3aKPYYeHHOH NPYXKHHBI, MPHYEM STH TONYKH MPOHCXONAT B
MOMEHTHI NPOXOXKIEHUS MasiTHHKA yepes cpeaHee moJjioxkenue. IIpu na-
pameTpuYecKux KoJieOGaHHsAX 3a CYEeT BHELIHEr0 BO3JEHCTBHS NPOHCXOMHT
nepHOAHYECKOe H3MEHEHHe KaKOro-JJH0o napaMeTpa CHCTEMBI, Hanpumep
JUIHHBl HUTH, K KOTOPOi NOJBeLIeH 1IapHK, COBEpPLIAIOMME KoieOaHus.

IlpocrefiluuMy SIBJISIOTCS FapMOHHYECKHMEe KOJNeGaHHs, T. €. TaKHe
KoJie6aHHsl, IPH KOTOPHIX KOJeOJoLIasicsi BeIMYHHA (HanpuMep, OTKJIO-
HEHHE MasTHUKA) H3MEHSIeTCS CO BPeMeHeM 10 3aKOHY CHHYCA HJIH KOCH-
Hyca. ITOT BUJ KoJIe6aHH i OCOGEHHO BaXKEH IO CJIEAYIOUMM IPHUYHHAM:
BO-NIEPBBIX, KOJIeOaHHsl B IPHPOJIe M B TEXHHKE YacTO HMEIOT XapaKTep,
oueHb GJM3KHI K [aDMOHHYECKHMM, H, BO-BTOPBIX, [IEPHOJHYECKHE MPO-
1ecchl HHOH (opMbI (C IPYro¥ 3aBHCHMOCTBIO OT BPEMEHH) MOTYT OBITh
NPEICTaBJEHE KaK HaJIOKEHHE HECKOJNbKHX FApMOHHYECKHX KOJIeOaHHil.

§ 50. Manbie KojeGauus

PaccMoTpHM MeXaHHYeCKylo CHCTEMY, IOJIOMKEHHE KOTOPOH MOXKeT
ObiTb 33[aHO C MOMOIIBIO ONHOH BeJNHYHHBI, KOTOPYIO MBI OGO3HAYHM
yepes x. B Takux ciyyasx roBopsT, 4TO CHCTEMa HMECT OZHY CTEleHb
cBobobl. Bennyunofi x, onpenensiouiell MOJOKCHHE CHCTEMBI, MOMKET
OBITh YrOJI, OTCYHTHIBAEMbIH OT HEKOTOPOH MJIOCKOCTH, HJIH pPaccTOsIHHe,
OTCUHTHIBAEMOE BJOJIb 3aJaHHOH KPHBOH (B YaCTHOCTH MpPAMOE) JIHHUH,
 T. 1. IToTeHUHaNbHas SHEPTHA CHCTEMB! 6yeT (yHKIHeH OaHOH nepe-
mensHoit x: U=U (x). HJonycTuM, YTO CHCTeMa OGJIANAET MOJIOIKEHUEM
YCTOHYHBOIO paBHOBecHs. B stom mosoxenun ¢ynxuus U(x) umeer
MuHHMYM (cm. § 26). YcaoBHMES KOOpANHATY X H MOTEHUHAIBHYIO SHEp-
rii0 U OTCUHTHIBATB OT IIOJIOXKEHHWs pPaBHOBCCHs. Toria U (0)=0.

Pasnoxum ¢yrrmuio U(x) B psia mo cTeneHs x, NpHYeM OrpaHu-
YUMCH PACCMOTPEHHEM MaJIbiX KoJeOaHHii, TaK YTO BBICUIHMH CTeeHIMH
X MOX¢HO Oyzer npenebpeun. ITo dopmyse Makjopena

Ux)=U(0)+ U'(0) x+/,U" (0) x*
(BBHIY MaJOCTH X OCTaJbHBIMH YJeHaMH mpeHeGperaen). IMockonbKy
U (x) npu x=0 umeer munumym, U’ (0) paBHa mymo, a U” (0) monoxxu-

TeqbHa. Kpome moro, mo ycioBmwo U (0)=0. Beemem o6oszauenue:
U" (0)=k (£>0). Toraa .

U (x) ="/ kx?. (50.1)
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Beipaxkenue (50.1) unentaunHo ¢ BeipaxkenueMm (25.1) ans moten-
HHaJbHOH 3HEPTHH JedOopMHPOBAHHON MpYxHHBL. Bocnosnb3oBaBUIHCH
cooTHoleHHeM (22.4), Hafiiem cuay, HeHCTBYIOULYIO HAa CHCTeMY:

e vn Oty (50.2)

kL ox

S1a GopMyJsia JaeT NpoeKiHio CHJIEI Ha Hanpapjienne x. B nanbHeiimem
MHJIEKC X NPH 0603HAYeHHH CHJIBI Mbl Oy~

L P, 7‘.'////_‘//‘/‘%
7T JeM OmyCKaTb, T. €. MHCAaTb COOTHOLIE-
aue (50.2) B Bume: F=—*kx.
= Beipaxkenne (50.2) TOXIECTBEHHO
BhipaxeHuio (14.2) qns ynpyro# cHJbL
fa lgtAly RehOPMHPOBAHHON nNpYsKUHBL. IlosTomy
cunbl Bupa (50.2), He3aBHCHMO OT HX
~ [ u 3
AL ; I/
I ‘z' fl {
T—g 1
mg }I/E
Xz - 7 *&._,____
Puc. 50.1. Puc. 50.2.

NPHPOJKI, HA3BLIBAIOT KB a3 Wy 0 P YT UM H. JIerko coo6pasutb, 4To
cuaia, onHceiBaeMasi opmytoii (60.2), Bcerja HanpaByeHa K NOJOKEHHIO
paBHOBecHs. Mozysib CHJIBI NMPONOPUMOHAJEH BEJHYHHE OTKJIOHEHHS
CHCTEMBl OT pPaBHOBECHOrO mnoJiokeHHs. CHiay, obJanaiomyo TaKHMH
CBOICTBaMH, HHOTJA Ha3bBalOT BOCCTaHAaBJMBaAIMILeE i
CHJOH.

B kauecTBe npHMepa paccMOTPHM CHCTeMY, COCTOSLIYIO M3 HIapHKa
Macchl /1, MOJBEIICHHOrO Ha MpYKHHE, Maccoi KOTOPOH MOXKHO npeHes-
peus no cpaBHeHHI0 ¢ m (puc. 50.1). B monoxeHuH paBHOBecHs CHJA

mg ypaBHOBCIIHBAeTCs ynpyroi cuisoii RAl:
mg=~RkAl, (50.3)

(Al,— ynnvuenue mpyxuHbl). Bynem xapaxkTepu3oBaTh CMeElLleHHe Ila-
pHKa H3 NOJOXKEHHS paBHOBeCHs KOODAHHATOH X, NMpPHYEM OCb X Ha-
NPaBHM O BePTHKAJH BHHU3, a HYJIb OCH COBMECTHM C NOJIOXXEHHEeM paB-
HOBecHsl InapHKa. Ec/iH cMeCTHTb LIAapHK B MOJOXeHHe, XapaKTepHsye-
MOe KOOpIMHATOH X, TO YJUIHHEHHE NPYXKHHBI CTaHET paBHbIM Al
-+Xx H mnpoekuHs pe3yJbTHpPYIOUIeH CHJbI Ha OCh X NpPHMET 3HayeHHe
F=mg—k (Aly-+x). Yurs ycnoeue (50.3), nonyyuMm, 4ro

——Fx. (50.4)
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Taxkum o6pasoM, B pacCMOTPEHHOM NpHMEpE pesyJbTHPYIOWAs CHJIBI
TSIXKECTH M yNPYrod CHJIBI MMEET XapaKTep KBasHyNPYroi CHJIHL.
Coo0uM IapHKy CMELIeHHe X=a, NOCJe Yero NPefocTABHM CHC-
Temy camo ceGe. [Tox neficTBHeM KBasHympyro¥ CHJBI LIapuK Gyner
ABHTaThCs K MOJIOXKEHHIO PABHOBECHS CO BCe BO3PACTaloLel CKOPOCThIO

v=x. Ilpu 3TOM mnoTeHNHANbHAsh 3HEPrHs CHCTEMBI OyJeT YORIBATH
(puc. 50.2), HO 3aTO MOABHTCA BCe BO3pacTaloLlas KMHETHYECKAsi 3Hep-
rua ') E,=', mx* (maccoii npyxuHbl npexebperaem). Ilpuas B no-
JIOXKEHHE DAaBHOBECHS, IUIADMK MPOJOJKAeT HBHIaThCsl 10 HHEPLHH.
310 aBHKeHHe GyNeT 3aMe]JICHHBIM M NPEKPaTHTCA TOI/a, KOria KHHe-
THYECKAasi 3HEPrusl IOJIHOCTBIO NPEBPATHUTCH B IOTEHUMANbHYIO, T. €.
KOrjia CMeleHHe LIAPHKA CTAHET PAaBHHIM —a. 3aTeM TaKOH XKe Mpo-
uecc OyJeT mpoTeKaTb NPM JABHXKEHMH IUapHKa B OGpaTHOM Hanpasiie-
HUH. Eciu TpeHHe B CHCTEMe OTCYTCTBYET, SHEpPIHsi CHCTEMBI JAOJKHA
COXPaHATbCA M WIApUK OyAeT IBHraThCs B NpejesiaX OT X=a A0 X=
=-—@q HEOrPaHHYEeHHO JOJIrO.
YpaBHeHHe BTOpOro 3akoHa HbloToHa 1Jisi IIapuKa HMEET BHI

mx = — kx. (50.5)
- Beens obo3HaueHue
g =k/m, (50.6)
npeobpasyem ypasHenue (50.5) cneayiouium oGpasom:
X+ 0ix=0. (50.7)

[Tockonbky k/m > 0, ®,— BelleCTBeHHAasi BeJHUYHHA.

Hrtak, B OTCyTCTBHE CHJ TPEeHHS JABHIKEHHE NOJ JEHCTBHEM KBa3H-
yOnpyroi CHJbl onmuchiBaercs auddepeHuyuanbHeiM ypaBHenneM (50.7).

Bo Bcsakoil peanbHOH KoJieGaTeIbHOM CHCTeMe HMEIOTCST CHJIBL CONpo-
TUBJIEHHS, NEHCTBHE KOTOPHIX NPHBOIHT K YMEHBUICHHIO SHEPIHH CHC-
Tembl. Ec/iu yOBlIb SHEPTHH He BOCIOJHAETCS 33 cyeT paboTH BHEIUHHX
cuJs, KoaebaHHs OyLyT 3aTyxaTb. B npocrefiliem, W BMeCTe C TeM Ha-
MOOJIee YACTO BCTPEYAIOLIEeMCSs], CJIyYae CHJa CONPOTHBJIEHHs F* npo-
NOpLUHOHANbHA BEJIHYHHE CKOPOCTH:

Fi=—rx. (50.8)

3aecb r — NOCTOAHHAsA, HasblBaeMas KO3 (pPHUUHUEHTOM CoO-
NpoOTHBJEHHsA. 3HaK MHHYC OOYCJOBJEH TeMm, uro cujaa F*
H CKOPOCTb V HMEIOT NMPOTHBOIMOJIOXKHbIE HAaNpaBJeHHS; CJIe10BaTeabHO,
HX MPOEKLHH Ha OCh X HMEIOT pasHbie 3HaKH.

¥YpaBHeHHe BTOporo 3akoHa HbloTOHA npH HaJIHYUH CHJI CONPOTHB-
JIEHUS HMEeT BHJ

mx = — kx —rx. (50.9)

1) B yuenuu o koneGanusx Gykpoit T NpHHATO 0603HAYaTh NMEPHON KoaeOanHil,
IlosToMy KHHETHUEeCKYI0 SHEPTHIO Mbl 0GO3HAYMAH cuMBOJOM Ej. :
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. [IpumeHUB 06O3HAYCHHS

PB=r/m, oj=~k/m (50.10)
(cp. ¢ (50.6)), nepenmmem ypaBhenue (50.9) caexyiomum oGpasom:
x4 2Bx +w2x=0. (50.11)

910 nuddepeHnyanbHoe ypaBHEHHE ONUCHIBAET 3aTyXalol[He Kole6aHus
CHCTEMBI.

Konebanusi, onuceiBaemble ypaBHerusimu (50.7) u (50.11), sensiores
CBOGOZHBIMH (MJIH COGCTBEHHLIMH): BEIBEICHHAS! H3 IOJIOXKEHHS DPaBHO-
BECHS MJIH MOJIYYHBLIASA TONYOK CHCTeMa COBEpIIAeT KoJieGaHusi, OyaAyyH
npefiocTaBNeHHOH caMoil ceGe. Tenepb mycTh KoJseGaTenbHas CHCTEMA
NMOABEPraeTcs JACHCTBHIO BHEUIHEH CHJIBI, H3MEHSIIOLIEHCS CO BpeMeHeM
[0 FapMOHHYECKOMY 3aKOHY:

F,=F, cos wf. (50.12)
B stom cityyae ypaBHeHHe BTOporo 3akoHa HbioToHa umeer B
mx =— kx—rx -+ F,cos of.

Beens o6osnavenus (50.10), sanuuieM 3T0 ypaBHEHHE CJIeyIOMUM 00pa-
30M:

X+ 2Bx 4 @ix = f, cos o, (50.13)

fo=Fo/m. , (50.14)

Ypasuenne (50.13) onMCHBaeT BBIHYKAEHHbIE KOJeGAHHA.
Mpl BHIICHHJIH, YTO NPH H3YYEHHH v
KOJIeOaHHH Ppa3IMYHOTO BHIA MBI CTAl-

rue

. KMBaeMCsi C HEOOXOAHMOCTBIO pelIaTh 2

auddepeHIHaIbHble YPAaBHEHHS BHJA

x+-ax—+bx=f (), (50.15) A

rie a u b — KoHcraHTh, f(f) — Heko-

Topasi GyHKUMsS oT {. YpaBHeHHe THna )

(20.15) HasblBaerci JHHEHHBM o 7

onupdbepeHHAaNBHEM Y P aB- #
=L

HEeHHEM C TMNOCTOSHHBMH
KosppuuuenTamu B cayyae

‘YPaBHEHHSA (507) a———-o, b:mﬁ’ B CJyyae Puc. 51.1.

ypaBHeHHs (50.11) a=2, b=w?. B o6o-
HX caydanx QyHKuus f(f) ToxnecTBeHHO paBHa Hyuo: f(f)==0. B cay-

. Yae BBIHYXAGHHBIX KosiebanuH f(f)=f, cos wt.

Pewenune ypasuenusi (50.15) cmibHO o6neryaercs, eciau mnepeiiti
K KOMILJIEKCHBIM BesHuHHaM. [To3ToMy npesxje yeM nepeiTH K JeTalib-

'HOMY paccMOTPEHHIO KOJeGaHHMH pPas3JHYHOrO BHAA, MBI MO3HAKOMHMMCS
KpaTKoO C KOMINJIEKCHBIMH YHCJIaMH H METOJaMH pelleHMs JIMHEHHBIX

RuQxpepeHIHaNbHbIX YPaBHeHHH C MOCTOSHHBIMH KO3(MD(pHLMEHTaMHU,
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§ 51. Komnuekcheie uucaa

KomniieKCHBIM YHCJIOM 2 Ha3BIBaeTCs YHCJIO BHAA
2=x+iy, (51.1)

TIe X H Y — BEUIECTBEHHLIE YHCJa, [ — MHHMas emuHuna (i2=—1).
YKo x HasblBaeTCIBE L € CTBE HH O M 4 a C T b 10 KOMIJIEKCHOIO
yHcna z. CHUMBOIMYECKH 3TO 3amuchiBaercs B poge x—=Re z. Uncio Y
Ha3blBAETCI MHHMMOH YacThbio 2z (3anuceBaerca: y=Imz).
Yucmo

2*=x—Iiy (51.2)

HasplBAaeTCs KOMMNJEKCHO CONMPAXEHHHM YHCIY X+iy.

BelecTBeHHOMY YHCITY X MOXKHO CONOCTAaBHTBL TOYKY Ha OocH x. Komr-
JIEKCHOMY YHCJIy Z MO>XHO CONOCTaBHTH TOUKY Ha MNJIOCKOCTH, HMeIo-
WLyl KOOpIHHATH X, y (puc. 51.1). Kaxknas Touka nsockoctu onpeje-
JISIET HEKOTOpoe KoMILIeKCHOoe yucao 2. CiefoBaTesbHO, KOMIJIEKCHOE
YHCJIO MOXHO 3311aTh B BHJe (51.1) ¢ moMOIBIO A€KapTOBEIX KOOPAHHAT
X ¥ Yy COOTBETCTBYIOUEH TOYKH. ONHAKO TO XK€ CaMoe YHCJIO MOXKHO
3a1aTh C NOMOLIbIO MOJIIPHBIX KOOPAHHAT P M @. Mexay oGenmMu napa-
MH KOOpAMHAT HMEIOTCSH COOTHOLIEHHS

x=pcos@, y=psing; p=Vix'+y!, ¢@=arctg(y/x). (51.3)

Paccrosinue oT Havajsa KOOPAHHAT IO TOYKH, H306paaromeil YHeso
2, Ha3bIBAETCs M O 1 Y Jl € M KOMIJIEKCHOro uMcsia (o6o3Hauaercs |z]).
OueBHaHO, 4YTO

|z|=p=]/-x2—}-y2. (51.4)
UHcsio @ HAsblBalOT apTyMEH T O M KOMIJIEKCHOrO 4HC/a 2.

IlpuusB BO BHHMaHue cooTHoweHHsi (51.3), MOXXHO NpencTaBHTDH
KOMIIJIEKCHOE YHCJIO B TPHUTOHOMETPHYECKOH ¢opme:

z=p (cos @i sin ¢). (51.5)

JlBa KOMIIEKCHBIX YHCIA 2y=X,+iy; U Z,=X,-iy, CUHTAIOTCHA
PaBHBEIMH JIDYT APYry, €CJIi B OTAGJNBHOCTH PaBHE! HX BEILECTBEHHEIE
H MHHUMBIE YacTH:

21=25, €CJIH X;=Xp H Y3=LU,. (51.6)

Monynn IBYyX paBHBEIX MEXIY OGO KOMIJIEKCHBIX YHCEN OJHHAKOBHI,
a apryMeHTbl MOT'YT OTJHMYAThCH JHMLIb CJIaraeMblM, KPaTHBIM 27

Pr=P2 @1=@, =k 2km. (51.7)
U3 seipaxkennit (51.1) u (51.2) BuIHO, uTo B ciyyae, Korja z* =z,

MHHMas 49acTb 2 €CThb HyJb, T. €. YHCJO 2 OKa3bIBaeTcsl YHCTO BeIecT- °

BEeHHBIM. TakKHM 05]33301\/[, YCJ/IOBHE BELIECTBEHHOCTH YHCJa 2 MOKHO
3anucatb B BHIE 4
2t =2z, (51.8)
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B mareMaTuKe NOKasBIBAeTCS COOTHOLIEHHE
e’®—=cos @ +i sin g, (51.9)
KOTOpOoe HashiBaeTcsi GopMyJ JOoH Ditaepa. 3amMeHHB B 3TOH
(opmyJse ¢ Ha —@ U yuTs, YTO oS (—@)=cos @, a sin (—e¢)=-—sin @,
MOJIYYHM COOTHOILEHHE
e~'% = cos @ —i sin q. (51.10)
Crnoxxum Boipaxcenus (51.9) u (561.10) 1 pemuM nosyyuBIIeecs coor-
HOIIGHHE OTHOCHTENBHO COS @. B pesysbrarte nmeem
cos @ =1/, (€'® +e~1%). (51.11)

Brursa (51.10) m3 (51.9), mosmyyum, yro sin @=(1/2i) (e®—e=9).
C nomourpio dopmyser (51.9) KOMIJIEKCHOE YHCJIO MOXKHO 3amHCaTh
B NOKasaTeJbHOI (opMme: )
2= pe'® (51.12)

(em. (51.5)). KomnuniexcHo conpsixeHHOe YHCIO B [0Ka3aTe/bHOi (opme
HMEeT BHJ {
ZE=ine sl (51.13)

HPH CJIO2KEHHH KOMIIJICKCHBIX YHCEJ CKJIAABIBAIOTCA OTHEJbHO HX
BEUIECTBEHHbIE H MHHMBIE YacCTH:

2y +2o= (X X2) L (Yitys). . (51.14)

ITepemHOKeHNHE KOMIJIEKCHBIX YHCEN YIOGHO OCYLIECTBAATh, Geps
STH 4YHCJIa B I[MOKas3aTesJbHOH dopme:

=272, — plef(!i‘: 5 p_zg':@e == plpzef (@1 +@2) (5] : 15)
MO,IIY.TIH KOMIIJIEKCHBIX YHCeJ NepeMHOoXKarwTcsi, 2 apryMeHTHI CKJajbl-
BAloOTCH
P=Pi'P2, P=Qi1Ps. (51.16)
Ananoruuso OCYUIECTBJIAETCA JEeJIEHHE KOMIIJIEKCHRIX YHCeJI:
ip ’
Z 2 18T 01 i(gi=0), (51.17)
= (fpse T2 INE0:

[TpunsB Bo BHHMaHHe popmyast (51.12) u (51.13), nerko noay4uts,
4TO
22* =p? (51.18)

(kBagpar MOAyJIsi KOMIVIEKCHONO 4MCJa DPaBeH MPOM3BEJEHHIO 5TOro
YHcjla Ha ero KOMILJIEKCHO COMNPSIIKEHHOE).
§ 52. Jluneinbie muddepeHUUANBHbIE YPABHEHHS

YpasHeHue BuAa A e
xtaxt-bx=f (1), (52.1)
TZie @ ¥ b — KOHCTaHTH, f(f) —3anaHHas QyHKUUS OT f, HasbIBaeTcs
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JMHEHHHM AHbGPepeHUUATbHHM YpPaBHEHHEM
BTOPOTroO NMopsgjigKa ¢ IOCTOSAHHBMH Ko3ddun u
eHTawMH. KoHCTaHTEl @ U b MOryT OBITH M HYJISIMH.

Ecau ¢yukuus f(¢f) ToxpectsenHo paBHa Hydo (f(f)=0), ypasme-
HHE HasbiBAeTCH O J HO P O 1 H Bl M, B NPOTHBHOM CJIy4ae — H € 0 J-
HOPoOJAHB M. OIHOPOHOE ypaBHEHHE HMEeT BHJ

x+ax+bx=0. (52.2)

Pemenne Besikoro nuddepeHiHalbHOIG ypaBHEHHST BTOPOrO HOPSAKa
(r. e. co crapuieii BTOPOH NMPOHM3BOAHO) CONEPIKHT JBE MPOHU3BOJBHEIE
KoHcTaHThl C; ¥ C,. DTO MOXKHO NOHATh, NPHHSAB BO BHHMaHHE, 4TO Onpe-
JeJsieHve QYHKLMH 10 ee BTOPOH MPOH3BOIHOH OCYILECTBJSIETCS ABYKpaT-
HbIM HHTerpHpoBahueMm. [IpH KaXKIOM HHTErpHpOBaHHH IOSBJSETCS
NnocTosiHHAasi HHTErpHpoBaHus. PaccMOTpHM B KayecTBe nmpyuMepa ypae-
HeHue

x=0. (52.3)

HMurerpupoBanHe 3T0ro ypaBHeHHs jaer, uyro x=C;. [ToBTropHoe unTer-
pHMpOBaHVe NPHBOAHT K (YHKIHH

x=Cyt+Cs. (52.4)

Jlerko y6eauTbCs B TOM, YTO NPH JIOOBIX 3HAUEHUSX ITOCTOSHHBIX
C, n C, dynkuus (52.4) ynoenerBopsier ypasHeHuio (52.3). '

Ilpunas nocrosiHHeM Cy M C, onpenesieHHbIe 3HaYeHHS, OJTYYHM TaK
HaspiBaeMOE Ya CTHOE pelleHHe aupdepeHIHaNbHOTO YpaBHe-
Hus. Hanpumep, dyurnus 5143 aBaseTcd ONHHM H3 YAaCTHEIX pelleHHH
ypaBHeHHs (52.3).

MHoxecTBo Bcex 6e3 HCKJIIOYeHHs] YaCTHBEIX peLIeHHH HasblBaeTcs
OOIIHM pelleHHeM JIHpdepeHIHANBHOIO ypaBHeHHs. OOuiee
pelueHHe ypaBHeHHs (52.3) umeer Bun (52.4).

B reopuy nnHeHHBIX JH(ppepeHnHabHbIX YPAaBHEHHH NOKa3bIBaeTcs,
YTO €CJIH X; M X, CYTh JUHEHHO He3aBUCHMbIE ') pelIeHHsi OAHOPOLHOTO
ypaBHeHMsl (52.2), TO ofLiee pellleHHe STOr0 YPaBHEHHSI MOXKHO Ipej-
CT4BHTb B BHJE

S Y (52.5)

rae Ci u C,— npoH3BOJbHEE MOCTOSHHEBIE.

ITycrs x, (¢, Cy, C;) ecTb obliee pelieH1ne HEOAHOPOJHOTO YpaBHEeHYs
(52.1) (mpomsBosibHBIE mOCTOsiHHBIE C; W Cp; BXOAST B 3TO pellE€HHE B
KayecTBe NapaMerpoB), a X, (f) — OIHO M3 YaCTHHIX peIeHHH TOro ke
YpaBHEeHHS (OHO HE COJEP>KHUT NPOH3BOJIBHBIX NOCTOSIHHEIX). BBenem 06o-
3HAYeHHe:

X (t' Ci’ Ca) = Xy (t: Cl‘a Cz) — X (f)

1) OyBKOMM X; ¥ X, HA3LIBAIOTCH JMHEHHO HE3ABHCHMBIMH, €CJIH COOTHOLICHHE
oy X 10ty Xy= 0 BHITOJHAETCS TOJLKO B TOM CJlyuae, KOTAA O; H Oy PaBHbI HYJIO.

-~
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Torpa obuiee pelleHHe HEONHOPOJHOIO YPaBHEHHS MOXHO IPEACTaBHTh
B BHJE

%, (4 Ci, C) =2, () +x (¢, Cy, C). (52.6)
dyukuus (52.6) npu Jr06bIX 3HAYEHHSIX MOCTOSIHHBIX Cy B Cy YAOBJIETBO-

psier ypaBHenuio (52.1). CnenmoBaTesbHO, MOXCHO HamHCaThb COOTHO-
ILIEHYE:

%, () 4% (¢, Cy, C;) +ax, () +ax (¢, Cy, C) +
_, +bx, (t)+bx (t, C;, C,) =f (2).
CrpynnupoBaB cjaraembie, MOJTYYHM:
; (tl C{! Cz) +ﬂ;€ (f: Cl'.r Cz) +bx (tr C],') Cg) +
| + [%a () +ax, () +bx, O] =F (1).  (52.7)
Yactroe pelueHHe x,(f) TakXe YIOBJETBOpsieT ypaBHeHHIO (52.1).
[TosTomy BHIpa)keHHe, cTosillee B KBaAPaTHLIX CKOGKax B JIEBOH 4aCTH

cooTHoweHHs (52.7), paBHO NpaBOi YacTH 3TOro COOTHOIEHHs. OTciona
BBITeKaeT, YTo QyHKUHUs X (f, Cy, Cg) NOMIXKHA YAOBIETBOPATE YCJOBHIO

x(t, Cy, Cy) +ax (t, Cy, Cy) +bx (8, Cy, C;) =0,

T. €. TNpEJCTaB/sieT Co0od obluee pelleHHE OXHOPOAHOrO YpPaBHEHHS
(52.2). TakuM oGpasom, Mbl PHILIH K OYeHb NOJIE3HOH Teopeme: obuyee
pewierue He0OOROPOOHO20 YPABHEHUS PABHO CYmme 0bLe20 peulerus cooms-
6emcmeyrouiec0 00HOPOOH020 YPABHEHUA U KaKo20-aub0 4aCcmHo20 peude-
HUS HEOOHOPOOHO20 YPABHEHUS:

xoﬁm, Heomop —— xoﬁm. OflHOD + Xyacru, HEOANOP. (52-8)

JlnineliHele onHOpOAHbIE AHbdepeHUHalbHEIE YPABHEHHS C NOCTOSH-
HBIMH KO3(pHLHMEHTAMH peLIaloT C IIOMOLIBIO MOACTAHOBKH

xild) =e¥, (52.9)

rie A — nocrosiHHas BeauuMHa. JlnddepenunpoBanne ¢pyHrunu (52.9)
Jaet, uTo

x () =heM, X (f)=A%M, (52.10)

ToncranoBka Bripaxennit (52.9) u (52.10) B ypaBrerue (52.2)npHBoAUT
nocJle COKPAIUEHHS Ha OTIMYHBIA OT HYJISI MHOXHTeNb eM K anreGpau-

YECKOMY YpaBHEHHIO :
A*+4-ah+-b=0. (62.11)

OT0 ypaBHeHHe HA3BIBAaeTCSI X apaKTEPHCTHY e CK U M. Kophu
STOr0 ypaBHEHHsl NpENCTABJSIOT COGOi Te 3HaYEHHs! A, NPH KOTOPHIX

¢yukuusa (52.9) ynosnersopsier ypasHenuio (52.2).

Ecnu xopru ypasrerns (52.11) we conapaior (Ay5éh,), GyHKUHH
eM! y eM? GynyT JHHeHRHO He3aBHCHMBIMH. ClIeIOBaTe/IbHO, COr/IaCHG
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(52.5) obuiee peuenre ypaBHeHHs (52.2) MOXKHO HanmucaTh B BHJIE
x=C,eMt +-CeMt. (52.12)

MoxXHO noKasaTh, YTO B Cjydae, KOIa A,=A,=A, oOllee pelleHHEe
ypaBHeHH s (52.2) BBIIISANT CJEAYIOUMM 00pasoM:

x=CeM 4 C,leM. (52.13)

HonyctumM, 4to K03bHIHEHTE @ U b — BeliecTBeHHbe, a QYHKIHS,
cToslliasi B NpaBoH uyacTH ypaBHenus (52.1), komnuekcras. Ilpeacra-
BUB 31y QyHKUHIO B BHAe f(f)+ig(f), npujeM K ypaBHEHHIO:

z2+4az+bz=f-+ig (52.14)

(MBI 0603HaUHIH HCKOMYIO QYHKIIHIO GYKBO¥ 2). PeliieHue 3T0oro ypaBHe-
uus 6yjer, OUEBHAHO, KOMIJIEKCHBIM. 3alHCaB pelueHHe B BHAe 2 (I)=
=x(¢)+iy (), moacrtaBuM ero B ypaBHeHHe (52.14). B pesysibrare no-
JIYUHM:

X+ iy +ax+aiy+bx 4 biy=f+ig. (52.15)

Y paBHEIX ApPYr APYry KOMIIJIEKCHBIX YHCEJ PaBHBEI MOPO3Hb BelleCTBeH-
Hele U MHuMbIe YacTH (cM. (51.6)). CoenoBartenbHO, ypaBHeHHe (52.15)
pacnajaetcs Ha JiBa He3aBHCHMBIX YPaBHEHHs:

x+ax+bx=f (), y-+ay+by=9(l),

nepBoe U3 KOTOPhIX COBMNajaeT ¢ ypaBHeHHeM (52.1). D10 cBOACTBO ypaB-
Henust (52.15) no3BosigeT NPUMEHHTH CJENYIOWHI NpHeM, HHOrja 3Ha-
YHTEJIbHO O6sIeryarouil BeiaucaeHust. ITycTb B pelllaeMOM HaMH ypaBHe-
HuH (52.1) npaBas yacTh BeulecTBeHHasi. IIpu6aBHUB K Heli NPOH3BOJIb-
HyI0 MHHMYIO QYHKIHIO, NpHBeNeM ypaBHeHHe K Buny (52.14). Haiins
, 8aTeM KOMIIJIEKCHOE pelIeHHe YpaBHEHHs, BO3bMEM €r0 BelleCTBEHHYIO
. yactb. OHa Gyner NpeacTaBaATh COOOH pellleHHe HCXOIHOrO ypaBHEHHS
(ypaBuenus (52.1)).

§ 53. 'apmonuueckHe KoJeOaHHs
PaccmoTpuM KosieGaHMs, ONHChIBaeMble YpaBHEHHEM
x+0x=0 (53.1)
(cMm. (50.7)). Takue koseGaHHsi COBEPLIAET TEJO MacChl 772, Ha KOTOpPOE
NeiICTBYeT TOJIbKO KBasuynpyras cuia F=—kx. Kosadpdunuent npu x
B ypaBHeHHH (53.1) umeer 3HaueHHE
= k/m (53.2)
(cm. (50.6)).
IToncrasuB B (53.1) BeIpakeHue x= e” (cm. (52. 9)), TPHIEM K Xapak-
TEPUCTHYECKOMY YDPABHEHHIO _

Mt of=
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970 ypaBHEHHE HMeeT MHHMble KODHH
Ai=410,, A,=—iw,.

CornacHo (52.12) obuee pemenue ypaBuenus (53.1) umeer BHR
x=_C,e'0? 4 C,e=0of (53.3)

rae C; H Cy— KOMILJIEKCHbIE MOCTOSIHHHIE.

OnucerBaromas Kogebanue QYHKUMS X (f) DOKHA OBITH BeLIECTBEH-
Hoit. Jloist atoro kosqpuiueHTsl C; U C, B (53.3) HYKHO BBHIOpATh TaK,
4To0Bl BHINOJIHAJNOCH ycjaoBue (cm. (51.8))

Cie~iodt 4 Cjeiadt — C,eivot - C e ot (53.4)

(MBI TpHPaBHSIH BhipaXkeHHe (53.3) ero KOMIJIEKCHO COMpSIXKEHHOMY).
CootHowenue (53.4) Gyner BbinoaHeHo, eciuw C,=C; (B 3ToM ciyyae
C,=Cj). TlpencraBuM YHOBJETBOPSAIOUIHE TAKOMY YCJIOBHIO KO3(dH-
uueHts Cy v C, B noKasartenbHOH ¢opme (cMm. (51.12)), 0603HaUHB HX MO-
RYJb Yepe3 a/2, a aprymeRT OYKBOH o

Gr=—=llaR)ei=mCo—I(a/2)es: (63.5)
[NoncranoBKa 3THX Bbipa)eHuil B (53.3) maer
x = (a/2) (€' @ot +e) - g= ¥ (@ol+0) — g cOS (Wof +- ) (53.6)

(cm. dopmyay (51.11)). Takum oGpasom, oblee pelleHHe ypaBHeHUs!
(53.1) umeer BHJ

x=a cos (w,{+a), (53.7)

Tle @ U o — NPOH3BOJIbHEIE NOCTOSIHHEIE ).

Hrak, cMmelleHHe X H3MEHSeTcs CO BpeMEHeM I10 3aKOHY KOCHHYCA.
C.RC,IIOB&T@JIBHO ABIKEHHE CHCTEMbE, HAXONSIIEHACS IO/ IEUCTBHEM CHJIBL
Buaa F=—*kx, mpeacTaBiseT coGOH rapMoHHYeckoe KoJebaHHe.

I'paduk rapmoHHyeckoro KojebaHud, T. €. rpaduk QyHKuuH (53.7),
nokasan Ha puc. 53.1. Ilo ropﬂsomanhﬂoﬁ OCH OTJIOKEHO Bpems f,
0 BEPTHKAJNBbHOH OCH — cMelleHHe X. IToCKONIbKY KOCHHYC H3MeHSIeTCs
B npepenax oT —1 10 -1, 3HaYeHHs x JiexKaT B Ipeiesax oT —a 10 -+a.

1) Peurenne ypaBHenus (53.1) MOxHO 3anucaTh eure AByMsA crocoGamu. IlpeoGpa-
8yem BLipaxenue (53.7) no dopmyJsie IS KOCHHYCA CYMMEL

x=a (cos o cos Wyl — sin & sin wyf)
H BBefleM 0003Ha4YeHHSA
€j=acoso, Cy=-—asinao.
Torza GyHKLUHIO X (f) MOXHO NPEACTABHTEL B BHAE:
X = Cy €COS Wyl - €y SiN Wi,

Tle c; M cy — NPOUSBOJIBHEIE TOCTOSIHHLIE.
Haxoneu, Bocnonb3opaBlukck ¢opmyolt (51.9), MOXHO HANHCATL BHIpaXeHHe
(53.7) cienyrowum o6pasom:

x=Re {aef (&)nf+0&)}.
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BennyuHa Hau60JBILETO OTKJIOHEHHS CHCTEMBI OT NOJIOXEeHHsT paBHO-
BeCHSL HasblBaeTCs a MM JI H T Y A O i KoJaeGanus. Ammiutyra a —
NOCTOSIHHAS TOJIOXHTEJIbHAS BEJTHYHHA,
Ee 3HaueHue ONpEJeNsieTcss BeJHYHHOH
NepPBOHAYAJbHOIO OTKJIOHEHHUST HJIH TOJ-
yKa, KOTOpPbIM CHCTema Obljia BbiBeJleHa

U3 MOJIOXKEHHS PAaBHOBECHS.
7 Beauunna (wof-+a), crosuias TNOx
3HaKOM KOCHHYyca, HasplBaeTca ¢ a-
3 0 i KoseGaHuusi. [TocrossHHAst & Npea-
craBisier coGoii 3Hayenue ¢aspl B MO-
MeHT BpemenH (=0 ¥ Has3biBaeTcs H a-
Puc. 53.1. yanbHOH Gasoit Kogebauus. C
H3MEHEeHHeM HayaJja oTcueTa BpEeMEHH

Z
+a

—_ e e e

Gyner usmeHaThest ¥ o. CilelloBaTeJbHO, 3HAaUeHHE HayalbHOK (asml.

onpesiesisercs BHIOOPOM Hayaja oTcyeTa BpemeHH. Tak Kak 3HayeHue
X He H3MeHseTCsl NpH H0GaBJEHHH WJIH BHIYMTAHHH M3 (hasbl LEeJIOro
uncna 2, BCErla MOXHO NOGMTECS Toro, uTolbl HayanbHas (asa Gblia
no Mopymo MeHbiwe . Ilostomy 0ObIYHO paccMaTpHBAKOTCS TOJIBKO
3HayeHHs o, Jiexallhe B Npefenax oT —It A0 .

TToCKOJIbKY KOCHHYC — ITepHoAMuecKas (GyHKLUHS C NEpHOIOM 27,
pasHyYHBIE COCTOSTHHS 1) CHCTEMBI, COBEpLIAIOLIEH rapMOHHYECKHE KO-
neGanusi, NOBTOPSIOTCA Yepes TAKOH NPOMEXYTOK BpemenHu T, 3a KOTO-
pHlil $aza KojeGanus NOJydaer NMpHpalleHHe, paBHOe 27 (PHC. 53.1).
SToT NPOMEXYTOK BpeMenH T HasblBaeTCsi e p Ho A0 M KoneGanus.
OH MOXeT GHITh ONpelesen U3 cienyiowero yeaoBus: [, (t+T7)+el=
=[wf+al42n, oTkyaa

T=2n/w,. (53.8)

Uycao KoseGaHHH B €MHMLY BpeMEHH Ha3bIBaeTcss Ya €TOTOH
xone6anusi v. OueBUHO, YTO YACTOTa vV CBsi3aHa C MPOJOJIKHTEIbHOCTEIO
ofiHoro KoseGanusi T CJEAYIOUIHM COOTHOLIEHHEM:

v=1/T. (53.9)

3a eUHHLY YaCTOTH MPHHHMAETCs YaCTOTa TaKOro KoJeGaHusl, epron

KOTOpOro paBeH 1 €. DTy eAMHHILY Ha3EBAIOT TepleM (Tu). Yacrora

B 108 'l HaspiBaeTcs Kusrorepuem (kI'w), B 10° T — merarepuem (MI'n).
M3 (53.8) cnenyer, 4To

@o=2n/T. (63.10)

Takum 06pasoM, ®, AaeT YUCJIO KoneGaHui 3a 271 CeKYHA. BenHuHHY ©¢
HA3LIBAIOT KP YT OBOH MIM WHKJMYECKOH HYaCTOTOH. Ona

) HanoMHEM, YTO COCTOSSHHE MEXaHHYecKOil CHCTeMB! XapaKTepuayeTcs sHaue-
BUAMH KOODJMHAT B CKOpOCTeH Tes, 00pasyloulHX CHCTEMY.
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cBfi3aHa C OOBIYHOH YacTOTOH vV COOTHOLIEHHEM
Wo=21V. (53.11)

‘ Mponuddeperunpopas (53.7) Mo BpeMeHH, IOJYYHM BMpaXKeHHe
JUISi CKOPOCTH _

U= X = — aw, sin (0,f } a) = aw, cos (ojot—]-a-i-%) . (83.12)

Kak Bumno u3 (53.12), CKOpoOCTb TaKXe H3MeHseTC IO rapMOHHYe-
CKOMY 3aKOHY, MpHYeM aMIJIHTYZAa CKOPOCTH paBHA aw,. M3 cpaBre-
pus (63.7) u (53.12) caeayer, YTO CKOPOCTb ONEPEXaeT CMelleHHe
no ¢aze Ha /2.

ITponnddeperurpopas (53.12) eme e
pa3 no BpeMeHH, HaHJeM BEIDaXKEHHE
AN YCKOpDEHMSI:

S 0 %
W= X = — QW COS (0yf + a) = ¢
=qaws cos (0t +a+x). (53.13) ‘;‘3

Kak cnenyer us (53.13), yckopenue u #0a P
CMelLleHHe HaXoAsTCsi B NpoTHBodase.

910 03Hayaer, uTo B TOT MOMEHT, KOTAa 0 7
CMel[eHHe JOCTUraeT HaHOOJIbLIEro Fo-
JIOXKHTEJIBHOrO 3HAYeHHsl, YCKOpeHHe -wa

no_cmr__ae'r HaHOOJIbLIErO 10 BeJHYHHE _*wzt;ﬂ)
OTPHIATEJIBHOTO 3HauyeHHs, H Haobo-

port. ; G
Ha puc. 53.2 conocTaBieHbl Tpa- g 1&
¢UKH ANS CMelleHHs, CKOPOCTH H yC- s
KOpeHH .
Kaxnoe KOBKpeTHoe KoJjebGanHe Pue. 53.2.

XapaKTepH3Yyercs onpejie/IeHHbIMH 3Ha-

YEHHAMH aMIVIMTYABl @ W HayaJbHOH ¢asel &, 3HaYEHHsS 3THX BeJH-
UHH A5 JAHHOTO KOJieGaHHsi MOTYT OEITh ONpesiesieHbl W3 TaK Hasbl-
BaeMbiX HaYaJbHEIX YCJIOBHH, T. €. MO 3HAYeHHSIM OTKJIOHEHHS X, H
CKOPOCTH U, B HayaJbHBI MOMEHT BpeMeHH. [leHCTBHTENBHO, MOJIO-
x)uB B (53.7) u (53.12) =0, moayyum B3 ypaBHEHHS:

Xo=0a COS @, Uy=—aW, Sin «,
H3 KOTOPBIX HaXoAHM, YTO
a=Vx+ @a}), (53.14)
tg o= — Ug/X 0. (53.15)

Ypasuenue (53.15) ypoBnersopsieTcss ABYyMsl 3HaYEHUSAMH o, JIeXKalliMH

B MHTEpBaJe oT — A0 -+a. V3 3TMX 3HaueHHI HYKHO B3fiThb TO, MPH

KOTOpOM TOJIYYaloTCsl NMPaBHJbHLIE 3HAKH y KOCHHYCA H CHHYyca.
KBasuynpyrasi cujla ssJisietca KoHcepBaTHBHOM. IlosTomy nosiHas
SHEPTHsi TapMOHHYECKOr0 KoJeGaHHs JIOMKHA OCTAaBaThCsl NOCTOSHHOM.
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B mponecce KoseGanuil NPOMCXOAUT MpeBpalleHHe KHHETHYeCKOH SHep-
THH B TOTEHUHAJbHYIO H OOpaTHO, NpHYeM B MOMEHThl HauGOJbLIEro
OTKJIOHEHHSI OT {IOJIOXKEHHSI PaBHOBECHSI NOJHasi 3Heprus E cocToHT
TOJBKO M3 TOTEHUMAJbHOM SHEPrHH, KOTOpas JOCTHIraeT CBOEro Ha-
HoosibLero 3HayeHHs Upayt
ka®

E=Upy= o (53.16)
[pH NPOXOXKAECHHH K€ CHCTEMBbI Yepes IOJIOXKEHHE PaBHOBECHS MOJHAas
SHEPrUsl COCTOMT JIMLIb H3 KHHETHYECKOH SHepruH, KOoTopasi B 3TH MO-
MEHTHI JIOCTHraeT CBOEro HaHGOJBLIEro 3HaYeHUS Ejy may:

vl ma%og
E=Ejpy=—pgt =102 (53.17)
(Bbille OLIIO TMOKA3aHO, YTO AMIJIMTYAA CKOPOCTH PaBHa aw,). Bripa-
xenus (53.16) u (53.17) paBHHI ApYr APYry, Tak Kak corsacHo (53.2)
moz=~.

BoisicHHM, KaK HM3MEHSleTcs €O BpeMeHeM KHWHeTHyeckass H IOTeH-
IMaJbHAS 3HEPrHsi TrapMOHHYECKOro KO-

.;Z _ ne6anus. Kuuernueckasi SHepPrusi paBHa

; ! _ (cm. Boipaxenue (53.12) nns x)
’t_ = o 2

l Ep= 2 00 e (04t +0). (53.18)
‘?‘_ [NoTeHuyanpHasi SHEPrUs  BBIPAXKaercs

opmy.sioi

’ :

2 \ U=22 22 o5t (0 + ). (53.19)
J > CuoxuB (53.18) c (53.19) m npuHsB BO
) BEMMaHHE, UTO mw;=~Kk, noay4yum dopmy-
£ \ 7- Jy JAJIsl TIOJIHOM SHEepruu:

ka®> _ ma®og

%E E=E,+U =_;_-.; 5 0. (53.20)

0 ,. (cp. c (53.16) u (53.17)). Takum oGpasoM,
¢ mosiHas 3HEPrus rapMOHMYECKOro KoJsefa-
Puc. 53.3, HUsl JIeHCTBUTENIBHO OKasplBaercsl MOCTO-

STHHOH.
Hcrnonbayss wu3BecTHbIE (OPMYJBl TPHUTOHOMETPHH, BhIPAXKEHHSIM
Ias E, u U MOXHO npHAaTh BHJ

E,=Esin® (0 +o) =E [-L—lcos 9 (w.,f+a)], (53.91)

2 2
L cos2 (0.t +a,)] , (53.22)

2

U =E cos? (0t +a)=E [é"{-
rae E — nonuas 3Heprua cucremsl, M3 3Tux ¢opmya BHAHO, 4TO
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E, v U usmensiiotest ¢ gacToTofl 20y, T. €. C YacCTOTOH, B iBa pasa npe-
BBILIAIOILEH YacTOTy rapMoHHuYecKoro KoneGanusi. Ha pue, 53.3 como-
craBJjieHbl rpaduku mias x, E, u U.

Cpennee snayeHHe KBajpaTa CHHYcCa M KBajpaTa KOCHHYca PaBHO,
KaK H3BeCTHo, nosiosuue. ClienoBarenbHO, cpefiHee 3Hayenue E, cosna-
JiaeT co cpefHuM 3HauyeHueM U u paBHO E/2,

§ 54. MasTHHK

B ¢u3nke noj MasTHHKOM NOHWMAIOT TBepjAoe TeJO, coBepliaio-
1Iee IMOJ JeiCTBHEM CHJIBI TS2KECTH KoJeGaHHsi BOKDPYT HeMOABUKHOM
TOUKH HJH ocH. [IpHHATO pazanyaTh MaTeMaTHYECKHH
H (H3HYEeCKHH MasTHHKH.

MaremMaTHYeCKHM MAasfTHHKOM HasplBalOT HJeaJH-
SHPOBAHHYIO CHCTEMY, COCTOSILYI0 H3 HEBECOMOH H
HepacTsKHMOI HHTH, HA KOTOpOH INOfBEUIeHa mMacca,
coCpelloToOYeHHAasl B ONHOH Touyke. JlocTaTOYHO XOpO-
UM OpHOJHIKEHHEM K MaTeMaTHYeCKOMY MasiTHH-
KY CJIYKHT HeOOJBIIOH TsKeNbH IIapHK, NOJABELIeH-
HBEIE Ha JVIHHHOH TOHKOH HMTH,

OTKJIOHEHHe MasiTHHKa OT TOJIOXeHHs paBHOBe-

cHs OyJZieM XapaKTepH3oBaTh YIJIOM @, 0Opa3soBaAHHBEIM
HHTBIO C BepTHKaJblo (pHc. 54.1). Ilpu OTKIOHEHHH Puc. 54.1.
MasiITHHKa OT INOJOXKEHHSI PaBHOBECHS BO3HHKaeT Bpa-
IaTeNbHEN MOMeHT N, paBHEI 1o Beanuuse mgl sin @ (m — Macca,
a | — piuHa MasitTHHKa)., OH MMeeT TaKoe HanpabJIeHHe, YTO CTPEMHUTCs
BepHyTb MasiTHHK B IOJOXEHHEe pABHOBECHSI, M aHAJOTHYEH B 3TOM
OTHOIIEHHH KBasuynpyroi cuje, ITosromy Tak ke, KakK CMEIICHHIO
¥ KBasHyNpyroi cujie, MomMeHTy N M YIrJIOBOMY CMEIUEHHIO ¢ HYXXHO
NpHUNKCHIBATL NPOTUBONOJNOXKHEIE 3HaKH *). Cie0BaTe/IbHO, BEIPAXKEHHE
JJIs1 BpallaTeJIbHOTO MOMEHTA HMeeT BHJ

N=—mgl sin . (54.1)

HanuimeM IJs MasTHHKAa ypaBHeHHe JAMHAaMHKH BpallaTebHOro

oBuxkennst, O603HauMB YIJOBOE YCKOpEHHe Yepes ¢ H yYHTBIBasi, 4TO
MOMEHT MHEpPLHH MasiTHHKa paBeH ml?, roJydaem:

mlt@ = — mglsin@.

INocnearee ypaBHEHHe MOXKHO NPHBECTH K BHAY

¢+% sing=0. (54.2)

1) PaccmaTpHBas @ KaK BEKTOp, CBSI3aHHBI C HallpaBJeHHeM NoBOPOTa NPaBHJIOM
NpaBoro BHHTA (370 JONYCTHMO NPH MAJLIX ), MPOTHBONOIOXHOCTE 3HAKOB npH N H @
?lonmo OGBACHUTE TeM, 4TO BeKTOPE N H @ HanpaBJieHbl B IPOTHBONOJOMKHEIE CTOPOHbI

puc, 54.1),
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OrpannuuMcs paccMOTpeHHeM MaJbix KosieGaHuit, B 3Tom ciyuae
MOXKHO MOJIOXKHUTD Sin 9~¢. Beens, kpome Toro, 0603HaueHHe

£ _a (54.3)
MpHIEM K YPaBHEHHIO
¢+ ojp=0, (54.4)
KOTOpOe MAEHTHYHO ¢ ypaBHeHHeM (53.1). Ero pemenne umeer BHJI
9=a cos (0l+a). (54.5)

CnepoBaTenbHO, MPH MaJjblX KOJEGaHHSIX YIJIOBOE OTKJIOHEHHE MaTe-
MaTHYECKOro MasiTHHKa M3MEHsSeTCsl CO BpeMeHeM IO IapMOHHYECKOMY.
3aKOHY.

Kaxk cnenyer ua (54.3), yacrota KoneGaHHH MaTeMaTHYECKOro MasiT-
HHKa 3aBHCHT TOJIbKO OT JJIHHBI MasiTHHKA U OT YCKOPEHHS CHJbL TS-
EeCTH M He 3aBHCHT OT Macchl MasTHHKa. ITo dopmydae (53.8) c yue-
ToM (54.3) monyuyaeTcs H3BECTHOE H3 ILKOJbHOIO Kypca BhIpakeHHe
AN nepuoja KoseOGaHHE MaTeMaTHYeCKOro MasiTHHKA:

T=2VTg. (54.6)

OtmeruM, 4TO, pelluB ypaBHeHHe (54.2), MOKHO HaHTH AJIS MEpHOaa
KoJiebaHUH Caenymomyro Gopmyay:

T=2n ]/é{l—i- (-‘%—) sin? a—{-( -—) sin4 a+...}
Ifie a — aMIJIuTyJa KojeOaHuil, T. e, HaHOONBIHH yrosj, Ha KOTOPBIH
OTKJIOHAETCS MasiTHUK M3 TOJIOXKEHHS. PaBHOBECHS.

Ecnu xomeGaiouieecss TeJO Heb3si NPEACTaBHTh KaK MaTepHalib-
HYK0 TOYKY, MasiTHHK HasbiBaeTcd «(usHyeckuM. IIpH OTKJIOHEHHH
MasiTHHKa OT MOJIO}KeHHs paBHOBECHSI Ha YroJ ¢ BO3HWKaeT Bpalia-
TEJIbHBIH MOMEHT, CTPEeMsLIHIiCS BEPHYTh MasfiTHUK B NOJIOXEHHE paBHO-
BecHsi. DTOT MOMCHT paBeH

=—mgl sin @, (54.7)
rae m — Macca MasiTHHKa, a [ — paccrosiHie MexAy TOYKOH IojiBeca
O u uentpom Macc C masTHHKa (puc. 54.2). 3HaK «—» HMEET TO Ke
3HayeHHe, YTO M B ciyyae ¢opmyJbl (54.1).

OGo3HaYHB MOMEHT WHEpLMH MasiTHUKAa OTHOCHTEJbHO OCH, NpO-
XOfiflllied yepe3 TOUKy mojseca, GYKBO# /, MOXXHO HamHCaTh:

Ip =— mglsing. (54.8)

B ciyyae manpix KoneGaumii (54.8) mepexofuT B YK€ H3BECTHOE HaM
YpaBHeHHe:

¢ + 0ip=0. (64.9)
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Uepe3 of 0603HaYeHa B JaHHOM CJydyae CJeAylollasi BeJHYHHA: _
0z =mgl/I. (54.10)

13 ypasHenuit (54.9) u (54.10) crenyer, 4To NpH MaJbIX OTKJOHe-
HUSIX OT TJIOJIOKEHHSI pPaBHOBeCHs (H3UYECKHH MasiTHMK COBepliaeT
rapMOHHYeCKHe KoJjlebaHHS, YacTOTa KOTOPbIX 3aBHCHT OT Macchl MasiT-
HHKa, MOMEHTa MHEpLHH MasTHHKA OTHOCHTEJBHO OCH BpalleHusi H
PacCTOsIHUSI MEXK/ly OChbIO BpalleHHsl M LEHTPOM Macc MasTHHKa. B co-
oTBeTcTBHH ¢ (54.10) nepuoxn KosneGanHil GU3HYECKOrO MasiTHHKA ompe-
JeJsieTcsl BbipaKeHHeM

' T =2xV T/mgl. (54.11)
M3 conoc¢raBnenusi dopmys (54.6) u (54.11) mosyyaercs, uto MaTema-
THYECKHH MasiTHHK C JJHHOH

lp=1T/ml (54.12)
GyZeT MMeTh TaKo¥ NepHOJ KosneGaHui, KaK ¥ JAaHHbIH PU3HYECKHH Ma-
ATHUK. Benuuuny (54.12) Ha3plBalOT N p U B e-
JEHHOH AJHHOMN (USHYECKOr0O MasiTHH-
ka. Takum oOpasom, mnpuBeleHHas JAJUHA GU-
3HYeCKOro MasiTHHKa — 3TO AJIHHA TaKOro Ma-
TEeMaTHYeCKOro MasiTHHKa, MepHox KoJjeGaHHui
KOTOPOT'O COBIAZlaeT C NEepHOAOM JaHHOro (PH3H-
YECKOro MasiTHHUKA.

Touka Ha nNpsMOit, coeAHHSAIOWIEH TOYKY NOA-
BeCa C LEHTPOM Macc, Jiexallast Ha pacCTOsiHUH
NpPHBENEHHOH JJMHB OT OCH BpalleHMs, Ha-
3bBaeTcsl MEeHTPOM Ka4YaHHUS (H3Hue-
CKOro MasiTHHKa (cm.Touky O’ Ha puc. 54.2).
MoxHo nokasath (peKOMeHAyeM 3TO clenaTh B
NOpPAAKE YNpaxKHeHHsl), YTO NPH NOABELIHBAHHH
MasiTHUKAa B leHTpe Kayanusi O’ mnpuBeleHHas
JUIMHA, a 3HAyuT, H nepHoA KoJjeOaHHH OYAyT TeMH Ke, 4YTO H
BHauase. CrenoBaTesIbHO, TOYKa MoOABeca H LEHTP KayaHust obJsa-
JlAl0T CBOHCTBOM B3aHMHOCTH: NMPH NepeHOCce TOYKH IMOABECa B ILIEHTP
KayaHHsl PEXHAS TOYKa NOJBeCa CTAHOBHTCS HOBBIM LIEHTPOM KauaHUs,

Ha sTom cBojicTBe OCHOBaHO onpefeJeHHe YCKOpeHHsi CBOGOXHOrO
TNajieHHsl ¢ NOMOILBIO TaK HasbiBaeMoro o60poTHoro MasTHHKa. OGopoT-
HbIM HasblBaeTCsl TAKOH MAasiTHUK, Y KOTOPOro MMEIOTCS JABe napaJienb-
Hble IPYT APYTY, 3aKpenJyieHHble BOJM3H €ro KOHLOB ONOPHbLIE NPH3MHI,
32 KOTOpBIE OH MOXKET MOOYepefiHO MOfBEeNIHBaThesi. Bponmb MasiTHHKA
MOTYT MnepeMeiiaThesi U 3aKpenJaThcd Ha HEM Tskesble rpysel. Ilepe-
MellleHHeM Ipy30B A0OMBAIOTCA TOro, YTOOBI NMpPH MOABELIHBAHHH MasiT-
HHMKa 32 JI06YI0 U3 NPH3M NepHOk Koneﬁaunu 6611 opuHaKoB. Toraa pac-
CTOsiHME MEXJy OIOpHEIMH peGpamu mpuam Gyaer paBHO /.. Mamepus
Nepuoj KoJebaHHH MasiTHUKA M 3Had [, MOXHO no gopmyJie

T=2nV l,/g

HaHTH yCKOpeHHe CBOGOZHOrO NajieHHs g.
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§ 55. BekropHast pnuarpamma

Peilende psiia BOMNPOCOB, B YaCTHOCTH CJOXKEHHE HECKOJbKHX
KosieGaHuil OMHAKOBOIO HanpaBJeHHs (WJIH, YTO TO Ke CaMoe, ClIOXe-
HHE HECKOJBbKHX FAPMOHMYECKHX (QYHKIHIH), 3HAYHTENBHO obseryaercs
U CTAHOBUTCS HAIJISIHEIM, €CJIH H300paxaTh KoJebGaHHsi rpaduyeckH
B BHJle BEKTOPOB Ha MJocKocTH. IlomyyeHHasi TakKMM CIIOCOGOM cxema
Ha3plBaeTcsl BEeKTOPHOHA AHarpaMMoi. :

BoabmeM ock, KOTOpYIO 0603HauHM GyK-
Boil x (puc. 55.1). U3 Touku O, B3aTOH Ha
OCH, OTJIOXXHM BeKTOp JAJIHHH a, 00pasyo-

Do TP

Puc. 55.1. Puc. 55.2.

WK ¢ OChiO yroJi cc. EC/Ii MpUBECTH STOT BEKTOP BO BpallieHHe C YIJIOBOM
CKOPOCTHIO M, TO NPOEKLMsI KOHLA BeKTOpa OyJeT NepeMelaThcs I10
OCH X B Mpejiesiax oT —a A0 -+a, NpHIeM KOOpAHHATA 3TOi MpPOEKLHH
6yJeT HU3MEHSATBECS CO BpPEMEHEM IO 3aKOHY

x=a cos (w-0).

CrnepoBaTeNlbHO, NPOEKIHs KOHIA BEKTOpa Ha OCh OYyAeT coBeplaTh
rapMoHHYecKoe KoJiebaHHe ¢ aMIVIMTYJAOH, paBHOH MAJIMHE BeKTOpa,
C KpYroBoii 9aCTOTOH, paBHOH YIJIOBOH CKOPOCTH BpalleHHsl BEKTOpa, H
¢ HayaJbHOM ¢hba3ol, paBHOU yray, obpasyeMoMy BE€KTOPOM C OChIO
B HayaJbHBEIH MOMEHT BpeMEHH.

M3 ckasagHOro cJjeflyer, 9TO TapMOHMYECKOEe KoJjeGaHHe MOXKeT
ObITb 33J1aHO C ITOMOLIBIO BEKTOpa, AJHHA KOTOPOrO paBHA aMILIHTYJe
KoslebaHus, a HampapjieHHe BekTopa obpasyeT ¢ OChblO X YroJ, pas-
HEIH HavyaJpHOH ¢ase KoJsieOaHUS.

PaccMOTpHM ClIOKEHHE ABYX TIapMOHMYECKHX KOJeOaHHH OIHHaKO-
BOrO HanpaBJeHHS] U OAMHAKOBOK yactoThl. CMemeHue x KoseGJomuie-
rocsi Tena OyZieT CyMMOH CMeLIEHMI Xxj M X3, KOTOPBEIE 3aMHIIYTCs CJIe-
AYIOIIAM 00OpasoM:

xXr=a; cos(®ei+0ats), Xs=as cos(weitcts). (55.1)

[NpencraBum ofa KoJeGaHHs € MOMOIIBIO BEKTOPOB a; ¥ a; (pHc. 55.2).
ITocTpouM 1o MpaBHJIaM CJIOXKEHHSI BEKTOPOB Pe3yJIbTHPYIOIIHH BEeKTOp
a. Jlerko BHZIeTh, YTO MPOEKIHMsI STOrO BEKTOpa Ha OChb X PaBHA CymMMe
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MPOEKIHMI cJlaraeMeIX BEKTOPOB:
X=X;1X3.

CrienoBaTellbHO, BEKTOpP a NPeACTaBJsieT coboil pesyJsbTHpyoulee
Kose6aHHe. DTOT BEKTOpP Bpallaercd C TOH Ke YTIJIOBOH CKOPOCTBIO
®o, KAK H BEKTOPHI af H @y, TAK YTO Pe3yJIbTHPYIollee ABHKeHHe OyJeT
rapMOHHYECKHM KOJieGaHHEeM C YacTOTOH @, AMIIMTYIIOH @ M Hayalb-
Holi ¢(aszoi o. M3 nocrpoeHuss BHAHO, YTO

a® = a? -+ a} —2a,a, cos [n — (o0, — &) | = a3 +- a3 -+ 24,4, cos (%, —0y),
(65.2)
F ay sin o -+a, sin oy (55-3)

t —— L]
g a; cOs oy - ag cOS Oy

Wrag, npeicTaBleHHe TapMOHHYECKHX KXoJeOaHHH MOCPELCTBOM
BEKTOPOB JaeT BO3MOXKHOCTb CBECTH CJIOXKEHHe HECKOJIbKHMX KoJieba-
HUH K ONepalUH CJIO0XKEHHS BEKTOPOB. DTOT npHeM ObiBaeT 0COGEHHO
noJie3eH, HanpHMep, B ONTHKE, Tie CBETOBbIE KoJeOaHHs B HEKOTOPOH
TOUKE OMNpENeNIIOTCS KaK PesyJbTaT HaJIOXKEHHs MHOTHX KoJeGaHui,
NPHXOASIIMX B JAHHYIO TOYKY OT PAasJMYHEIX YY4CTKOB BOJHOBOIO
(poHTa.

®opmyJer (55.2) 1 (55.3) MOXKHO, KOHEYHO, NOJNYYHTh, CHHOXKHB BHI-
paxenusi (55.1) u mpousBeJss COOTBETCTBYIOLIME TPUIOHOMETPHUECKHE
npeo6pasopans. Ho npuMeHeHHBIH HaMH CrHOCOO IONYYEHHS STHX

¢opmys1 oTaMyaercss GoJiblied NPOCTOTOH M HATJISAHOCTHIO.

I[Tpoananusupyem Bhipaxcenue (55.2) Ans amnauryiel. Eciu pas-
HocThb (a3 00oMX KoJeOaHHH O.p—aCii paBHA HYJIO, aMIUVIHTYJAA Pe3yJib-
TUpPYIOLIEro KoneGaHHS paBHa cyMMe a; M as. Eciu pasHocTb (as
C.,—0Cj PABHA -3 WM —T, T. €. 002 KonebaHUsI HAXOASATCS B POTHBO-
¢ase, TO aMIVINTYAa pe3yJbTHPYIOUero Kojnebanus paBHA |a,—asl.

Ecan vacroTel KoJieOaHHH Xy H Xp; HEONWHAKOBLI, BEKTOPHI a; H aj
GynyT BpailaTbCs ¢ pasMYHOM CcKOpocTbio. B 3ToM cilyyae pesyuib-
TUDPYIOIHI BEKTOP a MyJbCHPYeT MO BeJHYMHE W BPAIaeTcs C Hemno-
CTOSIHHOH CKopocthlo. CliefioBatelibHO, Pe3yJbTHPYIOUHM JBHXKEHHEM
GyJieT B 3TOM CJydae He FapMOHHYECKOe KoJieGaHHe, a HEKOTOPKIi CJI0XK-
HBIf KosiebaTesIbHBIH NpoLecc,

§ 56. Buenus

Ocolrii HHTepec NpeACTaBJIAeT ciyvyal, Korja ABa CKJaiblBaeMblX
TapMOHMYECKHX KOJeOaHUSI OJMHAKOBOrO HAaMNpaBJEHHS MaJjlo OTJIH-
yaloTcs no wacrore. Kak Mel cefiuac mokaxkeMm, pesyJbTHPYIOLIEE ABU-
JKeHHE NPH STHX YCJOBHAX MOXKHO PaccMaTpHBaTh KaK IapMOHHYECKOE
KoJjie6aHue C myJbcHpyromeH amiyuTynoii. Takoe koseGaHHe HazbiBa-
erci OCUEeHH MU,

O603HayHM YacTOTY ORHOrO M3 KoseGaHMM OYKBOH @, YacroTy
BTOpOro Kojebanus yepes o+Aaw. ITo ycnosuo Aw<€®, AMIIHTYARL
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oGoux KosneGanuii 6yfem mnojaraTb OAHHAKOBBIMH M paBHBIMH a. YToGB!
He YCJIOXHATE 0e3 HajoOHOCTH (opmyJi, AOMYCTHM, YTO HayaJbHEIE
(a3l oboux KoseGanuil paBHbl HyJio. Torza ypaBHeHHs KoJeGaHHH
OyAyT uMeTb CJeNYIOHH BHJI:

x1=a cos ®f, X,=a cos(0+Aw)t.

CkaajpiBasi STH BbIPaXKEHHS M NpPHMEHSS TPUrOHOMETPHUECKYH ¢op-
MyJy JAJIS CyMMBI KOCHHYCOB, IOJIyYaeM:

X=Xi+x,= (Qacos%ﬂﬂt) cos ot (56.1)

(B0 BTOpOM MHOXHUTEJE NpeHe0peraem wieHoM Aw/2 Mo CPaBHEHHIO C W).

o, }‘:-ﬁ%’- Mo
4’ 0 : < ’( m WN ‘h e
i,
Q Jll!!I =t
P3| '
3| $
¥ z
Puc. 56.1.

I'padux dyraruuu (56.1) usobpaxen Ha puc. 56.1, a. I'paguk nocrpoex
s o/Ae=10.

3aKJIOYeHHEI B CKOOKH MHOMXKHTENb B dopmyJie (56.1) usmensiercs

cosg ropasfo MeJIJIeHHee, 4YeM BTOpOii

MHOXKUTEJb., BBHAY yCJIOBHS Ao<€n

3a TO BpeMsi, 32 KOTOPOE MHOXKHU-

TE€Nb COS W! COBEPIUEeT HECKOJBKO

/ NOJIHBIX ~ KOJIeOaHWH, MHOXHTENb,

cTosIIMH B cKOOKax, NOYTH HE HM3Me-

HHUTCA., 3TO JlaeT HaM OCHOBaHHE

paccmatpuBaTh  KosieGanue  (56.1)

KaK rapMOHHYeCKoe KoJjeGaHHe dac-

TOTHl ©®, aMIJIKTYa KOTOPOTO H3Me-

HSIETCS 110 HEKOTOPOMY NepHoaHye-

CKOMY 3aKOHY. BrIpaxkeHHeM 3Toro

4 > 33aKOHA HE MOMXKET OBITb MHOXHTENb,

¢ CTOSIME B CKOGKax, TaK KaK OH

Puc. 56.2. H3MeHsieTcsl B Npefesiax oT — 2a. 1o

-+2a, B TO BpeMsi KaK aMIUIHTyZa

Mo ONpefeseHUI0 — IOJIOKUTENbHAs BesvuMHa. I'paduk aMnuIHTyzbl

nokasaH Ha puc. 56.1, 6. AHanuTHYECKOE BbIPaXKEHHE aMIJIHTYJEL,

5

e ...

|mspv|

e SR by
@
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QYEBHJHO, HMEeT BHJ
aMNJIKTY Aa = | 2a cOS ATQ t I b (56.2)

Oynkuus (56.2) — neproanyeckas QyHKIHS C gacToTol, B 2 pasa
peBBlaloefi YacToTy BbIPAXKEHHs, CTOSIUEr0 NOX 3HAKOM MOAYJIs
(cM. puc. 56.2, Ha KOTOPOM CONMOCTAaBJEHB! Ipa¢MKH KOCHHYCa H €ro
MOZYJifI), T. €. ¢ yactotoil Aw. TakuM o6pasom, yacTora myJibCalui am-
MJUTYAbl — €€ HasbBAlOT YacToTol GHEeHWil — paBHA Pa3HOCTH 4acToT
CKJ1aJIIBaEMbIX KOJeOaHHIT.

(1]
OTMETHM, 9TO MHOXKHTENb 20 cos—%— { He TOJIBKO ONpesiesIsieT aMIlIu-

TyLy, HO H BJIHseT Ha (asy KojebGaHusi. IT0 NPOSABJAETCS, HaNmpHMEp,
B TOM, 9TO OTKJOHEHMs, COOTBETCTBYIOLIME COCEJHMM MAaKCHMyMaM
aMILIMTY/BI, HMEIOT NMPOTHBOMNOJIOXKHbE SHAKH (cM. TOuRkM Mi H M,
Ha puc. 56.1, a).

§ 57. ClloXeHHe B3aMMHO NePNEHAHKYJSPHHIX KounebaHHH

JIoNyCTHM, YTO MaTephajbHasi TOYKA MOXKET COBepLiaTh Kojeba-
HHS KaK BAOJb OCH X, TAaK K BIOJIb NEPHEHAHKYJISPHOH K Hel ocH y.
Eciu BosGymuTh o6a KoseGaHWsi, MaTepuajibhass Toyka Oyner ABH-
raThest MO HEKOTOPOH, BOOOLIE NOBOPSi, KPHBONHWHEHHOH TPaeKTOPHH,
¢opMa KOTOpOH 3aBHCHT OT PasHOCTH (a3 OGOMX KOJeGaHHH.

BrifepeM HauaJlo OTCYETa BPEMEHM TaK, YTOOH HayalbHas dasa
nepBoro KosieGaHus Gblla paBHa HyJo. Torja ypaBHEHHs KoJieGaHH i
SanMIIyTCH CJENYIOWUM 06pasom:

x=acosof, y=bcos (of-+a), (57.1)

rfe o — pasHocTh (a3 oGoMX KojeGaHHH.

Bripaxenus (57.1) npencrasisior CoGOH 3ajiaHHOE B MapamerpH-
yeckoli (opMe ypaBHeHHE TPAaeKTOpHH, IO KOTOPOH ABHIKETCH TeJIO,
yyacTByroulee B 0GOHX KoJebaHHsiX. UTOOLI MOJYYHTh ypaBHEHHE Tpa-
€KTOPHH B OOLIYHOM BHJE, HY>KHO MCKJIIOUHTB H3 ypaBHenuit (57.1)
napamerp f. M3 nepBoro ypaBHEHHsI ClIElyeT, 4TO

cosof ==. (57.2)

CJieioBaTesIbHO,
sinof=+ ) 1— 2. (57.3)

Tenepb pa3BepHeM KOCHHYC BO BTOPOM K3 ypapHeruit (57.1) 1o ¢opmy.ie
Al KOCHHYCA CYyMMEI, TOACTaBJIsisi MPH 3TOM BMECTO COS ©f M sin ot
ux sHauenus (57.2) u (57.3). B pesysbraTe moJyuHM

(D A ; 'l/_ ETNE)
S =--coso Fsina l—=.
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TMocnenHee ypaBHEHHE NOCJE HECJOXHBIX NPeo0pasoBaHHi MOXKHO MpH-
BECTH K BHAY
X2 Ay 2Dy
@ T Tab

Tlocjiefee ypaBHEHHE ecTh, BOOOLIE TOBOPS, YPaBHEHHE 3JIIHICA,
OCH KOTOPOrO IOBEPHYTHI OTHOCHTEJBHO KOOPAMHATHHIX OCEH X H Y.

OpueHTanus 5JUIMNCAa H BeJHYHHA €ro IOJyoceHd SaBHCSAT JOBOJNLHO
CJIOXKHBIM 06pa30oM OT aMIVIHTYL a U b ¥ pasHocTH ¢as o.

Ky z v YA
5 iz:
1 . -
[] -
s g z 77 PANRAE,
Ty A a
Puc. 57.1. Puc. 57.2.

OnpeneniiM (GopMy ' TPAEKTOPHH LISl HEKOTOPHIX YACTHBIX C/Yy4YaeB.
1. PassocTb (a3 « paBHa Hymo. B stom cayuae ypasnenue (57.4)

OPHHUMAET BHJ
o, o gl \e
(G—%) =0

OTKyJa MoJiyyaercsi ypaBHEHHe MpPsiMOH
y=-—21x. (57.5)

Pesynbmpymw,ee JBHXKEHHE SBJISIETCSI TapMOHMYECKHM KoJe6aHueM

BOJIb STOA MPAMOH ¢ YacTOTOH ® M aMmaHTyIOi, paBHOH } a®--b3%
(puc. 57.1).
2. PasHocTh (a3 o paBHa —=m. YpaBHeHHe (57.4) HMEET BHJ

(i+%)2=o, (57.6)

a

OTKyJa MoJyyaercsl, YTO pe3yJbTHpYIouliee ABHXKEHHe NpeACcTaB/ser
coboli rapmMoHHuYecKoe KoseGanue BJoJb npsmo# (puc, 57.2)

b
y=— = X.
3. Ilpu a=--7/2 ypasuenue (57.4) nepexofur B
2 2
-;fg 4L %—2 =1, (67.7)

T. €. B yYpaBHEHHe 3JIJIHIICA, TPHBEJEHHOr0 K KOOPAWHATHBIM OCAM,
OpHYEM HNOJYOCH 3J17MIICa PaBHBEI COOTBETCTBYIOWHM aMIUIHTYAaM

cos o, = sin? a. (57.4)
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gose6annit. Ilpn paBeHcTBe aMIUIMTYR @ H b SJUIMNC BHIPOXKAAETCS ‘B
OKPYKHOCTb.

Cayyau o=+-/2 1 o.=—7/2 OTVIMYAIOTCS HANPABJIEHHEM JBHKEHHST
fI0 SJUHIICY MJIH IO OKpYXHOCTH. Eciu a=-m/2, ypaBuenus (57.1)
MOXXHO 3aMHcaTh CJEAYIOLIHM 06pasoM:

x=a cos of, y=-—0>b sin of. (57.8)

B moment /=0 tesio naxonurcs B Touke I (puc. 57.3). B nocienyiomue
MOMEHTEI BPEMEHH KOOpDAHHATa X yMeHbLIaeTcs, a KOOpAHHATA Y CTa-
HOBUTCS OTpHuUaTeNbHOH, (CrefioBaTesibHO, JIBHXKEHHE COBEpLIaeTCs
[0 YacoOBOH# CTpeJKe.

4 7

] A,

/_N:—’z—-f ___j_r
| 5

Puc. 57.3. Puc. 57.4.

IMpn oo=—=/2 ypaBHeHHs KoyeGaHHil HUMEIOT BHL
(=a cos wl, y=b sin wf. (57.9)

Orciofia MOXXHO BaKJIOYHTb, YTO JABHIKEHHE MPOMCXOAHT NMPOTHB Yaco-
BOHl CTpeJIKH.

M3 ckasaHHOro cjeayer, YTo PaBHOMEpPHOE JBHKEHHE IO OKPYKe
HOCTH pajiuyca R C YIJIOBOH CKOPOCTBIO ® MOXET ObIThb MpPEACTaBJIEHO
KaK cyMMa JByX B3aHMHO NepNeHAUKYJSPHBIX KOJeOaHHi:

x=R cos wf, y=-R sin of (57.10)

(3HaK «-» B BHIPaXKEHHM JJI Y COOTBETCTBYET JIBHIKEHHIO IPOTHB
YacoBOH CTPeJIKH, 3HAaK «—» — JABHIKEHHIO 0 YacOBOH CTpeJsKe).

B cayuae, xKorza yacroThl B3aUMHO MNepHEHAHKYJISIPHBIX KoJebac
HUll OTJIMYAIOTC Ha OYeHb MaJsyl0 BeJHYHHY A®, HX MOXHO paccma-
TPHBaThb KaK KoJieOaHHS OJHHAKOBO¥ YaCTOTHI, HO C MELJIEHHO H3Mes
HsOLIeHCs pasHocThio da3. B camom ente, ypaBHeHHS KoJeGaHHH MOXKHO
NIPECTABHTE CJEAYIOMHUM 06pasoM:

x=acos ©of, y=b cos [wi}(Avi+ta)]

H BeIpaxkeHHe Awf{--o paccmaTpuBaTh KaK PasHOCTb (pa3, MEAJIEHHO

H3MEHSIONLYIOCS CO BPEMEHeM IO JIHHEHHOMY 3aKOHY.
PesynpTHpyioniee ABHXEHHE B 5TOM CJy4Yae NPOMCXOIMT 1O Mej-

JIEHHO BH/IOM3MEHSIOIeNCa KpHBOl, KoTopas GyJeT Moc/efoBaTebHO
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npHHMMaTh (OpMy, OTBEYAIOLLYyI0 BCEM SHAYeHHAM pasHoOCTH (a3 oT
— 10 . _

EciM 4acToTE! B3aWMHO NEpNEeHAMKYJSPHEIX KoJeGaHUH He ojMHa-
KOBEI, TO TPA€KTOPUS pe3yJbTHPYIOLIEr0 ABHXKEHHST HMEeT BHJ| IOBOJIbHO
CIOXKHBIX KPHBHIX, HasbiBaeMplx ¢urypamu Jluccaxy. Ha
puc. 57.4 nokasaHa OfHAa M3 NMPOCTEHIIMX TPAEKTOPHH, MOJyyarolascs
NpPH OTHOLIEHWH 9acToT 1 : 2 ¥ pasHocTH a3 31/2. Y paBHEHHs KoJleOaHui
HMEIOT BHJ

x=acoswf, y=bcos (2@2 +%) 4

3a To Bpems, MOKa BAOJNb OCH X TOYKA YCIEBA€T IEPEMECTHTbCH M3
OIHOrO KpafiHero mnoJioXeHHus B APYroe, BOJb OCH Y, BBIAIS H3 HyJie-
BOTO MOJIOXKEHHS, OHA yCIeBaeT AOCTHIHYTh ORHOro KpaHHero moJoxe-
HMsl, 3aTeM APYroro ¥ BEpHYyThbCs B
HYJIeBOE TOJIOXKEHHE., 4

IMpu orxowenuu wacror 1:2 H |
pasHocTH (a3, paBHOH HYJIO, Tpaek-
TOPHSI BHIPOMXKZAETCs B HE3aMKHYTYIO h
KpuBylo (puc. 57.5), mo KOTOpOil TE
TOYKa JBHXKETCS TyJa H 06paTHO. b

Puc. 57.5. Puc. 57.6.

Uem 6mke K eMHHIE palHOHa/bHasi Apo6hb, BhIparkalouliasi OTHO-
IIEHHe YacTOT KoJiebaHWi, TeM clOxHee OKasbiBaercsa ¢urypa Jluc-
caxy. Ha puc. 57.6 mns npumMepa mokasaHa KpuBasi AJIsi OTHOLIEHHS
yacroT 3 : 4 ¥ pasHoctd das /2.

§ 58. 3aryxaioumue KojebaHus

3aryxaromue KoJeGaHHsI ONMHCHIBAIOTCS ypaBHeHHeM (cM. (50.11)):

x4+ 2Bx + w2x=0, (58.1)
TIe _
B=rim, ©i=Fk/m (58.2)

(r — K03pdUIKEHT CONMPOTHBJEHHS, T.€. KO3hOUIHEHT NpPONOpLHO-
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HAJBHOCTH MEXIY CKODOCTBIO X H CHJIOH COMpPOTHBJIEHHS; k — K03¢-
(GUUMEHT KBasUyIPYrOH CHJHI).

OTMeTHM, UTO ©, NPEACTaBJserT COGOH Ty JacToTy, C KOTOPOH coBep-
yranuch 66l CBOGOAHBIE KOJEGaHWS CHCTEMBI B OTCYTCTBHE CONpPOTHBIIE-
aus cpeanl (npu r=0). 31y 9YacToTy HashBAalOT COGCTBEHHOH
YaCTOTOMH CHCTEMHI.

IMoxcranoska B (58.1) GyHKIMH x=e* NPHBOAMT K XapaKTEPHCTH-
geCKOMY YPaBHEHHIO

A3 20 L+ i =0. (58.3)

KopHu 3TOro ypaBHeHHsI PaBHHI

h=—B+VP —0t, A=—P—VP—a. (58.4)

[Tpy He ciuuKoM GOJBIIOM 3aTyXaHHH (mpH P<w,) MOAKOpPEH-
HOe BhIpa)keHHe OyJleT oTpHuaTesbHbIM. IIpefcraBum ero B BuAe (iw)?,
rge © — BellleCTBeHHas BeJHYMHa, paBHas

o=] 0} —p (58.5)

Torna KOpHHM XapaKTepHCTHYECKOro ypaBHEHHsI 3alHIIYTCA CJASAYIOMUM
ob6pasom:

hi=——P+io, A=—Pp—i0. (58.6)

Cornacho (52.5) obwuMm peieHrem ypaBHenus (58.1) 6yner QyHKuus
x = Cyel-B+i0) t 1 C,e(=B=i0)t — p~Bt (C el0! |- Cye=1o1).

BripaxkeHue B CKoOKax aHasornuHo BeipaxceHuio (53.3). Ilostomy ero
MOXXHO NpEACTaBMTb B BHAE, aHanoruyom (53.7). Takum oOpasom,
Npy He CJIMIIKOM CHJIBHOM 3aryxa-

HUM obluee peileHHe ypaBHeHH (58.1) 2]
HMeeT BHJL Bais

x = aze~P cos (of + ). (68.7) ‘?T ﬂ\ ﬂ)\ rh -Z'Y
3nech @y ¥ & — MNPOM3BOJIBHEIE MMO- [ > ' v"\L‘J f Sy

CTOSIHHBIE, ® — BeJHYMHA, Omnpeje-
Jsiemas gopmyJoi (58.5). Ha puc.
58.1 man rpadmk ¢ysxkuuu (568.7). M
TIyHKTHPHBIMH JIMHUAMH ITOKa3aHb! m
mpesiesisl, B KOTODHIX  HAXORHTCH Prc. 58.1.
CMELIeHHe KOJIeOMIonIeiicsi TOYKH X.

B cooTBETCTBHM C BHAOM (yHK-
uuu (58.7) KBHIKeHHEe CHCTEMBI MOXHO
paccMaTpHBaTh KaK rapMOHHYECKoe KoJeGaHHe YacTOTHl O C aMILIH-
Tynoi, Hu3MeHsiouledcss 1O SaKOHY a(f)=ae~?. BepXHss M3 NYHK-
THPHBIX KPHBHIX Ha puc. 58.1 naer rpaguk QyHKUHH a(f), npuueM
BEJMYHHA Qo MPEACTaB/sieT CoGOH aMIVIMTYAY B HauyaJIbHBIH MOMEHT
Bpemenn, HavyasbHoe CMelleHWe X, 3aBHCHT, KPOME &, TaKXe OT Ha-
YaJbHOI (hasbl Oi Xe=0,* COS . -

ape Pt

ap
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CkopocTh 3aTyXaHHSI KOJIeOaHHH ONpefeNsiercss BeJHUYHHON P=
=r/2m, KOTOpYI0 Ha3hBAlOT KO3 (O(GH U HUEHTOM 3aTyXa-
H U 5. Haiinem Bpems 7, 3a KOTOpoe aMIIMTYZAA YMEHBUIAETCS B € paa.
Ilo onpenenenuio e P*=e~*, otkyna fr=1. CnenoBatesbHo, Ko3hdH-
[UEHT 3aTyXaHHsl OOpaTeH MO BEJHYHHE TOMY NPOMEXYTKY BpPEMEHH,
82 KOTOpBIM aMIJIMTYJa YMEHbLIAeTCs B e pas.

Corsiacio ¢opmysie (53.8) nepuox saTyxarouiMx KoJiefaHHH paBeH

g iR Ay (58.8)
V oi—p3
IlpH HesHauMTeJbHOM CcONpOTHBJAEHHH cpemnt (B*<Zw?) nepHom Koe-
Ganuit npakTHyecku paeen To=2m/w,. C pocToM Ko3(dHIUEHTa 3aTy-
XaHHUsl MEepHOJ KoJieGaHHH yBeJH4YHBaercs.

Tlocnenyromue HauGONbIIHE OTKJIOHEHHS B KaKyl-lTH60 CTOPOHY
(vanpumep, a’, a”, a’’ u T. A. Ha puc. 58.1) ofpasyioT reomerpuye-
CKYI0 nporpeccHio. JleficTBHTEIBHO, eciid @' =ae~ P, To a"=ae P D=
=dePT, o""=qe P N=0"f" y 1 1 Boobue, OTHOUEHHE
3HAYEHHH aMIUIHTYJ, COOTBETCTBYIOLUMX MOMEHTaM BpEMeHH, OTJMya-
IOIMMCA Ha NEpPHOZ, pasHO

a (i)

a(@+T7)
2T0 OTHOIUGHHE HAa3LIBAlOT JEKPEeMeHTOM 3aTyXaHHd,
a €ro JorapugM — JOorapuaPMHYE CKH M JEKpPEeMEeHTOM
3aTyXaHHUs:

=ehT,

23 5 iy
hﬁina{t_!_T)—ﬁT (58.9)
(ue nytatb ¢ & B dopmysax (58.3 ) u (58.6)!).

Jlnsl XapakTepHCTHKH KOJeGAaTebHOM CHCTEMBI OOBINHO HCIOJMb-
8yeTcst JIorapHMQMHUYeCKHH JAeKpeMeHT 3aTyXaHusi A. BeipasuB B coot-
BeTCTBHH ¢ (58.9) P uepes A u T, MOKHO 3aKOH YOBIBAHHS aMILIHTYHbE
CO BPEMEHEM 3amnucath B BHJE

A
-t
a=ae T .
3a BpeMs 7, 3a KOTOPOE aMIJIUTY/a YMEHBIIACTCH B e pas, cucrema
C -A 5
ycnesaer coeepiunte N,=t/T konebauuit, M3 ycjosusi e 7 —e~t

T
NoJNy4aercst, 4To ?&?:Ml = 1. CrenopatenbHo, JorapudmHyecKui

ACKDPEMEHT saTyXaHHsi o0paTeH Mo BEJHYHHE YHCJy KosieGaHMil, coBep-
IIAeMLIX 32 TO BpeMsl, 3a KOTOPOE aMILIMTy[a YMEHbIUaeTcs B e pas.

Jns xapakTepHCTHKH KoJeGaTebHOM CHCTEMEL YacTo yrnorpebasercs
TaKXKe BEJIHYHHA

Q=3 =nN,, (58.10)
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paspiBaeMasi A O6pPOTHOCTb I KosjebarenbHoit cucremsl. Kaxk
BHJHO H3 ee OlpejeseHHs, HOOPOTHOCTb IPOINOPUHOHAJbHA YHCITY
KoneGanuit N,, coBepuIaeMblX CHCTEMOH 3a TO BpeMsi T, 33 KOTOpOe
aMILIHTYA2 KoseGaHui yMeHblIaercsi B € pas.

IToncranoska ¢ynkuuu (58.7) U ee NPOUSBOAHOH B BEIDAXKEHHE VIS
OJTHON SHEPTHH KoJebmouleiicst cucreMbl E=%,kx2<-*/, mx® npuBOAUT
fiocyie mpeobpa3oBaHHil K QopmyJie

=%ka§e“=f5f{l—;—%sin(2mt+2a+¢)}, (58.11)

rae Pp=arctg (B/w). I'paduk s1oit PYHKUMH H306paxkeH Ha pHC. 58.2.
Y6bIBaHHE SHEpruM OO0YyCJOBJEHO pPaboTOM CHJIBL CONPOTHBIICHHS

cpenst  Fop=—r%. Momuocts, passuBaemasi 3Toii cHuoff, paBHa
(—rx) (x)=—rx?. Taxum oGpasoM,

dE 2
E{——rx*.

OTciofia BHITEKAET, UTO B T€X TOYKaxX KpuBoii E (7), rae x=0, KacaTenbHas
K KpMBOH mapajilenbHa ocd f. B ocrasmbHbix Toykax dE/dt<<0.
ITpu manom saryxanun (B<Kw,) cnaraeMbiM, COACPIKAIMM CHHYC,
B dopmyJe (58.11) MoxHO mpeHeOpeyb U CYUTATh, YTO SHEPrHsl H3MEHs-
ercsi N0 3aKOHY
L8 =8 25 AR (58.12)

rae Eo=*/; ka? — 3pavyenye 3HEPrHM B HayaJbHbIH MomeHT. K ToMy e
pe3yJibTaTy MOMKHO NPHHTH, €CJH 3aMEHHMTb omnpejesisemMoe (opMyJIoH
(68.11) mMrHOBeHHOe 3HaueHue E (f) ero cpefHHM 3HAYEHHEM 32 BpeMs

fi

Pue. 58.2.

or {—T/2 no t+7T/2 (T — nepuon, KosiebaHUi), BHIYUCIEHHBIM B Mpe-
TNOJIOMKEHHH, YTO MHOMHUTeNb exp (—2Bf) B Teuenne npomexyTtka T
OCTaeTCsl HOCTOSTHHBIM.



208 [J1. Vil. KOJIEBATEJIbHOE I BHXEHHE

INponuddepenunposas Bhipaxenue (68.12) no f, noayduM CKOPOCTb
BO3pPACTAaHHS SHEPTHH CHCTEMBI:
dE
. _F{=—-2ﬁEue"2ﬁf=—2ﬁE.
HameHnB 3HaK Ha oOGpaTHblf, HaliileM CKOpoCTh YOBIBaHHMSI SHEPTHM:

dE
— - =28E. (58.13)

Ecau sHeprus Majo H3MeHsieTCsl 32 BpeMsi, paBHOE MepHORy KoJjeba-
HuH, yOblIb 3HEPTHH 32 MEpPHOJ MOXKHO HaHTH, YMHOXHB BhIpax<eHUE

(568.13) na T:
—AE =2fTE

(sanomuuM, u9To AE o6Go3HayaeT npupaiuenue,- a —AE — y6bub
sHepruy). Hakonen, npuHaB Bo BHuMaHHe ¢dopmydst (58.9) u (568.10),
NpHAEM K COOTHOLIEHHMIO

E Q

—AE) 2=a°

W3 KOTOpOro CJEAyeT, YTO NpH cjaboM 3aTyXaHHM KoJseGanHii no6poT-
HOCTb C TOYHOCTBIO O MHOXHTe/S 27 paBHa OTHOLICHHIO 3HEPTHH,
3aNaceHHOH B CHCTEMEe B JaHHBIH MOMEHT, K YOLUIM STOH 3HepruH 3a
OIHH MepHOA KoJeGaHHH.

Us dopmyant (58.8) caenyer, uto ¢ poctom KoadxpuuHeHTa 3aTyxa-
HHUSl nepHol KojebaHuil ysenuuupaercsi. Ilpy P=w, nepuox xojeba-
HHH ofpamlaercs B GeCKOHEYHOCTb, T. €. ABHXEHHe IepecraeT ObITb
NepHOAMYECKHM. _

IMpu P>w, KOPHH XapaKTepHCTHUYECKOTO YPAaBHEHHSI CTAHOBSITCH
ot BewlecTBeHHEIMH (cM. (58.4)) H peuieHue
JuddepernHanbHoro ypaBsernus (58.1) oka-
3bIBAETCS PaBHEIM CYMME J[BYX 3KCHO-
HEHT:

x=C,e~M! - C,e~Ht,

3necb C; u C; — BelleCTBEHHbIE [0OCTO-

sIHHBIE, 3HAYEHHS KOTOPLIX 3aBHCAT OT Ha-

g ) B ’F yalbHHIX YCAOBHH (0T X, M Uy = (X)o).
Puc. 58.3. CnenoBaTesibHO, ABHXKEHHE HOCHT anepHo-
IHYeCcKHH (HenepHoOIMYECKHH) XapaKtep—

BEIBEJICHHAs] M3 MOJIOXKEHHs pPaBHOBECHS CHCTEMa BO3BPAIa€Tcs B IO-
JIOXKeHHe paBHOBeCHsI, He coBepuias Kosie6anuii. Ha puc. 58.3 moka-
33HO JBa BO3MOXHEIX CNOCO6a BO3BPALICHHS CHCTEMBl K MOJIOMEHHIO
paBHOBECHSI IIPH anepHOAHYECKOM JIBHKeHHH. KakuMm U3 3THX crnoco6oB
NPHXOIUT CHCTEMa B IOJIOKEHHE PABHOBECHSI, 3aBHCHT OT HaYaJbHBIX
ycnoBuH. JIBuikeHue, H3o0pazkaeMoe KpHBOH 2, moJsydaeTcsi B TOM
clyyae, KOIJa CHCTEMAa HauWHAeT [BUINaThcAd U3 MOJOXKEHHS, Xapak-
TEPH3YEMOr0 CMELIEHHEM X,, K MOJIOXKEHHWIO PaBHOBECHS C Ha4aJbHOH

<

‘HueM. Takas cucrema Ha3hHBaeTCH a B-

1jaeMble €10 He3aTyXaroliue Koseba-
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CKOPOCTBIO Uy, OMpEREJIsieMOli YCJIOBHEM
|Uo|>]x0](ﬁ+bﬁ”—m§). (58'14_)

310 ycaoBue Gyner BEINOJHEHO B TOM CJyuae, €cs BHIBEIEHHOH H3
NOJIOMEHHST PABHOBECHSI CHCTEME COOOLIMTbH JOCTAaTOYHO CHJILHBIA
TONYOK K NMOJIOXKEHHIO paBHOBecHsi. EciiM, OTBefid CHCTEMY M3 IOJIOXe-
HHUSl DABHOBECHSI, OTMYCTHTL ee Ge3 ToayKa (T. e. ¢ Up==0) HJH cO0G-
LIHTE €Hl TOJYOK HENOCTAaTOYHOM CHJIBI (TaKOH, 4TO Uy OKa¥KeTcs MeHblle
onpezensieMoli ycaosuem (58.14)), nBHxeHnuHe Oyner NPOMCXOAUTH
B COOTBETCTBHM C KpHBOi I Ha puc. 58.3.

§ 59. AsTokonebaHHd

ITpu satyxamolmux KoJeGaHHAX SHEPrHsl CHCTEMBI pacxomyercs Ha
NIpeojiosieHHe COMPOTHBJIEHHS cpefibl. EciiM BoCMONHATbL 3Ty YyOblIb
SHEepPTHH, KoJeGaHHsi CTaHYyT He3daryxaiomumu. IlononHenue sHepruu
CHCTEMBI MOXKET OCYUIECTB/IATLCS 33 CYET TOJYKOB M3BHE, OJHAKO
3TH TOJYKH JOJUKHBI COOOLIATBCA CHCTEME B TaKT C ee KoJjeGaHHSAMH,
B IPOTHBHOM CNyyae OHH MOTYT OCJia-
6uTh KoNeGaHUs H Jlaxe NPEeKpaTHTh
HX coBceM. MOXXHO cieflaTb Tak, YTO-
Ob! KoJsiebJmolasicss CHCTeMa cama yni-
paBisijla BHEWHHM BO3JEHCTBHEM,
ofecrneyHBasi COrJiacOBaHHOCTb CO06-
IlaeMEIX el TOJUKOB CO CBOMM JBHKe-

Xodoboe
HOnECa

TokKoJaebGaTeJ bHOH, acoBep-

HHS—aBTOKOJeOGaHHUSAMHU, p
ne. 59.1.
B kagectBe nmnpHmepa aBTOKO-

Jle6aTesIbHOM CHCTeMbl PacCMOTPHM

YacoBOi MeXxaHH3M. MasiTHHK yacoB HacaxkeH Ha OJHY OCb C H3OrHy-
THIM pbl9aroM — ankepom (puc. 59.1). Ha KoHuax aHkepa HMeIOTCA
BLICTYNBI CHENHAsibHOM (OopMbI, HasblBaeMble najerramMH. 3y6yaToe
XOJIOBOE KOJIECO HAaXOAWTCSA IOJl BO3NEHCTBHEM LENOYKH C IMped WJu
3aKPYUYEHHON NPYXKHHBLI, KOTOPHIE CTPEMSATCA MOBEPHYTh €ro mo 4aco-
Boit crpenke. Onnako GOJBLIYIO YacTb BPEMEHH KOJiecO YIHpaercs
OHUM M3 3y6beB B GOKOBYIO IMOBEPXHOCTb TOH JHOO HHOHM MaJeTThl,
CKOJb3sAINEeH NpH KauaHUH MasiTHHKa NO noBepxHocTd 3y6a. Tonbko
B MOMEHTHI, KOr/Ja MasTHHK HaXOAMTCH BOJIH3M CPeIHero MoJIoXKeHus,
NajerThl NepecTaloT Nperpaxkaarb NyTb 3yObsiM H XOJOBOE KOJEeCo
NPOBOPAYMBAETCS, TOJKAS aHKEp 3yOOM, CKONb3SILIUM CBOeH BEpUIMHOH
0 CKOILEHHOMY TOPHUY MaJjeTThl. 32 MOJHBIH HUKJ KayaHHH MasTHUKA
(3a mepHOA) XOJOBOE KOJECO NpOBOPAaYMBAETCA HA JiBa 3y6a, npHYeM
KaxKjiasi U3 MaJieTT moJsiyyaer mo ToJyky. IlocpeacTBOM 3THX TOJIYKOB
832 CYET BHEPLHH INOJAHATON I'UPH UJH 3aKPYUYEHHON NP YRUHBI K BOCHOJ-
HseTcs yOLIb 3HEPrHU MasiTHHKA, BOSHHKaloLlas BCJIEACTBHE TpEHHMH,
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§ 60. BuiHyxueHHble KOJieGanus

B crnyyae, xorma BBIHYXKJAIONIAsi CHJIda M3MEHSETCS MO TapMOHH-
YeCKOMY 3aKOHY, KOJIeOaHHs ONHMCHIBAIOTCS AUQxpepeHIMaNbHbIM ypaB-
HEHHeM

X+ 2Bx+ v = f, cos of (60.1)

(cm. (80.13)). 3mech P— ko3bdHUHEHT 3aTYXaHHS, ©, — COOCTBEHHAS
yacrota cucremnl (cM. dopmyast (58.2)), fo=F¢/m (F, — ammiutyna
BBIHYK/IaIOmlef CHJIEI), ® — YacToTa CHJIHI.

Ypasuenue (60.1) siBasieTcs HeomHOPOAHEIM. COrJacHO TeopeMe
(52.8) ofuiee pemeHne HEONHOPOXHOIO YPABHEHHST PABHO CYMMe OGIIEro
PeIICHHST COOTBETCTBYIOIErO OAHOPONHOrO YpPaBHEHHsI M YACTHOrO pe-
IIEHHS] HEONHOPOXHOro ypaBHeHus. OOuiee peuieHre OAHOPOIHOrO

ypaBHeHHsT MBI yxxe sHaeMm (cM. dyHKuuo (568.7), siBAsiomyocs O6LHM

pewenrem ypasHeHusa (58.1)). OsHo uMeer BH[ .
i x=aqaqe~Ptcos (o't +a), (60.2)

rae o' =V 0i—p? a @y B o — [POH3BOJIbHEIE TOCTOSHHBIE 1),

Ocraercst HaiiTH yacTHOe (He CoIepkailiee IPOM3BOJBHBIX MOCTOSIH-
HBIX) peiuenye ypasHenus (60.1). Bocrnosbayemes: iisi 3Toro npuemom,
onucaHHbIM B Kouue § 62. Ilpubasum K QyHKIMH, cTosiell B NMpaBofi
yacti ypaBHesus (60.1), muumy0 ¢yHKUMIO if, sin wf, mocie uyero
NPEeACTaBHM TPaBYIO 4acTh B BHAE fee'® (cM. dopmyay (51.9)). Takum
o6pasoM, MbI NPHXOAMM K YpPaBHEHHIO:

X 4 2Bx 4 wix = fetor, (60.3)

D10 ypaBHEHHE JIerye pemuTh, yeM ypaBHenue (60.1), Tak Kak sKcro-
HEHTy npoule auddepeHnupoBaTh H HHTErPHPOBATh, YEM TPUIOHOMET-
pHYEeCKHe (YHKUHH.

ITonpoGyem mckath yacTHoe pemrenue ypaBrenus (60.3) B Bupe

x=ael, (60.4)

e @ — HEeKOoTOpoe KOMIJIEKCHoe uyHncao. PyHruus (60.4) Takxke
KOMINVICKCHAsE, 9TO OTMEYeHO Uuiankod Hax x. Ilpomuddepenuyposas
3Ty (YHKUHIO N0 £, IOJNYYHM:

x = ioae'!, x=—o%gelet, (60.5)

TloncranoBka Brpaxennit (60.4) u (60.5) B ypasuenwue (60.3) npuBOuT
fnocJie COKpauleHMsi Ha OOmHU MHOKHTENb e'9! K anrebpanyecKkomMy
YPaBHEHHIO:

— 0% 4 2iBoa + 0ka = f,.

1) Byxnok @ Ges mTpuxa ME OGOSHAUHJH HacTOTy BEIHYXKIAIOMIEH CH/H.
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Orciozna
R Bafy hife) AN KN, 60.6
@ (02— w?) +2ifo ( )

Mbl HaLUIH 3HaYeHue @, npH KortopoM ¢yHKiws (60.4) ynoBreTBopsieT
ypaenennio (60.3). IlpeacraBuM KOMIUIEKCHOE YHCJO, CTOsIUEE B 3Ha-
MeHaTese, B MOKas3aTeJbHOH (opme:

(02 — 0?) + 2ifo = pe'®. (60.7)
Coryiacio ¢opmyaam (51.3) ‘
o=V (@O —o): I 4p'a?, ¢=arctg ﬁ"’m ) (60.8)

wp—

3amena B (60.6) 3uamenatesisi B cooTBeTCTBHH ¢ (60.7) naer
a= folpe®= (fo/p) e~

IToncTaBHB 5T0 sHaueHue a B (60.4), MONyYMM YacTHOE PELIeHHe ypaB-
Heuus (60.3):

F= (folp) e~ - €1 = (lp) € /=,

Haxoren, B3sB BEIIECTBEHHYIO 4acTh 3TOM (QYHKUHMH, MOJYYHM 4YacT-
Hoe pelleHHe ypaBHenus (60.1):

x=(fo/p) cos(0t-—9).

[NopcTanoBKa 3HayeHus fo, a Takxke aHaueHui (60.8) misi p U @ NpUBO-
JUT K OKOHYATEJIHbHOMY BHIPAMKEHHJO:

X= Folm cos (cot—-arctg 2&”@2). (60.9)

2
V (0h—0?) -+ 4por o5 —
Ormerum, uto ¢yHKIMa (60.9) He cOmepKUT MPOH3BOJBHBIX MOCTOSIH-

HBIX.
[Monyyum yacTHoe peliexne ypaBHenus (60.1) eme omHHM Croco-

GoM — C IOMOIIBIO BEKTOpHOH auarpammer. IIpenrosioxuM, YTO yacr-
Hoe pemeHue ypaBHenHs (60.1) umeer BuA

x=a cos (of—q). (60.10)

Torzna
% = —wasin (of — @) = ea cos (of — ¢ +7/2), (60.11)

X =2 — w?a cos (0f — @) = w2a cos (ol —@ +-1x). (60.12)
TToncranoBka Bpipaxenuii (60.10) — (60.12) B ypasuenne (60.1) npu-
BOJMT K COOTHOLIEHMIO

w2 cos (0f — @ 1) + 2Pwa cos (of —¢ +-7/2) +
+ wla cos (ot —¢) = focos wt.  (60.13)

W3 (60.13) crepyer, 9TO TMOCTOSHHBIE @ H @ AOJKHbL MMETh TaKHE
BHAYEHHs|, 9YTOGLI rapMoHHMueckas OGYHKUHS [o COS ©f Obula  paBHA
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CymMMe TpPeX TapMOHHYECKHX (YHKIMH, CTOAWMX B JIeBOfl YacTH ypas-
HeHusi: Eciin u306pasuth QyHKUMIO ©3a COS(w/—¢) BEKTOPOM AJIHHBL
®ga, HanpaBJieHHHIM BnpaBo, To GyHKuus 2Pacos(wi—--/2)
us00pasuTcs BeKTopoM IJHHH 2fwa (pHc. 60.1), MOBEPHYTHIM OTHOCH-
TEJIbHO BEKTOpA ;e MPOTHB YAacoBOH CTpesKu Ha yroa /2 (cMm. § 55),

i v by o K3 Pwa
|
|
|
|
I
|
?
A Pl & B NP 5
wia | | wia w?a T 517
| | 1 &
(Wf-w?)a (@*-wf)a
@ : gy
Puc. 60.1.

a ¢yukupa ®*a cos(0f—@--m) — BEKTOPOM [JIHHBL ©?Q, MOBEPHYTHIM
OTHOCHTEJIBHO BEKTOpa ga Ha yros 7. UtoGhl ypaBHenue (60.13) Gb110
YAOBJIETBOPEHO, CyMMa TpeX MepeyHC/IeHHBIX BEKTOPOB MOJKHA COBIa-
Jath C BEKTOpOM, H3obpaaroiiM dyHKIuo f, cos wt. Ms puc. 60.1, a
BH/IHO, Y4TO TaKOE COBMNAaJeHHe BO3MOXHO JIHIUbL NP 3HAYEHHH aMILIH-
TYAbI @, KOTOpOe OMNpejiesisieTCs YCJIOBHEM:

.((,)3 —(05) a4+ 4&”&)2(1"‘ ne fﬁ,
OTKYyaa '
Fo/m

=V(m3—w"‘)2+4f520’

(Mpt 3ameHHsH [, oTHOweHueM Fo/m). Puc. 60.1, a otBeuaer ciyuaro
0<<w,. W3 puc. 60.1, 6, orBevaiomiero CAyyar o>, N0JyYaETCs
TAKOE JKe 3HaueHHe a.

Puc. 60.1 nosponser mosiyuHTh TaKXKe M 3HAYEHHE ¢, KOTOPOe
npejcTaB/isger co0ol BeJHYHHY OTCTaBaHHsl NO (ase BHIHYKIEHHOrO
kKoneGanusi (60.10) or o6ycioBHBIIEH. €ro BHIHYXKJAAKIIEH CHJIbI, K3
PHCYHKa CJelyeT, 4To

(60.14)

tgg =" . (60.15)

o—w?

IMoncraBue B (60.10) sHaueHus a u @, onpeneyisieMbie (GOPMYJaMH
(60.14) u (60.15), monyuum dyskuuo (60.9). :

Dyukums (60.9) B cymme c (60.2) paer obiee pelieHre ypaBHEHHS

(60.1), onuceiBaioLlee MOBENEHHE CHCTEMbl NMPH BLIHYMKJICHHBEIX KoJseba-

Huax. Cnaraemoe (60.2) urpaer samMeTHyi0 posib TOJBKO B HauasbHOH
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GTaJHH Tpolecca, NPH TaK Ha3blBaeMOM YCTAaHOBJEHHH KoJiebaHHiH
(puc. 60.2). C TeuenrieM BpeMeHH M3-32 SKCIOHEHIHAJILHOI0 MHOXHTEJIS

-

)

e~P* ponb caaraemoro (60.2) Bce GoJiblue yMeHbIUAETCs, M MO MpPOLIeCT-
BHM JIOCTATOYHOIO BpEMEHH HM MOXXHO MNpeHeOpeub, COXpaHfs B pe-
JUeHHH JHIb cjaraemoe (60.9). :

Takum ob6pasomM, dyHkums (60.9) onHceiBaeT yCTaHOBHBLUMECH BHI-
HyXJieHHble KoJseGanusi. OHM npeacTaBisioT CO00H TrapMOHHYECKHE
KoJsieGaHHS C YacTOTOH, paBHOH YacToTe BHIHYXKAAMOLICH CHJBL, AMMJIH-
Tyfa (60.14) BeIHYXIEHHBIX
KoneGaHuil MPONOpHHOHATb- % A
HAa aMILIMTYAE BHIHY2KJAAI0- B
el cuJiel. J1Jisi JaHHOH KO- ]

Je6aTeNbHOMN cucTeMs! (onpe- ,1‘\ n

JIETIEHHBIX O H P) amMniuTy- é*é >

Jla 3aBHCUT OT YacTOTHl BhI- \U vu

Hyxnaaomel cuasl. BeIHYX- ]

JIEHHbIE KOJNEGAHHS OTCTAI0T ENRRARRARE

no ¢ase or BHHYXJAIOWIEH ) 3

CHJIbI, MPHYEM BeIHYHHA OT- Yemanobpenue

CTaBaHHSl ¢ TaKxKe 3aBHCHT HonebanuL

OT YacTOTH BHIHYXKJaloueH Puc. 60.2.

cuasl (cM. (60.15)). ;
3a4BHCHMOCTb AMILIMTYIBI BBIHYMKAEHHBIX KOJIEOaHHH OT 4YacTOTHI

BEIHY2K/IaloMeH CHJIB TMPHBOAMT K TOMY, YTO NP HEKOTOpOH ompene-

JIEHHON JUISi A2HHOH CHCTeMbl YacToTe aMIUIMTYIA KoJieGaHWH NOCTH-

raer MakcHMaJbHOro 3HaueHus. KosebaTesbHasi CHCTeMa OKa3bIBAETCA

0COGEHHO OT3EIBYMBON HA JeHcTBHE BBIHYKJIAlOLIeH CHJLI MPH 3TOH yac-

Tore. DT0 sBJCHHE HAsLIBAETCsI P €3 0H a HCOM, a COOTBETCTBYIO-

mas yacTora — pe3OHaHCHON 4YacToOTOM. E

Yro6hl ONpeNie/uTh PE30HAHCHYIO YaCTOTY @p.,, HYXKHO HAHTH
MakcumyM GyHxuuH (60.14) uu, 4TO TO K€ camMoe, MHHHMYM Bhbipaxe-
HHS, CTOSILIEro moj KopHem B 3HameHarese. IIponuddeperunposas 310
BbIpAXKEHUE N0 ® U NPHUPABHAB HYJIO, MBI MOJNYYUM yC/IOBHE, Onpese-
JIAIOMIEE Wpey,:

—4 (0} —0?) 0} 820 =0. (60.16)

Vpasnenue (60.16) umeer Tpu pemenns: 0=0u o= 4} oj—202.
Pelenne, paBHOE HYJIO, COOTBETCTBYeT MakCHMyMy sHameHaTens. Ms
OCTaJIbHBIX JBYX pelleHHH OTPHUATEJbHOE NOMKHO ObITe OTGPOLIEHO,
KaK He HMeromee GU3HYECKOro cMBIcaa (4acToTa He MOXET ObITh OTpHLLa-
tenbHOM). Takum oO6pasoM, JUisi PE30OHAHCHOH YacTOTHI MOJIyYaeTcs

OIIHO 3HAYEHHE:
= 2 2
Opes =V 05 —2p2.

IoncTaBuB 3TO 3HayeHHe yactoth! B (60.14), moJyyuM BEIpaKEHHE AJIS

(60.17)
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aMIOMTYAB [IPM . pe30HaHCce:
Folm
2BV o —p2
Hs (60.18) caemyer, 94TO mpH OTCYTCTBHH CONPOTHBJEHHS CPEIbI
aMIJIHTYZla NPH pe3oHaHce obpainasiach 66l B 6eCKOHEYHOCThb. CoriacHo
(60.17) pesoHaHCHasi 9acToTa NpH TeX ke ycIoBHsX (mpu P=0) coBna-
JaeT ¢ COGCTBEHHOH YacTOTOH KoJleDaHHE CHCTEMBI @g.
3aBHCHMOCTb aMILIHTYJbl BHIHYKJEHHBIX KOJEGaHUE OT HYacTOTHI
BBHIHYKJAIOWel CHJIBl (HJTH, YTO TO K€ CaMoe, OT YaCTOTHl KoJeOaHHH)
nokasaHa rpaguueckd Ha puc. 60.3. OrjenbHble KpHBLIE Ha rpadukxe
COOTBETCTBYIOT Pa3JIHYHHIM 3HAayeHHsIM mapamerpa f. B coorBercTBHH
¢ (60.17) u (60.18), uem meHblue f, TeM BhIIIE ¥ NpaBee JIEKHUT MaKCH-
MyM JaHHOH kpuBoi. Ilpu oueHb GosiblIOM 3aTyXaHHWu (TaKOM, 4TO
2p*>w;) BBIPaXKEHHE )15 PE30HAHCHOM YaCTOTHI CTAHOBHTCH MHHMBIM.
D710 03HAyaeT, YTO NpPH 3THX YCJOBHSX PE30HAHC HE HAGJIONAeTCs —
C yBeJIMYEHHEM YacTOTHl amil-
JIUTYAA BBEIHYIKJIEHHBIX KoJeha-
HHH MOHOTOHHO YOBIBaeTr (CM.
HUXKHIOIO KDHBYIO Ha pHC.
B.<f,<fs 60.3). M3o6pakeHHasi Ha pHuC.
60.3 CcOBOKYMHOCTE TrpaduKOB
dyHkuuM (60.14), coorBeTcTBY-
IOUMX PAa3JIHYHBIM 3HaYeHHSIM
napamerpa f3,HasplBaercs p e-
30HAHCHBIMH KPHBBHIMH.
Ilo mnoBomy pe3oHaHCHBIX
KPUBBEIX MOXKHO ClieJIaTh elle
chenywue  3ameyanus, Ilpu
CTPEMJIEHHH ® K HYJIIO BCE KPH-
BBIE NPHXOAAT K OAHOMY H TO-
My JKe, OTJIMYHOMY OT HYJsl, NpeJeJbHOMY 3HaueHHWIO, PABHOMY
Fo/moi, 1. e. Fo/k. D10 3HaueHHe NPEACTABIAET COOOH CMeHeHHe
H3 IIOJIOXKEHHS] PABHOBECHS, KOTOpOe MOJyyaeT CHCTeMa Iof JeHCTBHEM
NOCTOSSHHOH CHJIBI BEeJHUYHHBL Fo. IIpH cTrpemyieHHH ® K GeCKOHEYHOCTH
BCE KPHBbLIE aCHMITOTHYECKH CTPEMSTCST K HYJIIO, TaK Kak Npu GOJIbLION
YacToTe CHJla TaK OBICTPO H3MEHsieT CBOe HampapJieHHe, 4TO cHCTeMa
HE YCNEeBaeT S8aMeTHO CMECTHThbCSl M3 NOJIOXKEHHs paBHoBecHs. Hako-
Hell, OTMETHM, YTO YeM MeHblIe B, TeM CHJIbHee H3MEHSETCs C YacTOTOM
amnauTyna BOJM3M pE30HaHCAa, TEM «OCTpee» MOJNy4yaeTcsi MaKCHMYM.
N3 dopmyast (60.18) BhiTekaer, 4TO NPH MaJjioM 3aTyXaHHH (T. e.
npn B<K®,) aMIIIMTY[a IpPH PE30HAHCE NPHUOJHIKEHHO paBHA

Folm
(e
pes 7 2Ba, *

(60.18)

Apeg =

ap

T

4 J cu;” Wy @

Prc. 60.3.

Pasnenum sto BEIpaXKCHHE Ha CMEIICHHE X, OT M0JIOXKEHHS DaBHOBECHS
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oA JIefCTBHEM MOCTOSHHOM cWJel Fo, paBHOe Fo/mw;. B pesynbrate
[OJIYYHM:

4 ppa ey S g e oy (60.19)

(cM. dopmyay (58.10)). Tarum oOpasoM, AOGPOTHOCTE Q NOKA3LIBAET,
BO CKOJIbKO Pa3 aMIVIHTYyJa B MOMEHT PE30HAHCa NPEBHIIAET CMCIIEHHUE
CHCTEMBL M3 NOJIOMKEHHsI PaBHOBECHSI MO JAECHCTBHEM NOCTOSIHHON CHJIBL
TOi K€ BeJHYMHbLI, YTO M aMIUIUTYAA BHIHYKJAKOLIEH CHJbI (3TO crpa-
BEJVIMBO JIHIUb [PH HeOOMbLIOM 3aTyXaHUH).

W3 puc. 60.1 BuaHO, UTO BHIHYXK[EHHBIE KOJieGaHHsI OTCTAIOT IO
¢ase OT BHIHYXKJAIOUIEH CHJIEI, NPHYEM BeJHYMHA OTCTABAHMSA @ JIEKUT
B npenenax ot 0 Jo 5. 3aBHCHMOCTb @ OT © TPH PasHHIX 3HAYeHHsX
foKazaHa rpaguueckd Ha pHC. . - -
60.4. Yacrore ®, COOTBETCTBYET - £
@=2a/2. Pe3oHaHCHasi 4aCToTa * ;
MeHblle  COOCTBEHHOM  (cM. @
(60.17)). CnenoBaTeslbHO, B MO-
MeHT pesoHanca @<<n/2. Ilpu

C1a00M BaTYXaHHH Wy~ Mg, _;g

H 3HaYCHHE @ INpPH pEe30HaHCe

MOXKHO CYMTATH PAaBHHEIM TU/2. =030,
C siBNeHHeM pe3oHaHca B=0law),

NPUXOAMTCS CUUTAThCS OpPH B=G05wy,

KOHCTPDYMPOB2HHH MallHH K
a3/TMYHOr0 POJA COOPYIKEHHH. :
(Eloﬁcmenﬁaﬂp '-IaCTOTapyKOJIeﬁa- aq 7 Gy Z
HUE 5THX YCTPOHCTB HH B KOEM Puc. 60.4.

cayyae He JIoMKHA OpITh OJIM3Ka

K 4acToTe BO3MOXKHLIX BHEIHMX Bosjeficreuil, Tak, Hampumep, co6CT-
BeHHAsl YacToTa BHOpauuil Kopryca KopabJssi HJH KPbUIbeB camoJera
JOJDKHA CHJILHO OTJIHYAaTLCSi OT 4AcTOThl KoJieGaHWil, KOTOpHE MOrYT
ObITh BO30YK/ACHB! BpailieHHeM rpeGHOoro BUHTA HJIH MPONEJJIcpa. B npo-
THBHOM C/yuyae BO3HHKAIOT BHOpaluM, KOTOpPbie MOTYT BBI3BaTb Kara-

- crpody. MsBecTHel cayuad, Korja oOOpYyLUHBajiHCh MOCTBL NpH IIPO-

XOKIEHHH M0 HHM MapLIMPYIOLIMX KOJOHH COJZAT. DTO MNPOKCXOMMJIO
NOTOMY, 4YTO COOCTBEHHAf 4acToTa KojieGaHMii MOCTa OKaspiBajiach
6JIM3KOM K 4aCTOTe, C KOTOPOH 1Iaraja KOJIOHHA.

Bmecte ¢ TeM ABJEHHME pesOHAHCA YacTO OKasplBaeTcsi BeCbMa MO~
JIE3HBIM, OCOGEHHO B aKYCTHKE, PajHOTeXHHKE H T, M.

§ 61. ITapameTpHueCKni pe3oHAHC

B paccmMOTpeHHOM B NpejbliylieM naparpade ciyyae npH/oxeHHas
W3BHE BBHIHYXKAAIONasl CHJIAa OOYCJIOBJHBAJIA HENOCPEACTBEHHO CMelle-
HHE CHCTeMBI M3 HOJIOXKEeHHs papHoBecHsi, OKaspiBaercsi, CyllecTBYET
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HHOH BHJ BO3/IeHCTBHS HM3BHE, C MOMOUIbIO KOTOPOrO MOXHO CHJIBHO
packayaTh CHCTEMY. DTOT BHJ BO3IEHCTBHS 3aK/IOYaeTCs B COBepLiae-
MOM B TaKT C KOJIeGaHHSMH NEPHOAHYECKOM H3MEHEHHH KaKoro-Jiu-
: 60 mapameTpa CHCTEMEBI, BCJENCTBHE Yero camo
SIBJIEHHE Ha3piBaeTcss NMapaMeEeTpPHYECKHM

3\ pe3oHaHCOM.
FAR BosbMmeM JUIsi mpHMepa MPOCTEHIIHH MasTHHK—
1 IIapuK Ha HHTKe., EciH nepHOAHYEcKH H3MEHSATH
/ \ LJMHY MasiTHHKa [, yBeJHYHBas ee B MOMEHTHI,
/ \ KOrjfla MasiTHHK HaXONWTCS B KpaflHHX MoJoxe-
/ R HHSIX, H YMeHbllas, B MOMEHTHI, KOIjla MasiTHHK
P A HaxoNMTCH B CpefHeM mosoxeHuH (pHc. 61.1),
Kl _/‘K__A}; TO MasiTHHK CHJBHO packagaercs. Y BeJHdeHHe
2 4 SHEPru¥ MasiTHHKa NpH 3TOM NPOHCXONHMT 3a CHeT
Puc. 61.1. paboThl, KOTOPYIO COBeplLuaeT cCuJia, AeAcTByromas

Ha HuTb. CHJla HaTsKeHHs HHTH NpPH KoJebaHHsmX
MasgTHUKA HE IOCTOSHHA: OHA MEHbIIE B KpalHHUX MOJIOXKEHHAX,
KOTZla CKOpocTh obpaniaercsi B HyJb, H OoJIbIE B CPEHEM IOJOXKe-
HHMH, KOTJla CKOPOCTh MasiTHHKa MaKcHMaJbHa. Ilostomy oTpHuaresb-
Hast paboTa BHEWIHEH CHJAB NPH YAJMHEHHH MasiTHHKA OKasblBaeTCs
MEHBbIlIe M0 BeJJHYHHE, YeM TMOJIOXKHTeNbHasi pabora, coBepiliaeMasi MpH
YKOpOUEHHH MasTHHKa. B wHrore pa6ora BHELIHEH CHJIBI 33 NEPHOL
OKa3spiBaeTcs 6oJbllIE HYJISA.

'TABA VIII
PEJIATUBHCTCKASI MEXAHHKA

§ 62, CneupanbHas TEOPHS OTHOCHTEJILHOCTH

B § 6 6puto OTMEYeHO, YTO HBIOTOHOBCKAsi MEXaHHKa ClpaBeljiuBa
TOJBKO IJIS TeJ, JABHKYIIMXCA CO CKOPOCTSIMH, MHOIO MEHBLUHMH CKO-
POCTH CBETa B BaKyyme (3Ty CKOpOCTb NPHHATO 0603Ha49aTh GYKBOH ).
Jins onucaHHsi ABHXKEHHH, COBEPIIAIOIHXCS CO CKOPOCTSIMH, CpaBHH-
MBIMH C ¢, DHHIITEHH CO3/lajl PeNsiTHBHCTCKYIO MEXaHHKY, T. €, MeXa-

'HHKY, Y4YHUTHIBAIOULYIO TPeGOBaHMS CIENHasJbHOH TEOPUH OTHOCHTENb-

HOCTH.

Cosnannas iHwreiinom B 1905 r. crennanbHas TeOpHs OTHOCH-
TEJLHOCTH IMPEACTaBiAseT co0OH (H3HYECKYIO TEOPHIO NpPOCTPAHCTBA
H BpeMeHM IJisfi cjlyyasi NpeHeOpeXXMMO CJ1aGeIX rpaBHTAlMOHHBIX I10-
Jieit ). OcHOBY 3TOfi TeOpHH 00pasyroT JBa NOCTYJaTa, KOTOPLIE HOCAT
HasBaHHs NPHHIUHUNA OTHOCHTEJbBHOCTH DHHII-
TefiHa M OpPHHIOHNA NOCTOSHCTBAa CKOPOCTH
CBETa.

IIpuHUHN OTHOCHTENLHOCTH ODfHIUTEHiHa SBIsSETCs paclnpocTpaHe-
HueM MexaHuueckoro npuHuuna anunes (cM. § 12) Ha Bce 6e3 HCKIIO-
UeHHs] (pusnueckue sejeHus. COrJIacHO 3TOMY TPHHUMIY 6Ce 3aKOHb
npupodsl 0OUHAKOEbL 60 6CEX UHEPYUANbHBIX cucmemax omcyema. Heus-
MEHHOCTH BHJA YpaBHEHHS NpH 3aMeHe B HeM KOOpJAHMHAT H BPEMEHH
OLHOH CHCTEMBI OTCYETa KOODAMHATAMH H BpEMeHeM JPYIroH CHCTEMBI
HasplBaeTcsi HHBapHaHTHOCT b0 ypaBHenus. [losromy npus-
LHN OTHOCHTEJILHOCTH MOXKHO COpPMYJIHPOBATh CJAERYIONIHM OOpasoM:
YpasHeHus, eblpajcaroujie 3aKOHbL NPUpoobl, UHBAPUAHMIKEL NO OMHO-
weru K npeobpasosanusim KoopouHam u epemeru om 00HOL urHepyu-
aabHOl cucmembl omcdema K Opyeoll.

[TpuHUMN NMOCTOSIHCTBA CKOPOCTH CBETa YTBEPXKMAET, YTO CKOpOCHb
ceema 6 eaKyyme 0OUHAKOBA B0 BCeX UHEPYUQNbHLLY, CUCTNEMAX OMCuema U
He sasucum om O8usKeHuUs UCMOYHUKOS U NPUEMHUKOS ceema ®).

1) B 1915 r. DiiHwreliH Co3/an OCHOBHI OGIIefi TeOPHH OTHOCHTENBHOCTH, KO-
Topasi mpeAcTaBaseT coGoff TEOPHIO TATOTEHHH.

2) Onmr Mafikenscona  MopaH, MoATBepAHBWIKA CNpaBelJIHBOCTD STOrO MPHH-
una, GyJeT omucaH BO BTOPOM TOMe Kypca.
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3 chopMyHPOBaHHEIX BEIILE [OCTYJATOB BLITEKAET PAJA BasKHEIX
BLIBOZIOB, KacaloIMXCsl CBOHCTB IPOCTPAHCTBA M BpeMeHH. B HbioTO-
HOBCKOM MEXaHHKe NpPOCTPAHCTBO W BpeMsi PacCMaTpHBAJUCh HE3aBH-
CHMO Jpyr oT zApyra. HbIOTOH cuuTan, yTo CyilecTBYIOT aGCOJIOTHOE
MPOCTPAHCTBO M abCoNOTHOe Bpemsi, AGCOJIOTHOE NPOCTPAHCTBO Omnpe-
AeNANOCh UM KaK Ge30THOCHTeNIbHOe K uYeMy-JHGO BHELIHeMY BMECTH-
JIMLIE Bellei, ocraromieecsl BCerja OAMHAKOBLEIM U HenoABmKHEIM. O Bpe-
meHd HeloTon nucan: «AGCOMIOTHOE, WCTHHHOE WJIM MaTeMaTHYecKoe

’
H K N

Vod
2 T
1 L

Puc. 62.1.

BpeMst caMo 110 ceGe M B CHJIY CBOEI BHYTpeHHeH NPHPOAE! TeUeT PaBHO-
MEepHO, GE30THOCHTEJILHO K HeMy-JHGO BHeluHemy». B coorsercTBuH
C STHM CYHTaJ/IOCh COBEPLIEHHO OYEBHIHBLIM, YTO JBa COOLITHSI, OLHOBpE-
MEeHHble B KaKOH-JH6O cHcTeme oTcuera, OyAyT OAHOBPEMEHHLIMH H
BO BCEX OCTaJIbHBIX cHcTeMax orcyera. OfHAKO JIerKo y6eauThCs B TOM,
YTO NOCJEAHEE YTBEPHKJIEHHE HAXOAUTCS B NMPOTHBOPEUHH C NPHHIMIOM
NOCTOSIHCTBA CKOPOCTH CBETa.

Bosbmem apa Teana K u K’', o6pasyouyx BMecTe C COOTBETCTBYIO-
IIHMH YacaMH MHepIMaJibHBle cHcTeMsl oTcyera. Ilycre Teno K’ nBu-
JKETCs OTHOCHTENbHO Tejla K €O CKOPOCTBIO V,, HaNpaBJEHHOH BAOJbL
npsiMoif, NpoXonsiuel uepes uUeHTpHl Ted (puc. 62.1). INomectum na
3TOH MpsiMOK ABa Tesla M u N, paBHOyAaJieHHBHIX OoT Tesa K’'H coeiu-
HEHHBIX ¢ HUM kecTKo. OTHocHTeNBHO Tesa K 5TH Tena ABHIKYTCS CO
CKOPOCTBIO Vg, OTHOCHTENBbHO Tena K’ oHM mokosrtcs. PaccmorpuM B
06enx cHcTeMaX OJMH M TOT 2Xe NPOLECC, 3aKJ/HOYaIOWHUIICS B HCIYCKAHHH
U3 uedTpa Tena K’ CBeTOBOrO CHrHaJa M JIOCTHXKEHHH 3THM CHIHAJIOM

Test M i N. CROpoCTb cBeTa BO BCeX HaNpaBJeHHsIX OJMHAKOBA H paBHA |
c. Ilostomy B cucreme orcuera K' curHad Gyfier nocturath Tein M u N

B OLMH H TOT € MOMEHT BpeMeHH I’.
B cucreme orcyera K cBeT Takxke paclpoCTpaHseTcs MO BCEM Ha-

NpaBJieHHsAM CO CKOPOCTEIO ¢. B 3Tol cucreme Teno M apuzkercs Ha- .

BCTPedy cBeToBomy curHajy. Teso N jBMKeTcs B Ty k€ CTOPOHY, UTO
n curnan, Ilostomy Tesla M cHrHag JOCTHIHET paHblue, uem Tesa N,
H, CJIE0BaTeNbHO, Iy<<fy. Takum ofipasoM, COOHITHS, KOTOpPHE B CH-
creme K’ Gouiu OLHOBPEMEHHEIMH, B cucTeMe K OKasblBaOTCH HEONHO-
BpemeHHBIMH. OTciofia BHITEKaeT, YTO BDeMsi B PasHBIX CHCTEMax Of-
cyeTa TeuerT HEOJUHAaKOBO,

Y700 OnHCAaTh COGBITHE B HEKOTOPOH CHCTEME OTCYeTa, HYIKHO yKa-
34Th, B. KAKOM MeCTe M B KAKOH MOMEHT BPeMeHH OHO IPOHCXONHT. ITa
3aJiaya OKaxKeTCsl OCYIECTBUMOH, €CJH CO3[aTh B MPOCTPAHCTBE PaBHO-
OTCTOSIIHE KOOPJAHHATHEIE METKH U COBMECTHTH C Ka)KJIoHd TakoH Mer-
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KOM 9achbl, TI0 KOTOPEIM MOXHO OBLJIO Obl ONpPELeSHTH MOMEHT BPEMEHH,
B KOTODEIH NPOHCXOAUT COOBITHE B NaHHOM MecTe. KOOpAHHATHEIE METKH
MOXKHO HAHECTH IMyTeM IepeKJajibiBaHusi elMHHYHOro Maciuraba. B Ka-
YeCTBE JaCOB MOXKHO B3ATh JIOOYIO CHCTEMY, COBEPLIAIOLIYIO MepHOMIH-
YeCKH TIIOBTOpAIOLIUIicS mnpouecc. UToOsl CpaBHHBaTh MOMEHTHl Bpe-
MEHH, B KOTOpBHIE NMPOMCXOAAT ABa COOBITHS B PasHBIX TOYKaX IPOCT-
PaHCTBAa, HYXHO YOeAMThCS B TOM, YTO YacChl, HaXOASLIMECH B 3THUX
TOYKax, MAYT CHHXPOHHO.

CHHXPOHH3ALMIO MOXKHO, Ka3aJoch Obl, BHITOJHHTh, TOMECTHB YaCHl
cHayajla psiaOM, a 3aTeM, MOC/e CBEDKH HX IOKa3aHMIl, MepeHecTH
9ackl B COOTBETCTBYIOULHE TOYKH mpocTtpaHcTBa. OIHAaKO Tako¥ crocob
HY2KHO OTBEPrHyTh, TaK KaK MBI He 3HaeM, KaK MOBJHSET Ha XON YacOB
HX IepeHoc U3 ofHoro Mecrta B apyroe. ITostoMy Hy»KHO CHayaJja pac-
CTAaBHTb Yachl M0 MECTaM M JIMIUbL 3aTeM NPOU3BECTH CBEPKY HX MNOKa-
8aHUH. 3TO MOXHO CJleslaTh, NOCHIIasi OT ONHUX YaCcOB K APYTHM CBETO-
Bol curHaJ ). ITycte U3 Touku A noceliaercsi B MOMEHT #; (OTCYMTaH-
HbLH 110 YyacaMm B A) CBETOBOH CHTHaJI, KOTOPHI OTPaXkaeTcsi OT 3epKaJa,
MOMEIEHHOr0 B TOYKe B, U Bo3ppauaercs B A B MoMmeHT f,. Yacel B B
HYXKHO CYHTaTb CUHXPOHHBIMH C Yacamd B A, ecli B MOMEHT JIOXOXKJie-
HHUS IO HUX CMTHAJa yachl B B nokaselBaJiv BpeMms f, paBHoe (f;-4-1,)/2.
Taxyio cBepKy HEOOXORMMO MpOJeNaTh JAJIsi BCEX YacCOB, PAaCIOJOMKEH-
HBIX B pasHeiX ToyKax cucrembl K. CobpitHst B A U B GyAyT cuuTaThes
OIHOBDPEMEHHBIMM B cucTemMe K, eciH COOTBETCTBYIOI[HE HM OTCYETHI
BpPEMEeHH 1o yacam B A U B coBmamyT.

AHaJIOrMYHO MpPOHM3BOAKTCH CHHXPOHH3AlMs BCEX YacOB B CHCTEME
K’ u mo6oii Apyrofi HHepuHaabHoH cucreme orcyera. CKOPOCTb CBETO-
BOrO CHrHaJja, C MOMOIIBI KOTOPOTO OCYHIECTBISeTCs CHHXPOHH3aLHs,
BO BCceX HHEpPUHAJbHBIX CHCTEMaX OTCYeTa OAHA3 M Ta Ke. DTHM H o6yc-
JIOBJIeH BHIOOD B KayecTBe CHTHAJa JUIA CHHXPOHH3AaIlMH XOJa 4YacoB
HMEHHO CBETOBOro curxajia. OKasplBaeTcs, YTo CKOPOCTb CBeTa siBJIsieT-
cl npepenbHoi, HuKakol CcHrHajd, HHKaKoe BO3[eficTBHE OIHOro
TeJlda Ha [pyroe He MOrYT PAacnpOCTPaHSITbCA CO CKOPOCTHIO, NpPEBHI-
Hjaloniel CKopocTb CBeTa B IIyCTOTe. DTUM H 00BSICHAETCS OAHHAKOBOCTD
CKOPOCTH CBeTa B MYyCTOTE BO BceX cucreMax orcyera. CorsiaCHO IpHH-
UUIYy OTHOCHTEJHHOCTH 3aKOHBI NPHPOALl BO BCEX HHEpLHANbHBIX CH-
CTeMax JOJKHBI ObIThb ORMHAKOBHl. TOT (JakT, YTO CKOPOCThH CHIHAaJa
HE MOXKET NMpeBBIIAaTh NMPEIeIbHOTO 3HaYeHUs], €CTh TaK:Ke 3aKOH MNpH-
ponwl, ITosTomy 3HaueHHe npeleNbHOR CKOPOCTH JO/MKHO OLITH OfHHA-
KOBO BO BCEX CHCTEMaX OTCYEera.

[TocrosHcTBO CKOpOCTH CBeTa NMPHBOAUT K TOMY, YTO NPOCTPAHCTBO
H BpeMd OKAasplBAalOTCSl B3aMMOCBSI3aHHBIMH, 0O0pasysi eJHHOE MpOcCT-
PaHcTBO-BpeMsi. 9Ta B3aHMOCBA3b MOXKET OBITh NPEICTaB/JeHa OCOOEHHO
OTYETJIHBO C MOMOLIBI0 BOOGParKaeMOro YeTblpeXMepHOro poCcTpaHCTBa,

") IlpoBepka wacoB 1o pafHOCHCHANAM NpefCTaBAseT coBOl MO CYIIeCTBY TAaKYIO
CHHXPOHH3ALHIO,
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N0 TPEM OCAM KOTOPOrO OTKJAJBIBAIOTCA NPOCTPAHCTBEHHEIE KOOD/H-
HaThl X, Y M 2, a N0 YETBEPTOH OCH — BpeMs f, TOUHEe — MpONOpLUHO-
HaJbHasi ¢ BpeMeHHAs] KOOpAWHATa cf, MMelomas Ty e pasMepHOCTE,
YTO M MPOCTPAHCTBEHHBIE KOOPAMHATEL. ;

Kakoe-nu60o coGeiTie (HanpHmep, pacnaj HEKOTOPOH YacCTHIB) Xa-
PaKTepH3yeTcst MECTOM, A€ OHO INPOH30ULIO (KOOPAHHATAMH X, Y, 2),
H BpPEMEHEM #, Korjia OHO npousonlto. Takum 06pasoM, COBHITHIO OTBe-
YaeT B BOOOPAXXaeMOM YeThIpeXMEpPHOM NPOCTPAHCTBE TOYKA € KOOpJIH-
HATaMH X, Y, Z ¥ Cf. DTy TOYKY NPHHATO HAasHIBATb MU POBOH T O u-
K 0 #i. Besikoii yacTHiie (na)e HENOABHIKHOM) COOTBETCTBYET B YeThbipex-
MEPHOM NPOCTPAaHCTBE HEKOTOpast JIMHHsI, HasplBaeMass MU P O B O i
JUHMUEH (15 NoKosilueiicss 9aCTHILI OHA HMeeT BHJ npsiMOi JIUHHH,
napaJieIbHOH OcH cf). .

Wtak, npocTpaHCTBO M Bpemsi SIBJASIOTCS YACTSMH €IHHOrO LEJOro.
Oxnako BpeMsi KauecTBEHHO OTJIMYAeTCs OT NPOCTPAHCTBA. DTO NpOSB-
JISIeTCS B TOM, YTO BOOOpaxkaeMoe YeTbIpeXMEpPHOe MPOCTPAHCTBO OTJIH-
Yaercsi Mo CBOMM CBOHCTBaM OT OOBIYHOTO TPEXMEPHOro MPOCTPAHCTBA.
OG6biuHoe  NpPOCTPaHCTBO 0O6MafiaeT TaK HA3LIBAEMON, EBKJHAOBOM
MeTPHKOH. 310 o3HauaeT, 4TO KBajpaT paccrosinus Al Mexay AByMs
TOYKaMH pPaBEH CyMMe€ KBaJipaTOB Das3HOCTEll KOOPAMHAT:

Al2=Ax?+-Ay24-Aze,

KBanpar «paccrosigis» Mex1y ABYMs MHPOBBIMH TOYKamM (3To
«pPacCTOSTHHE» HashlBAOT M HTEpPBAaJ OM M OGO3HAYalOT CHMBO-
Jom As) ompepensiercst GopMyJioit

AsP=c? Af—Ax2—Ay?—Az> (62.1)

(cBoficTBa MHTepBala paccmaTpuBaioTcsi B § 65).

IpocTpanctBa, Al KOTOPHIX KBajpaT DACCTOSIHMSI ONpENeJIsiercs
¢dopmyJsioft Buaa (62.1), HasbBalOTCH MCeBAOEBKJHIOBLMH,
KauecTBeHHOE pas/HuuMe MeXJy BPEMEHeM M TpPOCTPaHCTBOM MpPOSIB-
JIIETCA B TOM, YTO KBaJIpaT BPEMEHHOH KOOPAMHATHI H KBajipaThl NpOCT-
PAHCTBEHHBIX KOODAMHAT BXOAAT B BelpaxeHue (62.1) ¢ pasHbiMH 3Ha-
KaMH.

B crenuanbHOi TEOPUH OTHOCHTENILHOCTH OCOBYIO pPOJib MIPAlOT Be-
JINUKHDI, SBJSOMMECT HHBAapPpHAHTHB MU 1O OTHOIIEHHIO K Mpe-
00pa30BaHHsIM KOOP/JHHAT H BPEMEHH OT OJ(HON HHEpIHAJIbHON CHCTEMBI
oTcyera K JpYroi (MHBIMH CJIOBaMH, BEJMYMHBLI, HMEIOLIME OJHHAKOBOE
YHCJIOBOE 3HauYeHHe BO BCeX WHEPIUHMAJbHBIX CHCTeMax orcyeta). OnHy
H3 TAKHX BEJIHYHH MBI y2Ke 3HaeM — 3TO CKOPOCTb CBeTa B IyCTOTe.
B § 65 Ml mokaxem, uTo ompefensiembiii Gopmy.ioi (62.1) mHTepBa
TaKXe sIBJISIeTCS] WHBAapHAaHTOM.

Ocobyio posib urpaior Takxke (GOPMyJE H COOTHOILIEHHS, HHBapH-
@QHTHBIE 110 OTHOLIGHWIO K YKa3aHHBIM BhbIllle Npeobpa3oBaHusaM (T. €.
HMEIOLLHE OJMHAKOBBIH BHJ BO BCEX MHEDPUHAJBHLIX CHCTEMAaX OTCYeTa).
Hanpumep, pensiTHBUCTCKHE BHIDaeHMsI AJIsi UMIYJbca M SHEPLHH
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ONpENeNIAITCA TAKUM 06pasoM, YTOOHE! 3aKOHBI COXPAHEHHS STHX BeJH-
yiH HEe HapyilaJIiCh MPH nepexofe K APYrod HHEpPLHAJbHOH cHucTeMe
orcyera. B xone sanbHefiIero HaoxXeH:s: Mbl NO3HAKOMHUMCSL C PSAOM
MWHBAapDUAHTHBIX BEJMYHH H COOTHOILEHHI,

§ 63. Ilpeobpasosanus Jlopenua

PaccmoTpuMm [Be HHepUMAJbHBIE CHCTEMBI OTCYeTa, KOTOPHIE MBI
o6osnaynM K u K’ (puc. 63.1). Ilycrb cucremMa K’ IBHKETCS OTHOCH-
TENBHO CHCTeMBI K cO CKOpOCTEIO V, *). Hanpasum ocu x M x' BHOJB
BEKTOPA Vo, OCH ¥ H ', @ TaKKe 2z H 2’ NPEANOJIOKHM NapaniebHEIMH
Apyr apyry.

B cuny npuHuuna oTHocuTeNbHOCTH cucTeMbl K # K’ COBEpLIEHHO
paBHONpaBHbl. EAuHCTBEHHOE (OPMajibHOE OTJIHYME HX 3aKJI0YaeTcs
B TOM, YTO OTCYHTaHHas B cucreMe K HKcoBas KoopAHHaTa Havana O’
cucreMbl K’ HM3MeHSi€TCA 110 3aKOHY

Xor = Uy, (63.1)

B TO BpeMsi KaK OTCYHTaHHas B chcreme K’ MKcOBasi KOODAHHATAa Ha-
yana O cucTeMbl K H3MEHSIETCSl [0 3aKOHY

Xo=—0gt". (63.2)

ST0 pa3nHYHe BHI3BAHO TeM, YTO HaNpaBJeHHs ocef X K X' MBI BHOpann

OJHHAKOBBIMH, a cHcTeMHl K u K’ .

JBHXXYTCSl APYI OTHOCHTEJBHO APYTa 4 L4

B NPOTHBONOJIOXKHLIX HaNpaBJIEHHSIX. P

[TosToMy npoOeKLHs OTHOCHTEJILHOM i "

CKODOCTH Ha OCb X CHCTeMbl K paBHa

U, 2 HA Ochb x' cuctemMs K’ pas- ol 4 _21% 8

Ha —7U),. o i gt
B HepensiTHBHCTCKOH MeXxaHHKe z z%

NEpeXofl OT KOOPJHMHAT M BPEMEHH Prc. 62.1.

OHOH HHEpIHANBbHOH CHCTEMBI OT-

CYeTa K KOOPAHHATaM H BpEeMEHH JApYy-

FO¥i MHepUHajbHOM CHCTEMBI OCYIIECTBJSETCS C MOMOIIBI0 NpeoGpaso-

Banuii lanunes (12.1). Mz stux npeoGpasoBaHHi BHITEKaeT 3aKOH

') HanoMHuM, YTO HHepUHaJbHON HaSHIBAETCS CHCTeMa OTCUETa, OTHOCHTENLHO
KOTOpO# CBOGOAHAA YacTHUa ABHKeTcs 6e3 yckopenus (eM. § 7). B § 12, onupasncs ua
npeoGpasosanua anuies, ME TOKa3aiH, 4To cHereMa K, IBHIKYIIAsCA OTHOCHTENBHO
HHepUHANBHOM cucTeMBl K € MOCTORHHOH CKOPOCTBIO Vo, B CBOIO OYepellb SIBJSIETCH
HHepuuaabHOH. B penaTHBHCTCKON MexaHHKe npeo6pasoBarus anunes HOMKHH GhiTh
8aMeHeHbl PYTHMH NpeoGpasoBaHUSMH, COIVIACYIOUMMHCS C MPHHUMIOM [IOCTOSHCTBA
ckopocti cBeta. OfHaKO $CHO, YTO, KaKuM OBl HH OBUT 3aKOH MPeOOPasOBAHHA NpH

- niepexofie oT cHcTeME! K K IBHXXYIIeHCS OTHOCHTENIBHO Hee C IOCTOSHHOH CKOPOCTBIO V,

cucreme K’, B clyuae, ecili CKOpOCTb YacTHUB! V B cHereMe K NOCTOSHHA, MOCTOSHHOM
Gyner u ckopocte V' B cucreme K'. CilefOBaTeNbHO, B B PENATHBHCTCKON MeXaHHKe
cHcrema K’, MBHXYIAsics OTHOCHTENbHO MHepUHAALHON cucTeMB K € moCTosHHOH
CKOpDOCTBIO Vg, TaKiKe OyJerT HHepUHAJBHOH,



222 [J1. VIII. PEJSITUBHCTCKASY MEXAHHKA

CJIOEeHHsI cKopocTel: v=v'4-v, (cM. dopmyay (12.3)). ror 3akoH
HaXOJHTCA B NPOTHBOPEUHH C IMPHHUMIOM IOCTOSHCTBA CKOPOCTH
cBera. JlefACTBHTENBHO, €Clii B cHcreMe K CBETOBOM CHIHAJ pacnpoct-
paHseTcs B HanpaBJIeHUH BEKTOPA Vo CO CKOPOCTHIO ¢, TO coracHo (12.3)
B cHcTeMe K CKOpPOCTb CHIHalla OKQXeTCsi PaBHOM ¢+, T. €. NpeB3oii-
zet ¢. Otciona cnenyer, uto npeo6pasoBaiusl [anuiesi HOJKHBL GBITh
3aMEHeHBl APYrHMH QopMysaMH. ITH (QOpMyJbl HETPYAHO Ha#TH.

B camom ofmem BHIe npeoGpasoBaHHsi KOOPJMHAT M BpPEMEHH OT
cucrembl K* K cucreme K BEINVISAAT CJACAYIOUHM OOpasoM:

x=fl: (x’, y'! 2’; t’)! y‘_‘“fz (x', y', 2’, tr)’
r ’ r r ' ' R 633
z:fa(xvy:z=f): tzf@.(xsysz!t)' ( }

M3 omHoponHocTH BpeMEHH M MPOCTPAHCTBA CJIELYET, YTO (OPMYJE
(63.3) mosKHBI GBLITH JHHEHHBIMH, T. €. HMETh BHJL

Xx=o,x" +ay +az' +a it +o, (63.4)
M T.J., THE Qjf, Oy, ... — KOHCTAHTH. COOTBETCTBEHHO
dx=oydx' o, dy’ + a;dz" 4, dt* (63.5)
¥ T. X JeficTBuTenbHo, cornacko (63.3)
Of Ty OF g L TR0 R ) OF ey
dx=3 dx’ + Lt ay 4 Tz 4 I gy (63.6)

HT. I

_ Ecaii B3siTh HEKOTOpEIE MPOMSBOJILHO BHOpaHHbe dx’, dy’, dz’ u
dt* B ToOuKe Xj, Y1, 21, t;, TO, nOjcTaBHB B (63.6) 3HaUEHHs IPOH3BOAHBIX
B JIaHHO¥! TOYKe, Mbl OJIYYHM IJIsI dX HEKOTOpOoe 3HaueHHe dx;. OJHaKO
B CHJIY OJHOPOJHOCTH NPOCTPAHCTBA H BpPEeMEHH B JIOGOH APYroi Tou-
Ke X3, Y3, 23, 15 IPH TeX 3Ke 3HaueHusx dx’, dy’, dz’, u df’ nomxuHo nony-
4aThes IS dx TaKoe XKe 3HaueHue, KaK U B NePBOii TOUKE, T. €. JO/KHO
OnTh dx,=dx;. To ke camoe NO/MKHO MMEThb MeCTO and dy, dz u di.
ITockoibky dx’, dy’, d2" u dt' 6blnH BEIGPaHE! COBEPLIEHHO NPOH3BOJIb-
HO, YKasaHHOe TpeCOBaHHe MOXKeT BBIMOJHATHCS JHIUL B TOM Chydae,
€CJIH MpoM3BOAHLIE Of;/0x’ M T. . He 3aBHCAT OT KOOPAMHAT, T. €. §IB-
JA10Tcs KoHcTaHTaMH. Orciona BhiTekaet (63.5), a 3atem u (63.4).

Ilpu yxasanHoM Ha puc. 63.1 BHI6OpE KOOPAMHATHHIX 0CEft MI0CKOCTh

y=0 coBnanaet ¢ miockoctrio Yy =0, a mMIOCcKoCTh 2=0 — C MIOCKOCTBIO
2'=0. Orcroza caepyer, 9To, HanpuMep, KOODAHMHATH y H Yy’ NOJIKHEL
obpamarbcs B HYJb OJHOBPEMEHHO, HE3aBHCHMO OT 3HAUEHMI APYIUX
KOOpAHHAT M BpeMeHH. ITosToMy y M y' MOryT GHITH CBASAHEI TOJIBKO
COOTHOLIEHHEM BHAA

2
_ y=ey,

riie € — KOHCTaHTa. B cuny pasHonpaBHOCTH crcteM K U K’ o6partHoe

COOTHOIIEHHE JOJIXKHO WMETh B,

y'=¢ey

§ 63. IIPEOBPASOBAHHS JIOPEHLIA 223

C TeM e 3HayeHHeM KOHCTaHTHI €, YTO U B NepBoM cay4yae. ITepeMHOXKHB
o0a COOTHOILEHHd, NOJY4YHM, YTO €2=1, oTKyaa e=--1. 3HaK mmoc
COOTBETCTBYET OAMHAKOBO HaNpaBJIeHHLIM OCAM ¥ H y', 3HaK MHHYC —
NPOTHBOMOJIOKHO HanpasJjeHHbIM. HanpaBWB ocH OAMHAKOBBIM 06pa-
30M, MOJIYYHM

y=y" (63.7)
AHaJIOTHYHEIE pacCyXJeHHA NPHBOJAT K dopmyse
2=z (63.8)

OO0paTHMCSl K HaXOXIeHHI0 npeobpasoBanuit jist x ¥ £. U3 (63.7)
u (63.8) cnenyer, uTo 3HaYeHHS Y W z He 3aBHCAT OoT X' U ¢'. OTCcioa BEI-
TEKaeT, YTO 3HayeHHus! X' ¥ ’ He MOI'YT 3aBHCETh OT ¥ H 2; COOTBETCTBEHHO

'8HAaYeHHs X M { He MOryT 3aBHceTb OT ¥’ M 2’. Takum obpasom, x u ¢

MOTyT ORITh JHHEHHBIMH (QYHKLHSAMH TOJBbKO x" ¥ .

Hayano koopaunar O cucreMbl K HmeeT KoopaueaTy x=0 B cucTeme
K u x'=—uv,t"B cucreme K’ (cm. (63.2)). CiiefoBarenbHo, BEIpaXKeHHe
(x"+vot’) moykHO 06pamaThcs B HYJIb OJJHOBPEMEHHO C KOOPAHHATOMH .X.
Jns sToro jHHeiiHOe npeoOpa3oBaHHE NO/KHO HMETb BHJ

K=y (¢'+-0st'), (63.9)

rle y — HeKoTopasi KOHCTaHTa.
Ananoruyso, Hayano KoopauHaT O cuctembt K' HMeeT KOOpAHHATY
x'=0 B cucreme K’ u x=u,t B cucreme K (cm. (63.1)). Otcioga caenyer,

yTO
x' =y (x—v,t). (63.10)

Wz paBronpaeus cucrem K u K’ BHTeKaer, YT0 KO3(QpHIHEHT nponop-
IHOHAJIBEHOCTH B ODOMX CJIyyasXx Jo/KeH ObITh OJUH H TOT Ke.

st HaxoxjaeHuss KO3DHUUHEHTa 7§ HCHONb3yeM NPHHLKII MOCTO-
AHCTBA CKOPOCTH cBera. HauHeM oTcyeT BpeMeHH B OOEHX CHCTEMaXx
OT TOro MOMEHTa, KOIJla HX Hayana KoopAuHar coBmapgator. Ilycrb
B MOMeHT {=¢'=(0 B HampaBJIeHHH Oceif ¥ W X' IOCHIaeTcsi CBETOBOH
CHTHaJI, KOTOpBIH NPOHSBOAHT BCHBLIUKY CBeTa HAa 3KpaHe, pacnoJo-
2KEHHOM B TOYKE C KOOpAHHATOH x B cucreme K M ¢ KoopjauHatoi x'
B cucreme K’'. D10 COOGHITHE (BCHBILIKA) OMHCHLIBAETCS KOOPAMHATOH X
H MoMeHToM ! B cucTeMe K M KOOpAWHATON X" M MOMEHTOM {' B cHcTeMe
K', npuuem

W=rh0 Xi=Ccl"

Noxcrasus atu sHauenus x U x' B dopmyel (63.9) u (63.10), momyuum
ct =7 (ct' +vt') =7y (c+vy) ¢,
ct' =y (ct—uvt) =7y (c—,) t.
ITepemHOXHB 00a COOTHOIUIEHHS, HNPHIEM K YypaBHEHHIO
c? =2 (c*—1p).
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Orciona =
1

=——, Wiy 63.11
V== | (63.11)

IToncTaHOBKa 3TOro 3HayenHs B (63.9) npHBORHMT K dopmyJie

x' ot

X 63 12
Vl —uvafc? ( )

dopmyaa (63.12) no3BoasieT N0 H3BECTHEIM 3HAYEHHSIM x" u ¢’ HaliTH
sHaueHHe x. UTo6Hl NOJy4YHTh GOPMYJY, NO3BOMSIOHYIO N0 H3BECTHBIM
sHaueHHsM x° W {' HaiiTH 3HadeHue f, uckJounm u3 (63.9) u (63.10)
KOODJHHATY X H PaspellHM MOJYYHBILIEECsi COOTHOLICHHE OTHOCHTEJBHO
{. B pesyxabrare noJyuHMm
1
—3)]-

t=y[r 5
IoacranoBka sHauenus (63.11) aas y npnaoﬁm K caenylomeii gopmyJie:
ot @) X (63.13)

V1 —uoi/c :
CoBoxynHocTb  opmya (63.7), (63.8) (63.12), u (63.13) Hocut

HasBaHWe mpeoGpa3oBaHu it JlopeHua Ecau npumeHHts
obuienpuHaTOe O003HaueHHE

B=uv,/c, (63.14)
npeoOpasoBanus JlopeHua npuMyT BHI
o sk Bl Shpe e Koy e Rcds (bie) o ,
X = y=19"" z=2""t =il (63.15)

Ilc ¢opmysnam (63.15) ocymecTBisieTcsi nepexoj OT KOOPAHHAT H
BpEMeHH, OTCYHTAHHBIX B cucTeme K', K KOOpAMHATaM H BpPEMEHH, OT-
cunrtanHeM B cucteme K (kopoue, nmepexon oT cuctemsl K’ K cucteme K).
Ecnu paspemntb ypaBHeHHs (63.15) OTHOCHTE/NBHO IITPHXOBAHHBIX
BeJIMYHH, MOJYdarTcsi (OpMyJIbl npeo6pasoBaHus s Mepexoaa OT
cucteml K K cucreme K':

Kak ¥ C/JeIOBAJ0 OXHAATh, YYMTHIBasi PABHOIPABHOCTH cucteM K
u K’, ¢opmyssl (63.16) oramyarores ot opmyat (63.15) ToNBKO 3HAKOM
opu P, T. e. OpH v,. \
JIerko MoHsTh, uTo B ciydae veLc (1. . p<K1) npeobpasoBanus Jlo-
peHna mepexonar B npeoGpasosanus lanuses (cm. (12.1)). Taxnm 06-
pasoM, npeoGpasoBanus ['annsiess COXpaHSIOT 3HAUEHHE IS cKopocTet,
MaJBIX 110 CPaBHEHHIO CO CKOPOCTBIO CBETa B IyCTOTE.

Tlpu v,>c Brpaxenus (63.15) u (63.16) nas x, ¢, x" 1 ¢ craHOBATCA
MHHMBIMH, DTO COrJiacyercsi ¢ TeM, YTO JBHIKEHHe cO CKOpPOCTbIO, Mpe-

i'“‘_f
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BHILIAIOLIEH CKOPOCTb CBeTa B NycroTe, HeBosMOxHO. Henbss naxe
NOJbH30BATECH CHCTEMOH OTcuera, ABWXKYILEHCH CO CKOPOCTBIO €, TaK
KaK NPH Uo=C B 3HaMeHaTeJsx (GOpMyJ JJisi X H [ Nojyyaercs HyJb.

[NpeoGpasoBanysi JlopeHua HMEIOT OCOGEHHO NPOCTOH M CHMMETpHY-
HBlil BHJI, €CJIM MHCATh X He ANt X U £, a AJs x U (¢f), T. €. JJIs BeJIH4YHH
OIMHAKOBOH pasMepHOCTH. B sTom ciyuae dopmyJsl (63.15) BEINIALAT
caenylouM obpasom:

_ X' +-B(et) ct’)+Px
®opmyaint (63.17) nerko 3anoMHMTh, NPUHSIB BO BIHHMAHHE, 49TO Mep-

Bas M3 HUX OTJHUAETCS OT «OYEBHIHOH» (QOPMYJBI X=X'-+Uel’ HaJH-
yleM B 3HAMEHATeJ€ XapaKTepHOro i pEeNATHBHCTCKHX (opMyJl

puipaxkenus ) 1—B2 Ilocnennss QopmyJaa nosnydaercs H3 nepBo#H,
ecly NOMeHsITb MectaMu x' u ct’.

-

—

X

y=y', z=2, ()= (63.17)

§ 64. Caencrsus u3 npeobpasosanuit Jlopenua

U3 npeoGpasosauuii JIopeHla BHITEKaeT Dsifi HEOOBIYHBIX C TOYKHM
3pEHUSI HBIOTOHOBCKOH MEXaHUKU CJIeJICTBHIL.

OnHOBPEMEHHOCTb COOBITHH B PasHBIX CHCTEMax OTCHeTa. [Tycetb
B cucreme K B TOYKax C KOOpAHHATaMH Xj H X MPOHCXOAAT OAHOBpE-
MEHHO fJBa COOBITHS B MOMEHT Bpe- k

Rt

Menu #,=1,=>b. CorJiacHo nocJjeaHei
u3 ¢opmya (63.16) B cucreme K’ KoK
STHM COOHITHSIM OYyAyT COOTBETCTBO-

B4aTh MOMEHTBElI BPEMEHH ol o vo iz Z5

g b= ®Ox . b=/ B AN z z 2
Vi—gp '’ A=t z z '

M3 stix ¢opmys1 BHIHO, 4TO B CJIy- Puc. 64.1.

yae, ecyii coGLITHA B chucreme K npo-

CTPaHCTBEHHO Pa300LIEHE! (X;75X,), TO B CHCTEME K’ onu He GyayT OJHO-
BpPEMEHHBIMH (#;7<f;). 3HAK PasHOCTH f;—1; ONpejensiercsi 3HaAKOM Bbl-
paxenusi (B/c) (xi—xz); CleJOBaTENbHO, B Pa3HBIX CHCTEMax K’ (npu
pasubix f) pasHocThb {;—f, OyAeT pasiHyHa O BEJHYHHE U MOXET OT-
JMYATHCS MO 3HAKY. DTO 03HAYaer, 4YTO B OJHMX CHCTEMax cobbiThe I
6yner NpeluiecTBoBaTh COCHITHIO 2, B JPYFHX CHCTEMax, HaoGopor,
cobbITHE 2 GYNET NpPEelecTBOBaTh COORITHIO 1. 3amMeTHM, YTO CKasaHHOe
OTHOCHTCA JIMIIB K COOBITHSIM, MEXAY KOTOPLIMH OTCYTCTBYET MpHYHH-
Hasi cBsi3b. [IpHUMHHO cBsi3aHHBIE COOBITHS (Hampumep, OpocaHue Kawm-
HS W majeHHe ero Ha 3eMmJ0) HH B ONHOH U3 CHCTeM oTcueTa HE OYAyT
OJHOBDEMEHHBIMM, H BO BCeX CHCTEMaX COObITHE, SIBJISIIOLIeeCs MpuuM-
Hoit, GyleT npejiecTBOBaTb CJeAcTBHIO. IlonpoCHee o6 3TOM oGyaer
peub B cleayiolieM naparpacge.
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JinMHa Ten B PasHBIX CHCTeMaxX. PaccMOTpHM CTepKeHb, pacrmolio. .

JKEHHBIH BIOJAB OCH X' M MOKOSILIMICS OTHOCHTEJbHO CHCTEMBI OTCYETA
K’ (puc. 64.1). IyuHa ero B 5TOi CHCTeME paBHa lo=x;—X;, THE X H
X, — He H3MeHsIoluecs co BpeMeHeM ¢ KOOPAHHATHL KOHUOB CTEPKHS.
OTHOCHTENbHO cHcTeMbl K CTepikeHb ABHIKETCS CO CKOPOCTBIO U==Uj.
Jlst onpeniesieHyisi €ro AJHHEL B STOH CHCTEME HYXKHO OTMETHTL KOOPJH-
HAThl KOHLIOB CTEPIKHS X; U X B ONMH H TOT XK€ MOMEHT BPEMEHH fi=
=f,=b. Ux pasHocTb [=xX,—X; AacT JJIMHY CTEpXHs, H3MEPEHHYIO
B cucteme K. UToOH HAaHTH COOTHOILEHME MeXAY [o ¥ [, Cliefyer B3aTb
Ty u3 ¢opmys npeobpasosanui Jlopenua, KOTOpas COACPIKHT XX
U £, T. e. nepBylo U3 ¢opmy (63.16). 3amenus B 5TOl QopmyJe B uepes
Uo/c, MOJNyYHM

’ xy—Ugb 5 Xo—Uob
X, = —= 20 y Xp= E : )
Vi1—ui/c? V 1—o%/c?
OTKyJa
r -’ Xo—X
X — o—¥

—lf l—r.!%_fc:2 {

Bocronb30oBaBIlHCh 0603HauyeHusiMH [ U [, @ TaKxe 3aMEHHB OTHOCH-
TeJBbHYIO CKOPOCTh CHCTEM OTCYETA Uy PABHOM €M CKOPOCTBIO U CTEPXKHS
OTHOCHTEJIbHO cHcTeMbl K, IPHAEM K COOTHOLICHHIO

=1V 1T—uvc. (64.1)

Takum o6pasoM, JJHHA CTEPXKHA [, U3MEpeHHasi B cHCTeMe, OTHOCH-
TENbHO KOTOPOL OH JBHIXKETCsl, OKa3blBAeTCs MEHbILe JUIMHEL [y, H3me-
PEHHOil B CHCTEMe, OTHOCHTEJIbHO KOTOPOH CTePXKEHB IIOKOHTCS *).

Eciu cTepiKeHb JJIHHBL [o==Xy—X;j OKOUTCSI OTHOCHTEJIBHO CHCTEMbI
K, To IS ONpeNiesieH sl ero JUIMHEL B cicreme K’ HY2KHO OTMETHTh KOOp-
JMHATEl KOHLOB X, M X B ONHH U TOT K€ MOMEHT BpemeHH f;=1;=0.
PasnocTh [=x;—X; JacT AJHHY cTepxkHs B chcreMe K', OTHOCHTENBHO
KOTOPOH OH JIBHXKETCsi CO CKOPOCThIO v. Mcrnonb3oBaB nepsoe M3 ypas-
nenuil (63.15), cHoBa mpuaeM K cooTHomenu (64.1).

3ameTHM, YTO B HANpaBJeHHH Oceil y U 2 pasMephl CTEPKHS OJUHA-
KOBbl BO BCeX CHCTeMax OTCYeTa,

Wrak, y ABMKYIMXCS TeJl pasMephl UX B HanpaBleHHH JIBHXKEHHS
COKPAIIAOTCA TeM 6oJblile, YeM GOoJblle CKOPOCTb ABMMKEHHs, 1O sIB-
JIeHWe HashlBAeTCsl JOp eHHmeBH M (WM (UTIWLKePaJbIOBEIM)
CoOKpameHHueM. JIOGONLITHO, YTO BH3yanbHO (WM Ha dororpa-
¢un) msMenenne GopMbl TeJ, Jaxe NPH CPaBHHMBIX C € CKOPOCTAX, HE
MoxeT ObTh OOHapyeHo. IlpHunHa 3Toro Becbma npocra. HaGnionas
BU3YaJbHO WM ¢oTorpadupyst Kakoe-nuGO TeNO, Mbl PErHCTPHPYEM
UMOYJbCH CBeTa OT PasHbIX y4YaCTKOB Tesa, JOCTHTIIHe OAHOBPEMEHHO

1) Unorpa mauHy [, W3MEpeHHYIO B CHCTeMe, OTHOCHTE/IbHO KOTOPOH CTepxeHb
MOKOUTCSH, HA3HIBANT COOGCTBEHHON AJHHOMN CTepKHA.
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ceTYaTKH ryasa uaM goronnactuHku. HenyckaloTes ke STH MMITYJIbChI
HeolHOBpeMeHHO. MMnyJsbesl or Gosee YHANEHHBIX yYacTKOB OblH
HCIYLIeHbl paHblle, yeM OT 6osiee GJIH3KUX y4acTKOB, TakuM o6pasom,
€CNM TeJIO JBMIKETCsl, Ha ceryaTKe IJasa HJiM Ha (POTOCHHMKE NoJjy-
yaeTcs MCKaXkeHHoe HaoOpaxenne Tena. CooTBETCTBYIOLIME pacyeTr
NOKA3LIBAET, YTO CJIEJCTBHEM YKa3aHHOrO MCKaXKeHHs GyleT KOMIeH-
cailisi JIOpeHLeBa COKpalleHus ), TaK YTo TeJa KaxyTcs He HCKaXKeH-
HBIMH, a JIMILB NoBepHYTHIMH. CiieoBaTebHO, TeNo chepruyecKoil GopMEI
Jiake TIpH GOJIBIINX CKOPOCTSIX JBMIKEHHSI OYJeT BOCIPHHHUMATHCA BH-
3yaJbHO KaK TeJo CPepHyecKoro ouepTaHHs.

IpomexyToK BpeMeHH Mexay coObiTHsiMH. ITycTh B OJIHOH H TOI e
TOuKe cHcrembl K NMpoHCXofsaT ABa coObiTs. IlepBoMy COGBITHIO COOT-
BETCTBYET B 3TOH CHCTeMEe KOOpAHHATA X;=d W MOMEHT BPeMeHH f;, BTO-
poMy COGHITHIO — KOOPAWHATA X;=a W MOMEHT BpemeHH f;. CorjiacHo
nocnenneit 3 gopmydt (63.15) 3THM COOBLITHAM COOTBETCTBYIOT B CHCTEME
K MOMeHTHI BpemeHH

HHedda Lo/ a

t: = —
; V 1—ui/c? 2 V1—dc
(Ml 3ameHnan B uepes vy/c). Orciona
ta—#
f _"'t='——...::....—*._'——‘ .
e e AT
BBepsi' o6osHauenns f,—fi=A¢ u f,—fh=At", nomyunm ¢opmyiry

r
e L e (64.2)
Vi—dilc:
KOTopasi CBA3bIBaeT NPOMEXYTKH BPEMEHH MeXKAY ABYMS COOBITHSIMH,
uamepenHbie B cucremax K u K'. Hanomuum, utd B cucreme K’ o6a
COObITHSI MPOUCXONSIT B OAHOU M TOH 2Ke TOYKe: X;=Xx,.

JlonycTuM, yTo 062 COOBITHSI MPOMCXOAST C OAHOH H TOH XKe YacTH-
ueH, Koropast NOKOUTCA B cucTteMe K’ W JIBUXKETCS OTHOCHTEJbHO CH-
cremMbl K CO CKOPOCTBIO U=0,. Torga Af' MOXHO TPaKTOBaTh Kak IIpo-
MEXYTOK BPEMEHH, H3MEPEHHBIH II0 YacaM, HEIOABH>KHBEIM OTHOCH-
TEJIbHO YACTHUBI, HJIM, WHBIMH CJIOBaMH, M3MEPEHHBIH IO yacam, ABHU-
KYIUMCsl BMECTE C yacTHHeH (MMeeTcsi B BHAY JABHXKEHHe IO OTHoLle-
HHIO K cricteme K). Bpewmsi, orcunTanHoe 1o yacam, ABHKYLIHMCS] BMECTE
C TeJIOM, Ha3blBaeTcsi CO6CTBEHHEB M BP eMe HeM 3Toro Tesa
¥ 0603Havaercs oObiuHO GyKBoit T. Takum o6pasom, Atf'=Az, C yuerom
sToro gopmyJie (64.2) MOXHO npuUAaTh BUJ

Ar=At YV T—0%c? (64.3)

1) Ecan G operueBa COKpalleHHst He GbT0, OHICTPO ABAMKYIIMECH TeJa JAOKHE
iUt Ghl NpeCTaBAATLCA BHTABYTHMH B HaNpaBJeHWH JBHIKEHHd,
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(MBI 3aMEHMJIH OTHOCHUTEJIbHYIO CKOPOCTh CHCIE€M OTCYeTa U, PaBHOH ei
CKOPOCTBIO U YacCTHIBI). ‘ '

Popmyaa (64.3) cesaspiBaeT cOGCTBEHHOE BpeMsi TeJla T C BPeMeHeM f,
OTCYHTAHHBLIM IO YacaM CHCTEMBI OTCYETa, OTHOCHTEJNBHO KOTOPOH Teso
ABHIKETCS CO CKOPOCTBIO U (CaMHM 3TH Yackl ABHKYTCS OTHOCHTEJNLHO
Tena co cxopocthio —v). U3 (64.3) BuaHO, 4TO COGCTBEHHOE BpeMs
BCerjia MeHblle, yeM BpeMsl, OTCUHTAHHOE [0 Yacam, ABHKYLIHMCS OTHO-
cuTeIbHO Tesla. B ciepyromem naparpade Mbl NoKaxkeM, YTO COOCTBEH-
HOE BpeMsl eCTh HHBapHaHT (T. €. OAMHAKOBO BO BCEX CHCTEMAaX OTCYETa).

PaccmaTpuBasi NpouCXOASIHE C YacTHUEHR coOhITHS B cHcTeme K,
MOXXHO oOmnpefielHTb Af KaK NPOMEXYTOK BpPEMEHH, HM3MEPEHHBIH IO
HeNOJABHKHEIM yacaM, a AT — KakK NPOMEXYTOK BpeMEHH, H3MEepPEeHHbIH
Mo 4Yacam, ABHKYILHMMCS co ckopocThio o, Corsacuo (64.3) At<<Af;
NO3TOMY MOXKHO CKa3aTh, YTO JABHKYILUHECS 4achl HAYT MEJJICHHee, YeM
NOKOsiIIHecs: 4achl (MMeeTcst B BUAY, YTO BO BCEM, KpOME CKOPOCTH JIBH-
JKEHHsl, Yacbl COBEPLIEHHO HJIEHTHYHEI).

CootHoluerne (64.3) nosyuusio HeNnocpeACTBEHHOE SKCNepHMEeHTab-
HOe NoATBepxJieHHe, B coctaBe KOCMHYECKHX JIyyeH HMMEIOTCS YaCTHILBI,
HMEeHYyeMble [L-Me30HaMH HJIM MIOOHAMHU. DTH YaCTHIB! HeCTaOUJBHBI —
OHH DPAacnajarTCsi CaMONPOH3BOJILHO HA 3JIEKTPOH (MJIM MOSUTPOH) H
nBa HeHTpHHO. CpejiHee BpeMsl KM3HH, H3MEepPEHHOE B YCIOBHSIX, KOrJa
OHHM HEMOABHXKHBEI (MJIH JBHXKYTCS C MaJiOH CKOpOCTBHIO), COCTaBJISIET
okoso 2-107% c. Kasajock Obl, 4TO, Ja)Ke JIBUTasicb CO CKOPOCTHIO
CBeTa, MIOOHBI MOTYT MpPOMTH Juiub nyTh nopsigka 600 m. Onnako, Kak
NOKa3bIBAIOT HAGJIONEHMsI, MIOOHBI 00pasyloTcsi B KOCMHYECKHX Jydax
Ha Beicote 20—30 KM M yCHeBawT B 3HAYUTEJbHOM KOJMYECTBE JOCTUT-
HYThb 3eMHOH NoBepXHOCTH. D710 0ObBsACHsercs TeMm, 4yro 2-107¢ ¢ —
coOCTBEHHOE BpeMs :KM3HH MIOOHA, T. €. BpeMsi, H3MepeHHoe IO Yacam,
ABHXKYLIHMCA BMECTE C HHM., Bpel\{ﬁ, OTCUHTAHHOE I10 4Yacam SKCnepH-
MEeHTaTopa, CBsI3aHHOTO ¢ 3emJiel, OKas3plBaeTCsi ropasfao GOJbIUHM
(cM. dopmyay (64.3); v MiooHa Gnu3Ka K €). I109TOMY HET HHYEero yuu-
BHTEJIbHOTO B TOM, YTO 3TOT SKCHEPHMEHTATOp HalbJsiofaer npoGer M-
OHa, 3HauyHTeJbHO OGosbuiuit 600 M. OTMETHM, YTO C MO3HIHH HabJjIo-
naTessi, ABHAKYILErocs BMECTe C MIOOHOM, pacCTOsiHHe, NPoJeTaeMoe UM
JI0 MOBEpPXHOCTH 3eMyH, cokpaiaercss 1o 600 m (cm. dopmyay (64.1)),
TaK YTO MIOOH YyCNEBaeT NpoJieTeTh 3T0 paccrosiHue 3a 2-107° ¢,

§ 65, Hurepsan

B § 62 Gbl0 ykasano, YTO KaKIOMYy COOBITHIO MOXKHO COINOCTABHTD
B BOOOpa)XaeMoM YeThIPEeXMEPHOM IPOCTPAHCTBE MHPOBYIO TOYKY € KO-
opAMHaTaMH ci, X, y, 2. IlycTb onHO coGbITHE MMEET KOOpAMHATHI cly,
Xi, Y1, 21, APYroe — KOOPAMHATHL Cls, X3, Y2, 2. BBEIEeM 0003HAUCHHS:
t—bh=Al, x;—xi=Ax u T. 1. y ;

HanomnuM, 9TO BCIEACTBHE KaYeCTBEHHOIrO Pa3jHYHs MExNy Bpe-
MEHEM H INpPOCTPAHCTBOM KBaJpaT PasHOCTH BPEMEHHBIX KOOPIAMHAT

§ 65. MHTEPBAJI 229

(c AY)* w KBajpaThl PasHOCTEll NPOCTPAHCTBEHHLIX KOOPIHHAT Ax?,
Ay?, Az? BXOAST B BbIpa)keHWe JJIsi KBaJpaTa «pacCTOSIHHA» MEXIY
cOOLITHAMM (TOUHEE, MEXJIY OTBeYaloLIMMH COOBLITHSIM MHPOBBEIMH TOY-
KaMH) C pasHbIMH 3HaKaMH:

Ast=cAf—Ax*—Ay*—Az?. (65.1)

Onpenensiemast 370l (OPMYyJIOH BeJHYHHA As HasplBaeTcs M H T € p-
BaJOM MEX1y COOBITHSAMH.

Beensi paccrosaue Al=) Ax*-+Ay>-+Az* mexay TOYKaMH 00bLIY-
HOrO TPEXMEepHOro MPOCTPAHCTBA, B KOTOPHIX NpPOHM3OLLIM paccMaTpH-
BaeMbie COOBITHS, BhIpaXK€HHE JJIs MHTEepBaja MOXHO NpPEACTABHTHL

B BHUJE

As=V Atz —AL. (65.2)

Jlerko y6enuTbcsi B TOM, YTO HHTEpPBA/J MEXAY ABYMS HaHHBIMH CO-
GLITHSIMHA ONMHAKOB BO BCEX HHEPIHMANBbHBIX cHCTeMax orcyera. MimenHO
570 OGCTOSITEJLCTBO MOCTYKUJIO OCHOBAHHEM /sl TOrO, YTOOBI CYHTATh
ero aHaJIoroM paccrosiuusi Al MeXIy JABYMSI TOYKaMH B OOLIYHOM TpEX-
MepHOM npoctpancTBe (Al He H3MEHSIET CBOEro 3HAaYCHHs INpH IMEPEXOLE
OT ONHOil TPEXMEePHOH CHCTEMbi OTCYeTa K APYroii).

Iyctb B cucTeMe orcyera K KBajipaT HHTEpBa/a ONpEAe/saeTcs op-
myJsiol (65.1). Keampat uHTepBana MexIy TeMU e COGLITHSIMH B CH-
cteme K’ paBeH

As'2=ctAt">—Ax"*—Ay"2—Az"2, (65.3)

CorsiacHo ¢opmysam (63.16)
Ay’ o Ax—BeAt

ot e B

loncraBuB 5TH 3HayeHusi B Gopmyay (65.3), mocie HeCIOXKHBIX npeoo-
pasoBaHMil MOJYYHM, YTO As'2=c2At2—Ax>—Ay*—Az%, 1. €. 4TO

As’'2—=As?,

’ r :_Af—(ﬁf&‘) Ax
Ay :Ay, Az =A2, At ——'ﬁ'_'—ﬁa—.

Takum 06pasoM, WHTepBaJ SABASETCS WHBAPHAHTOM MO OTHOLICHHIO
K Mepexoy OT OJHOH HHEpLHAJbHOH CHCTEMbI OTCHETa K apyroii. B npe-
AbiAyieM naparpade Mpl BUIEJN, YTO NMPOMEXYTKH BPEMEHH At v pau-
Hbi Al 10 OTHOIIEHHIO K TAKOMY Nepexojly He sIBAAIOTCH HHBapHAHTaMH.
CliefoBaTeIbHO, KAMKAOE M3 ClaraeMelX, 06pasylolux BenmunHy As?=
—c2A{2—A[?, uaMeHsieTCS TIPH TEpPEXofie OT OJHOH CHCTEMBI K LPYTOH;
cama ke BeJuunHa As? OcTaeTcsi HeH3MEHHON.

ViHTepBa/ MeKXAY ABYMs COOBITHSIMH, MpPOMCLIEMIIHMH C HEKOTOpPOH
YacTHIeH, HaXOAHTCS B MPOCTOM COOTHOLIEHHH C NPOMEXYTKOM cobCT-
BEHHOTO BpEeMeHH MeXAy S5THMH coGbiTHsiMH. CorylacHO (64.3) npomexy-
TOK COGCTBEHHOrO BpeMeHH AT CBsidaH C NPOMEXYTKOM BpEMEHH At,
OTCYUMTAHHBIM 110 YacaM CHCTeMBI, OTHOCHTEJIbHO KOTOpOH yacTHua ABH-
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MeTcsi CO CKOPOCTBIO U, (opMyJIoH
At =AtV 1 —v¥c2.
[TpeoGpasyeM 3Ty GopMmyJy CIEAYIOUHM OOpasoM:

At=1 YV ERE—(AlE =V AP —AL.

3nech Al=v Af ecTb myTh, NpoxoauMbIi yacTuuel 3a Bpems Af. Cpas-
Henue c (65.2) paer, yro

At =L As, (65.4)

rae As — uHTEpBaJ MEXAY COOBITHSIMH, Pas[e/eHHBEIMH MPOMEXYTKOM
BpeMeHH AT,

U3 dopmyist (65.4) BbITEKaeT, YTO MPOMEXYTOK COOCTBEHHOrO Bpe-
MeHH NpPOMNOpPIHOHAJIEH HHTEpBaJly MEXKy coObtHamH. Murepsas sB-
nsiercs: uHBapuanToM. CieloBaTesIbHO, COOCTBEHHOE BPEMsI TaKxKe siB-
JIileTCs MHBAapUAHTOM, T. €. He 3aBHCHT OT TOro, B KaKOW CHCTeMe OT-
cyera HaGOJIOfaeTcs JBHKEHHE JAaHHOrO TeJa.

B coorsercreuu ¢ ¢opmyJioit (65.2) HHTEpBaJ MOXET ObITh BELIECT-
BeHHbIM (ecniu ¢ AF>AIl) qu6o mHHMBEIM (ecnu ¢ Af<TAl), B yacTHOM
clyuae MHTEPBaJ MOMET OKasaTbesi PaBHBIM HyJO (ecqn ¢ At=Al).
INocnenuuit cnyyal HMeeT MecTo AJis COOBITH, 3aKJIIOYAIOUMXCA B HC-
NyCKaHUH CBETOBOIO CHTHAJsa M3 TOYKH Xi, Y1, 21 B MOMEHT /; M NpHXoAe
STOrO CHrHaJia B TOUKY X3, Y2, 23 B MOMEHT Z,. [IOCKONIbKY B 3TOM CJly-
yae Al=c Af, uHTEepBaJ MEXAY COOBITHSIMH DaBEH HYJIO.

B CHJTy VMHBAPHAHTHOCTH HHTEpBAJ, BElIeCTBeHHbIH  (MHHMBbIi)
B ORHOH KaKoH-JIMOO cucreme orcueta K, OyJaeT BelECTBEHHBIM (MHH-
MBIM) B JIF0OO# Apyroii HHepuHMaJbHOU chcreme K.

B cayuae BelnecTBEHHOro HHTEpBaJa

c? Arr—Al2=c? At"*>—Al'*>0.

M3 3TOro COOTHOILEHHSI C/IEAYEeT, YTO MOXKHO HalTH Takyio cHcremy K,
B Koropoii Al'=0, T. e. 062 cOOLITHSI OKa3bIBAIOTCS MNPOCTPAHCTBEHHO
coBMellleHHEIMH, OJIHaKO He CYILIECTBYeT TaKOH CHCTEMBI OTCYeTa, B KO-
Topoll Opuio Gbi Af’=0 (npu Takom 3HaueHHH A{ HHTepBas CTaj Okl
MHHMBIM). TakuM ob6pa3oM, COOBITHS, pasfieJieHHbE BElEeCTBEHHEIM HH-
TE€pBaJIOM, HH B OJHOH W3 CHCTEM OTCYeTa He MOryT CT4Thb OJHOBPEMEH-
BeiMH. Ilo 3TOH DNpHYMHE BeIECTBEHHHIE HHTEPBaJbl Ha3bIBAIOTCS
BpEeMEHHNONOOHEL MH,

3ameTuM, 4T0 COOBITHS, MPOHCXOASILINE C OJIHOH H TOH K€ YacTHLEeH
(uMeeTcss B BHAY YacTHUA C OTJIHYHOH OT HYJsl Maccodl NOKos), MOTYT
ObITh pasfielieHHl TOJIBKO BPEMEHUIIONOOHLIM HHTepBaJsioM. JleficTBH-
TENBHO, CKOPOCTh TAaKOH YaCTHLBI U BCErJia MEHbILe ¢; CJIeNOBATE/b-
HO, nyThb -Al, NpoRAeHHLI YacTHLEH, MEHbIE ¢ Af, OTKy/d BBITEXaer,

§ 66." IPEOSPASOBAHHME U CJIOKEHHE CKOPOCTEM 231

g10 Asz>0. Cornacho nocaenneli u3 ¢opmya (63.16)

Apr Bt (Bro) Ax (65.5)

yassps
Eco npovexxyTki Af u Ax pasjiesisioT CoOHITHS, TPOHCIIENIIHE C TOM e
caMoll uacThuel, To Ax/At jaeT KOMNOHEHTY CKOPOCTH HacTHIbI U,.
[losTomy dopmyJiy (65.5) MOXKHO NpH 5TOM YCJIOBHM 3aHCATb B BUAE

r __ At—(B/c) (Ax/AY) M: At __@aYx\.
At' = Y i—p? Vi—p2 (l ﬁc)

[TockonbKy u P=0,/c, # U,/c MEHbIIE eINHALE, ckoGKa B NMpaBoil JacTH
paBeHcTBa Al Beex cucreM K' nosoxuTeJbHA. Orciopa cJ/enyer, 4To
anak A# OfMHAKOB cO 3HaKOM Af. 3TO 03HayaeT, YToO ABa cOOBITHS, NPO-
HCXONSIUME C HEKOTOPOil 4YacTHIEeH, BO BCEX CHCTEMaxX COBEpLIAIOTCH
B ONMHAKOBOH mocjefoBartenbHocTd. Hanpumep, pOXACHHME HACTHLEL
BO BCEX CHCTeMaxX OTCYeTa MpEejUIeCTBYET ee pacrnapy.

B cayyae MHMMOro HHTepBaJa

cArr—AlP=c?At'*—Al'2 < 0.

Otciofa BHTEKACT, 9TO MOXHO HafiTH Takyio cucremy K’, B KOTODOH
At'=0, T. e. 06a cOCLITHS NPONUCXOAAT B ONHH H TOT XK€ MOMEHT Bpe-
menu . OfHAKO He CYILECTBYeT TaKOH CHCTeMbl OTCYeTa, B KOTOPOH
6b110 Gt Al =0 (npu Takom 3Hauenuu Al’ uHTEpBan CTas 6Bl Belecr-
BenHbiM). TakuM oGpasoM, COObITHsI, pasielieHHbie MHHMbBIM HHTEpBa-
JIoM, HM B ONHON M3 CHCTeM OTCYeTa He MOryT OKa3aTbCsi MpOCTpaHCT:
BEHHO COBMEILEGHHEIMH, Ilo 3Toii mpuuMHE MHHUMBIC HHTEPBAJbl HA3hl-
BAlOTCS NPOCTPAHCTBEHHONOLOOHLIMH.

Paccrosinue Al Mexjy TOYKaMH, B KOTOPLIX INPOUCXOAST COOBITHS,
pasieieHHble  NPOCTPAHCTBEHHONONOOHBIM — HHTEPBAJIOM, npeBbillaeT
¢ Af. TlostoMy paccmaTpHBaemple COCbITHSI HHKAK HE MOryT OKasatb
BrustHME APYT Ha Apyra, T. €. HE MOryr ObiThb NPHYMHHO CBA3aH-
HbIMH ApYT C ApyroM (HamoMHHMM, YTO He CYUIECTBYET BO3JEHCTBH,
pacnpoCTPaHSAIOUIHXCS CO CKOPOCTHIO, GoJibllIell yeM C).

TIpHYKHHO CBS3aHHBIE COGBITHS MOTYT ObITb Pasfe/IeHbl JIMLIbL Bpe-
MEHHIOAOOHEIM JHOO HYJIEBBIM HHTEPBAJIOM.

§ 66. INpeoGpasoBaHue M ClOMeHHE cKopocTeH

PaccvMoTpHM JBHIKEHHe MaTepHasibHOM ToukH. B cucreme K nonoxe-
HUe TOYKH OTpeliesisieTcss B KaX<Iblii MOMEHT BPeMEHH ¢ KOOpAHHATaMH
X, Y, 2. Boipaxenus

dx dy dz

el RO T F R e T

TIPEZICTABSIOT COBO0f MPOSKIKH Ha OCH %, Y, 2 BEKTOPa CKOPOCTH TOTKH
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OTHOCHTEJIbHO cucTemel K. B cucreme K’ noJioxeHHe TOUKH XapaKTepH-
ayeTcst Ka}}{ﬂ}blﬁ MOMEHT BpemeHH ¢ KoopauHatamu x', y', z'. Ilpoek-
LMK Ha OCH X', ¥’, 2’ BEKTOpa CKOPOCTH TOYKH OTHOCHTEJbHO cHCTeME! K
ONPeJeNIAIOTCS BBIPaXKEHHSIMH

Lyl tebdi e K
U= U—gr. Y%=gr-

N3 dopmyn (63.15) BhITEeKaer, 4TO

dx’'|-v, dt’ dy—=dy', dz—dz’, di— dt "+ (vy/c?) dx’

Vi—de ' Vi—vilc

(ver 3amennsiy B yepes vy/c). PasnenuB nepBbie TP PaBeHCTBA Ha YeT-
BepTOe, MosyunM (opMyJasl MpeoGpasoBaHHsi CKOpOCTel MpH mepexose
OT OLHOM CHUCTEMBI OTCYETa K JAPYroOM:

dx =

SR vz}, __UJVI—U.?)’CQ 2V 1—ot/c?

. Pty R T s, T A A AN et A
1 vgv5/c? v 1 o/ 7% 14-vguy /c?
B cayuae, korma vgéc. cooTHoweHus (66.1) nepexoxsit B opmy.isl
C/I0KeHHs1 cKopocTed (12.2) KJaaccHyecKoit.MeXaHuKH.

%K (I]OpM}»‘JI (63.16) serko mosyuMTh BHIpaMEHHs IS CKOpOCTe
B cucteme K' yepes ckopocTH B cucreme K:
. Uy—Up

fiseasi o TN
Uy = iy Dy V 1 —vi/c? , v, VIi—uvie
1 —ugu,/c* ? Y I—ogu,/c® ' 27 1—ygu,/c®

(66.1)

. (66.2)

StH opmysiel oTHuaoTess oT Qopmydt (66.1) JMwb 3HaKOM mepen v
Takoii pesyJibTat, KOHEYHO, MOXKHO OBUIO NpeIBHIETH 3apanee. g
Ecanv Tesio nBmXeTcs mapasiiesibHO OCH X, ero CKOPOCTh 0 OTHOCH-
TEIbHO CHCTeMbl K COBNajiaer ¢ u,, a CKOPOCTb ¥’ OTHOCHTEJNbHO CH-
crembl K'—c v;. B 3TOM cilyyae 3akoH CJIOMEHHsI cKOpocTeil HMeer BIA
__ v'+u,

Iycte ckopocrs o' pasha c. Tor.
. aJnson
e P Aa x, oayuaercst 1o ¢popmyqie (66.3)

C+ Un

V=
I+uv.c/c?

=C,

1ot PE3y/IBTAT HE SIB/IAETCH YAWBHTEJbHLIM, TAK KaK B OCHOBE Mpeos-
pasoBaHmIi Jloperua (a crenoBaTesbHO, W (POpMYyJT CITOMKEHUs pvcxo-
pocCTeii) JIEXKHT yTBEpKAEHHEe, YTO CKOpPOCTh CBETa OJHHAaKOBa BO BCeX
cucremax orcuera. IlonoxusB B dopmyne (66.3) v'=v,=c, nomyuum
AN U TAKKe SHauyeHWe, paBHoe ¢. TakuM o6pasoMm, eciu ucxﬂéxtblstagmmle

CKOPOCTH ¥’ M U, HE NPEBHIIAIOT C
, TO M pe3yJbTHPyIoa
HE MOXET IpPEeBBICHTD C. SR

§ 67. PEJISTHBUCTCKOE BBIPAXXEHHE AJI51 HMITYJIbCA 233

§ 67. PensiTHBHCTCKOE BbipakeHWe ISl MMNYJbCa

YpaBHennsi HploTOHa MHBapUaHTHBI MO OTHOLIEHHIO K npeobpaso-
panusm Lamuies (cM. § 12). OpHako mo OTHOLIEHHIO K IpeoOpasoBa-
yusiv JIOpeHIa OHH OKa3blBalOTCsi HE MHBAaPHAHTHEIMH. B 4acTHOCTH,
He WHBAapHAHTEH 1O OTHOLIGHHIO K npeobpasoBanusiv JlopeHla BbITe-
KaolIHil 3 3aKOHOB HbIOTOHA 3aKOH COXpaHeHus HmnyJbca (eM. § 27).
Uto6hl yOeauThCsl B 3TOM, PacCMOTPHM, KakK BBINJIAAUT B CHCTEMax K
i K’ a6cosioTHO Heympyru# yjaap ABYX OAHHAKOBBLIX IIAPOB MaCChl 1m
(puc. 67.1).

ITycts B cucteme K 1apbl ABHIKYTCS HaBCTpedy APYT APYTY BAOJB
OCH X C ONWHAKOBLIMH MO BeJMYHHE CKOPOCTSMH, NPOEKIHH KOTOPbIX
HAa OCb X PABHBI: Uy, =Ug ¥ Uxy=—"0, (Up — OTHOCHTEJIbHASI CKOPOCTD CH-
crem K u K'). Tlpn 5THX yCJOBHSIX NOC/E CTOJKHOBEHHs! IIapel GyRyT

]

¥

Puc. 67.1.

MOKOUTBCS: Uxi=0,,=0. Taxum obpasom, NOJHLIH MMIOYJbC CHCTEMbI
W 70, 4 Nocje CTOJNKHOBEHHSI paBeH HYJIO — B CHCTEME K umnyJibe
COXpaHsAeTCs.

Tenepb paccMOTPHM TOT Ke TpOIecc B CHCTEME K’. Bocronib30oBaB-
juKCch nepBoi 13 dopmy (66.2), HaliieM Aas CKOpOCTEH 111apOB A0 CTOJIK-
HOBEHHS| 3HAYCHUs U,=0 M Un=—20,/(11vi/c?), a s CKOpOCTeH
IIApOB MOC/€ CTOJIKHOBEHHs COBMAjaioliee 3HAYCHHE Uy =Uze=—"g.
CneloBaTe/IbHO,  CyMMapHbIH MMIYJbC N0 CTOJKHOBEHHS — PAaBEH
—2mu,/(1+vi/c?), a mocjie CTONIKHOBEHH# COCTaBJsET —2mv,. Ecnu
U,<ZC, WMIYJbC CHCTEMbl AO H IOCJHe CTONKHOBEHHsI IpPaKTHUECKH
ONMHAKOB, OJHAKO NPH JIBUMKEHHH IIApOB C GOJBLIOH CKOPOCTHIO Ty
pasiuuMe HayaJbHOTO ¥ KOHEYHOro MMIyJIbCOB JE/aeTCs BECHMA Olily-
THMBIM. TakuM 00pasoM, BOCMOJb30BAaBIUMCH HBIOTOHOBCKHM BbIDAKE-
HyeM 15l IMIYJIbCca, Mbl IPHILJIH K BEIBOAY, OYATO B cCHCTeMe K’ umnynbe
He coxpaHsercsi. OIMH H3 OCHOBHBIX 3aKOHOB MEX2HWKH —3aKOH
COXpaHEeHHMs HMIyJbca — B HBIOTOHOBCKOH (opMyJHPOBKE OKa3bIBAETCSH
HEHHBADHAHTHLIM 110 OTHOILIEHHIO K NPeoGpasoBaHUsIM Jlopenua.

[MonpiTaeMcss HAHTH TaKoe BLIPAXKEHME JUIsl MMITYJibCa, YTOOBI 3aKOH
COXpaHeHHsl MMNYJbca Oblll HHBapDHAHTEH IO OTHOIICHHIO K npeobpaso-
panusiv Jlopenua. Ilpu 5ToM OyleM UMETb B BHJY, YTO NPH MaJibiX CKO-
pocTsix (v<Lc) PENATHBHCTCKOE .BBIDAXEHHE IS HMIYyJIbCA JOJI2KHO
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NEPEXOMTL B HBISTOHOBCKOE BEHIPaXKEHHE

p:szm%. (67.1)

TTpennonoxum, YTO BBIpAXKEHHE IJIs MMIYJbca YacTHIEL MACCH /1
HMEEeT BHI

p=mf (v) v, (67.2)

TH€ V — CKOPOCTb, U — MOJLYJb CKOPOCTH YaCTHIbI, f (V) — HEKOTOpas
6eapasvepHast GyHKiHs 0. [J1s1 TOro YToGH npu v ¢ Bepaxenne (67.2)
nepexonuao B (67.1), ¢yHkuus f(v) HOMKHA AN TAKHX CKOPOCTEH
NpaKTHYeCKH PaBHATHLCA eHHHIE.

PaccMoTpuM  26COJIIOTHO YNpyroe coyjapenHe IBYX OIHHAKOBBIX
yacTHIl Macchl m B cucteme Ko WX LeHTpa nHepuuu. B 3Toit cncreme
CYMMapHHIl MMOYJbC YacTHL, paBel HyJuo. CiefoBaTesbHO, CKOPOCTH
YaCcTHIl OAMHAKOBEL 1O MOLYJIIO H TPOTHBOTOJIOXKHBEI IO HaNpPaBJICHHIO
(puc. 67.2, a). B cuyy 3aKOHOB COXpaHEHHA SHEPTHH M HMIYJIBCA CKO-
POCTH HaCTHI| MOCJe yAapa AOJKHBEI MMETh TOT 2Ke MOJYJb, YTO ¥ JO
yliapa, a HanpaBJeHusi CKOPOCTeH AOJ/KHEI OBITH NPOTHBONOJIOXHBIMH.

-

7
fp
\g’/a
@/‘?\x.
2 3)
Puc. 67.2.

LY
J

BriepemM ocH KOOpPAMHAT TaK, 4YTOOBI CKOPOCTH YACTHIL JIeXKalu
B IVIOCKOCTH X, Y U pacrojiarajHch OTHOCHTEJIbHO OCH X CHMMETPHUYHO.
Torza coynapenue yactuly B cucreMe K¢ 6yer BHIVISACTh TaK, Kak Mo-
Ka3aHo Ha puc. 67.2, 6.

IMepeiinem or cucremsr orcuera K¢ K crcreme K, OTHOCHTENBHO KO-
TOpOK uactuila | JIBHIKETCA napaliyielbHO OcH y. B 3710l cucreme co-
yIapeHHe BHIIJIAIHT TaK, KaK NOKasaHo Ha puc. 67.3, a. Psamom co
CTPE&JIKaMH, HSOGP&}KHIOLU.HMH CKOPOCTH HJH HX COCTaBJAIIIHE nNO
KOOPAMHATHBIM OCSIM, yKasaHEI MOAYJH COOTBETCTBYIOLIHX CKOPOCTEH
HIH COCTaBJSIOIHX.

MbI WcxoaunMu M3 TOro, 9TO CyMMapHBIM HMNYJbC YacTHIL COXpa-
HgeTcAd npd coynapeHuH B cucreme K. IlorpeGyem, yroGel 3aKOH co-
XPaHEHHS HUMIYyJbCa BHIIOJAHSJICK H B cHcreme K. U3 puc. 67.3,a
BUJIHO, YTO HKCOBasi KOMMOHEHTA CYMMapHOrO MMMYJbCA YacTHIL B CH-
creme K B pesyJbrate coyiapeHns He uaMeHsiercs. JloMxHa ocTaBaThCs
HEU3MEHHOH TaKiKe HIpPeKoBas KOMIOHEHTa CYMMapHOro HMNYJbca

§ 67. PENIITUBHCTCKOE BBIPA)KEHHE AJIS HMIIVJIBCA 235

gactui. C yuerom (67.2) 370 3anMuIETcsi AHAJHTHYECKH CJACAYIOLIUM
obpa3om:

mf (@) (—w) + mf (V0 + %) u=mf (@) w + mf (V 01+ u?) (—u).

Orcioia BBITEKAET, YTO

f@w=f{v*+u)u. (67.3)

Haiinem cBsi3b Mexiy ¢ ¥ w. JIng 3TOrO paccMOTPHM COyAapeHHe
B cucTeme orcuera K’', OTHOCHTENBHO KOTOPON HaCTHUA 2 JBHXKETCs
napa/iensHo ocH y' (puc. 67.3, 6). 3HayeHHs U, 4 H W HA pHC. 67.3, a
W 6 OJHH M Te e, TAaK KaK BCJEACTBUE CHMMETPUH 3aJiauH MPH NEPEeXoae
or cuctemer K x cucreme K’ yacTHin OOMEHMBAIOTCA CKOPOCTSMH.

4 | T K
a) w|lw
0 7 -
v 2
v~cropocims '
et
GITHaCLmENHo i
y!
6)
J
2
Puc. 67.3,

Bocronpayemest  hopmydiofi  npeoGpasoBanus WrpPEKOBOH  KOMIIO-
HeHTbl CKOpocTH. B cucteme K' HIpexoBas KOMHOHEHTA Uy HAYaJIbHOH
CKOpOCTH YaCTHLBI 2 PaBHA w, 8 MKCOBas KOMNOHEHTA Uy paBHa Hymoé
B cucreme K MrpeKkoBasi KOMIIOHEHTA Uy HaYallbHOH CKOPOCTH HACTHILbL
paBua u. OTHOCHTeNbHasi CKOPOCTb U, cucrem K' u K paBua v. Hraxk,
v,—u, v;=w, v;=0 1 v,=v. [lofcTaBuUB STH 3HaueHUs BO BTOPYIO u3
dopmya1 (66.1), monyunM HCKOMYIO CBfSH MEXAY U H w:

u=wly I—v?/c.
TMofcTaHOBKA STOrO 3HaueHHs 4 B paBeHcTBo (67.3) maer, 4T0

@) =f (VAT VI—ve. (67.9)
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[Tycth w (a 3HAYHT, ¥ ©) MHOTO MEHBIIE ¢, B TO BPEMS KakK U NOpAAKa
¢ (YacTHUBL JIETAT NOYTH NapaJslJiesbHO OcH X). Toraa f(w) MOMKHO 1oJo-
JKMTb PaBHOH €HHULE, a V/ v*4ut cuntaTh paBEbIM U. CaMy 2Ke 0 MOXHO
paccMaTpHBaTh He KaK COCTaBJIAIOILYIO CKOPOCTH NO OCH X, a Kak Mo-
AyJib CKOPOCTH YacTHLEL. B 3TOM cayyae cootHowenue (67.4) npuHuMaer
BHJ,

1=f () V T—v¥c,
OTKyZAa
FO) == -

IloacranoBKa 3TOM cpyl-lxu_ﬂu B (67.2) npuBOAMT K PeNATHBHCTCKOMY
BbIPAXKEHHIO Ui HMIyJbca:

e TV, 67.5
D= (67.9)
Bripaxxenne (67.5) MOXKHO NpeNCTaBHTb B BHAE
m dr dr
o S A O sl By LS 7.
T =vea R40)

rlie dt — NMpOoMEeXyTOK COGCTBEHHONO BpeMEeHM YacTHIbl, 3a KOTOPLI
OHa nonay4aer cmeienue dr (cM. (64.3)). Ormerum, uro dr B dopmyJie
(67.6) ectb mepemelieHHe YacTHIBI B TOI CHCTEMe OTCYera, B KOTOPOH
OnpejessieTcs UMNYJbC P; NPOMEXYTOK BPeMEHU dt ONpeeNsiercs Mo
yacaM, ABHIKYIIMMCS BMecTe ¢ yacTHLel. Macca m npeacrasiger coboit
MHBapHaHTHYIO M, CJIEAOBaTeJbHO, HE 3aBHUCALLYI0 OT CKOPOCTH TeJa
BeJIHYHHY.

U3 (67.5) caepyer, 4TO 3aBUCUMOCTb MMNYJIbCa OT CKOPOCTH OKa3hi-
BaeTcsi GoJiee CJOXKHOM, YeM 3TO NpeArnoJiaraercsi B HbIOTOHOBCKOH Me-
xanuke. [lpu v<&c Boipaxenne (67.5) nepexoiuT B HbIOTOHOBCKOE BHI-
paxkeHue p=mv.

3ametuM, 4TO BhIpaxkeHue (67.5) momyckaer CJEAYIOUlyio, BCe pexe
HCTOJIb3yeMYIO TPAKTOBKY. MMnyJbC, KaK M B HBIOTOHOBCKOM MeXaHH-
Ke, paBeH NPOM3BEJeHHIO Macchl TeJla Ha ero CKOpoCTh:

p=m,V. (67.7)

OznHako macca TeJia He ABJSIETCH TNOCTOSiHHOH HHBapHaHTH0171 BeJIHYH~
HO#, a 3aBHCHT OT CKOPOCTH IO 33aKOHY

m

[Npu Takol TPAaKTOBKE MHBAapPHAHTHYIO Maccy /1 HashlBalOT M aCC O il
noKOsa (eeyacro 0603HayarOT CHMBOJIOM 17,). 3aBHCALLAST OT CKOPOCTH
HEHHBapHaHTHAas Macca #1, HOCHT Ha3BaHHe PeJISITHBHCTCKOM
Macch HJIH MacCH JABHXEHH.

§ 68. PEJISTMBHUCTCKOE BBIPA)KEHUE JJ151 SHEPTHH 9237

§ 68. PeasiTHBHCTCKOe BbIpaMeHHe JAJSl SHEPruH

Bropoii 3akon HbioTOHA T/acHT, YTO MPOM3BOAHAS HMIYJHCA Yac-
THLGI  (MaTepHaJbHOH TOYKH) MO BPEMEHH paBHA pe3yJbTHPYIOIIEH
cuJie, IeHCTBYromel Ha yacthuy (cM. dopmydy (9.1)). ¥YpaeHenue BTO-
pOro 3aKOHa OKa3LIBaeTcsi WHBAPHAHTHHIM OTHOCHTENIbHO Ipeobpaso-
BaHuid JlopeHua, ec/iu Moj UMIYJIbCOM NOAPA3yMeBaTh BeHUUHY (67.5).
CrnenoBaresibHO, peJTHBHCTCKOE BHIPaX<€HHE BTOPOro 3akoHa HbloToHa
HMeeT BHJ

ra (Vliv&;cz) 3 (6e-1)

Crnenyer umeTb B BHY, YTO cooTHOLUeHHEe mw=F B peisTHBHCTCKOM
c/lyyae HeNnpUMeHHMO, NpuyeM yckopenue w H chsa F, Boobie rosopsi,
OKa3blBAIOTCS HEKOJJIHHEeapHBIMH.

3aMeruM, YTO HH HUMOYJbC, HH CHJIA HE SIBJSIOTCS HHBapHAHTHBIMHU
Be/MyuHaMH. DopmyJibl npeo6pa3oBaHHsT KOMIOHEHT HMIyJbca IMpH
Nepexofie OT OJHOH HMHEepUHaJbHOH CHCTEMBI OTCYETa K JAPYrod OyayT
HONy4yeHH B cjenyioueM naparpage. @opMmyJisl peobpa3oBaHHS KOM-
MOHEHT CHJIBL MBI AafiuM Ge3 BbIBOJA:

_Fx4-@/ F'V __Fy VI—p* _ P VI—p (68.2)
U148 T YT 14B (e T T F T 14-B (vise) ‘

(ﬁ_oﬂ/c v’ — ckopocth yactuusl B cucreme K'). Ecan B cucreme K’
neuc'myromaﬂ Ha yacTuuy cuia F' mepneHjuKyJsipHa K CKOPOCTH yac-
THUBL V', cKalsipHoe npousBeferne F'v’ paBHo HyJo H nmepBas u3 ¢op-
mys1 (68.2) ynpouaercs clenyromEM 06pasoM:

Fi
/) kAP 8
R l+ﬁ(9xi‘fr')

YToGbl HaHTH pENSTHBHUCTCKOE BbIPAaXKEHHe NJISi SHEpTHH, MOCTYIHM
TaK ke, KaK Mbl moctynuid B § 19. Ymuoxum ypaeHenue (68.1) na
nepemellleHHe 4YacTuubl ds=Vv di. B pesyabrate moiy4yum

a mv
e w) vdt=F ds.

ITpaBasi yacTb 3TOro cOOTHOLIEHHS JaeT pabory dA, coBepiuaeMyro Haj
yactuuel sa Bpems di. B § 19 G0 nokasaHo, YTo paGorta pesyJIbTH-
pylomieif BceX CHJI HJeT Ha NpHpalleHHe KHHETHYECKOH 3Hepruu
yactiup! (cM. opmyny (19.11)). CnemoBaTenpHO, JieBas 4yacTb CO-
OTHOILLEHHUS J0JKHA OLITh HCTOJKOBaHAa KaK INpHpAlLEeHHe KHHemqecmH
SHepruu T vactuupl 3a Bpems df. TakuM obGpasom,

(68.3)

mv

S d Sue mv
aT = 2 (e )Vt =V 4 (e )
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ITpeoGpasyeM no.yueHHoe BBIPaXK€HHE, IIPUHSB BO BHHMaHMe, 4TO
v dv=d (v¥%2) (cMm. (2.54)):

dT = V{ mdv i mv (v dv/c?) } __m d (v2/2)

Vi—oe @ (1—v¥cpe (1_;,2/‘;2)3;2:
I AmePdior/o%) VR me?
=st=n= ¢ (72 )

HHTerpypoBaHKe MOJMYYEHHOr0 COOTHOMIEHHS JiaeT

gy -+ const. (68.4)

1 —o?/c?

[To cMbic/ly KMHETHYECKOIl 3HEPTHH OHa J0/2KHA ofpalarbcs B HYJb
npu v=0. Orciofa A/ KOHCTAHTBEI TNOJyuyaeTcs 3HayeHHe, paBHOe
—mc?. ClelnoBaTeNbHO, PEeNsSTHBHCTCKOE BBIpAXKEHHE [Jii KHHETHYe-
CKOH 3HEpPrH{ YacTHUBI HMEEeT BHJ

g Do O e /Y (B O (

T =l —inct = me ( s 1) . (68.5)
B caygae manwix ckopocrteii (v<€c) dopmyay (68.5) moxHO npeobpa-

30BaTh CJEAYIOHM 00pa3oM: L

mu?

T=mc=(-—l=—l)ﬁmcg(l+i 1i—l)z )
Vi—o2/c3 2NCE 2

Ml NpHLIH K HLIOTOHOBCKOMY BBIPArKEHMIO Uil KMHETHYECKOH SHep-
THH YacTHIEL. DTOTO U CJIELOBAJNO 0XKHAATH, NOCKOJBKY NPH CKOPOCTSX,
MHOT'O MEHBIIHX CKOPOCTH CBeTa, Bce (opMyJiel PeJATHBHCTCKOH Mexa-
HUKH JIOJKHBL IIePEeXOAHTb B COOTBETCTBYIOLLHE (DOPMYJIBI HBIOTOHOB-
CKOli MeXaHHKH.

PaccMoTpuM CBOGOAHYIO dYacTHLy (T. €. 4acTMIly, HE IMOJBEPKEH-
HYIO NEHCTBHIO BHEIUHHX CHJI), ABHKYILYIOCS CO CKOPOCTBIO ¥. Mpr BbI-
SCHHJIM, YTO 3Ta yacTHua 00J1ajaeT KHHETHYeCKOil SHeprueu, omnpene-
asieMoli opmyJiof (68.5). OnHaxo ¥MeIOTCst OCHOBaHHS (CM. HHKe)
NpUMMcaTh CBOGOJAHOMN YacTHIE, KPOMe KHHeTHuecKol sHepruu (68.5),
IONOJHHTENIbHYI0 3HEePTHI0, PaBHYIO

o=Mmc?, (68.6)
Tarum 06pasoM, NoJHasi SHeprusi CBOOOAHOH YaCTHILI ONpEeAeseTCs

BbipaeHueM E=T-}E;=T-mc? TlpunsaB Bo BHHMaHue (68.5), mno-
JY4YHM, YTO

2
E=—1__, 68.7
Vi—v?/c? ( )
IMpun v=0 Bripaxenue (68.7) nmepexoaut B (68.6). IlosTomy E,=
=mc? HaspIBAIOT SHEpPruell 10K O 5. Jra SHEPIHs NPE/ICTABALT
coGoii BHYTPEHHIOI S3HEPTHIO YACTHIILI, HE CBA3aHHYIO C JIBHIKEHHEM 4ac-
THIBI KaK uesioro. ®opmyJst (68.6) ¥ (68.7) cnpaBeiuBLl HE TOJIBKO AJ1s
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3JIEMEHTAPHON YaCTHLBI, HO H AJIS CJIOXKHOIO TeJia, COCTOSIIEro W3 MHO-
rUX 4YacTul. DHeprus E, TaKoro tesja COLEPKHT B cebe, NOMHMO SHeEp-
CHil TOKOA BXOAALIHX B €ro COCTAaB YaCTHIL, TaKXKe KHHETHYECKYIO 3Hep-
rMI0 yYacTHL, (0OYCJIOBJIEHHYIO HX JBHKEHHEM OTHOCHTE/NBHO LEHTPa
MacC TeJia) M SHEPrHI0 MX, B3aUMOJEHCTBHS JApPYT C ApyroM. B sHep-
CHIO MOKOfA, KaK U B NMOJIHYIO ) snepruio (68.7), He BXOAUT NOTEeHUHAb-
Hasi SHEpPrus Tesa BO BHEIIHEM CHJIOBOM I[IOJIe,

VckiouuB u3 ypaBHenuit (67.5) u (68.7) ckopoctb v (ypaBHEHUE
(67.5) HyXHO B35Tb B CKaJIsIpHOM BHJE), MOJyYHM BbIpaxKeHHe MOJHOH
SHEPrMH YaCTHLL Yepe3 HMMIYJbC p:

E =cV p*+ mc. (68.8)
B cayuae, xorma p<<mc, 3Ty GoOpMyJly MOXKHO fIPEICTaBUTH B BHJC

E—me (Y 1+(L) mme[1 44 (L) ]=me+L. (689
me 2 \me 2m * :
HOle'-IeHHc}e Bb(pa}KeHHe OTJIHYaeTcsds OT HBHOTOHOBCKOIO Bpra)KeHHﬁ

IJ5 KMHETHYeCKOH 3HeprHH T=p?%2m cnaraembiM mc>.
3aMeTHM, uTO M3 COMOCTaBJeHHs BhpaxeHHi (67.5) u (68.7) Boite-

Kaer ¢opmyJa
p=—v. (68.10)

ITosicHMM, MOueMy CBOGOJHOH YacTHIE CJeAyeT MPHUIHMCHIBATHL 3HEP-
ruio (68.7), a He TONBKO KUHETHYECKYIO sHepruio (68.5). Jueprus no
CBOEMY CMbICIY AOJKHA OBITh COXpaHsiowefics . BequuuHOi. CooTBet-
CTBYIOLIEEe PacCMOTPEHHe NOKAa3bIBAaeT, YTO NPH CTOJKHOBEHHSX YaCTHIL
coxpaHsieTcs cymma (o yacTHuam) BhlpaxeHuit Brua (68.7), B To Bpems
Kak cymma Bhipaxkenuii (68.5) okaspiBaercsa Hecoxpassioueiics. He-
BO3MOXHO YJIOBJIETBOPHTL TPEOOBAHHIO COXPAHEHHsI 3HEPTHH BO BCeX
MHEpUHAJbHEX CHCTEMaX OTCYeTa, €CJH He YUHTHIBATH SHEPTHIO I10-
Kosi (68.6) B cocTaBe NOJHOH 3HEPIHH.

Kpome Toro, u3 Bhipaxenus (68.7) 1/1st SHepruH H Bhipaxenust (67.5)
JVIsi MMIOyJbca yaaeTcss o6pa3oBaTh HHBADHAHT, T. €. BEJHYHHY, He
H3MEHAIONLYIocsl NpU Mpeobpa3oBaHuaX JlopeHua. [leHCTBUTENBHO, H3
tdopmy.el (68.8) BeITeKaeT, yTO

E? :
—‘;T—-p2=mzcﬁzmv (68.11)

(HamoMHHM, YTO Macca /1 W CKOPOCTb C SIBJSIIOTCS WHBAPHAHTHLIMH Be-
JMYHHAME). DKCIEPHMEHTHI Hajl OBICTPHIMHM YacCTHLAMH HOATBEPKAAIOT

1) OtMeTHM, YTO TEPMHH (TOJHAs SHEPIHs» HMEET B PeJIATHBHCTCKOH MeXaHHKe
HHOf CMBICJ, YeM B HBIOTOHOBCKOH MexaHHKe. B HbIOTOHOBCKOH MeXaHHKe MOJIHOW
SHeprueil HasHBaeTCsl CyMMa KHHETHYECKOH H MOTeHUHAIbHOH SHEPIHH YaCTHIEI- B pe-
JIATHBUCTCKOI MeXaHHKe ITOJl TTOMHOH SHepryueil MOHMMAaeTcs CyMMa KHHETHYECKOil SHep-
THH H SHEPrUM MOKOSl YACTHILBIL.
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uHBapHaHTHOCTb Besnuuubl (68.11) Ecau nox E B (68.11) monnmath
KHHETHYeCKylo sHepruio (68.5), Bbipaxkenne (68.11) okasbiBaeTcs He
MHBApHAHTHBIM.
Tlosnyunm ellle OAHO BBIpAXKEHHE JJI PeATHBHCTCKON JHEPTHH. Us
dopmyasr (64.3) caenyer, 4TO ; i
S T (68.12)
rie dif — NpPOMEXYTOK BpeMeHH MexAy JABYMsl NPOHCXOAALIHMH C Yac-
THIIeH COGHITHSIMH, OTCUMTAHHBIH MO YyacaM ToH CHCTEeMBbI OTCYeTa, OT-
HOCHTEIBHO KOTOPOH YaCTHLA JBHMKETCS CO CKOPOCTBIO U, dT — TOT e
POMEXKYTOK BpPEMEeHH, OTCYMTaHHBIH MO uacaM, ABHXXYLIMMCS BMeCTe
¢ yacTuiell (NpOMeXyToK cobcTBenHOro Bpemeny). Iloxcrasus (68.12)
B ¢opmyay (68.7), mosyuuM BbIpaXKeHHE

E=me 2. (68.13)

Aroii GopmyJiol MBL BOCIOJB3YeMCs B CJEAyHOLEeM naparpage.

§ 69. Ilpeo6pa3oBaHus HMIMYyJbca H 3HEPruu

INonuasi suHeprusi E ¥ uMOyJbc p He sBIsIOTCH HWHBApHAHTAMH.
HefictBUTeNbHO, 00€ BEJIHYHHBI 3aBHCAT OT U, CKOPOCTb K€ B pasiuy-
HBEIX CHCTeMaX OTcueTa MMeeT HEeOHHaKoBOe 3HayeHue. BuIsiCHHM, Kak
npeo6pasyloTcsi SHEPrHst U HMITYJibC NMPH NEPEXOAE OT OJHOH CHCTEMEI
oTcueTa K JApYroW.

PaccMOTpHM  3JIeMEHTapHOe IepeMellleHHe HEKOTOPOH HaCTHILBL.
[Mycte B cucreMe oTcuera K 3To InepemelleHHe OCYIIECTBJIAETCA 3a
BpeMs df, 2 KOMIIOHEHTHL NepeMelleHtst paBubl dx, dy, dz. B cucreme K*
TO 2K€ CaMoe MepeMelIeHHe IPOUCXOIUT 33 Bpems df’, a ero KOMIOHEHThI
paBubl dx’, dy’, dz'. B cooTBercTBHH ¢ hopmyJiamu (63.17) mexxny npo-
MEXYTKaMH BPEMEHH H KOMIOHEHTaMH IiepeMelleHHs] HMEITCH CcooT-

-HOLLEHH
dx' c dt’ cdt’ dx’
ikl Sl R g e o Ty s R R,
| A5 E ] Vi—g®
YMHOXKHM 3TH (OPMYJIbl Ha MacCy YacTHIbl 71 ¥ PaslesiM Ha COoT-
BETCTBYIOIIEE NPOMEXYTKaM di u di’ coGcTBeHHOe BpPEMSi YaCTHLBI 4t
(HanoMHHM, YTO Macca U COGCTBEHHOEe BpeMsl ABJISIIOTCS HHBAaDHAHTHBIMH
BEJMUMHAMH, T. €. WMEIOT OJMHAKOBOE 3HayeHHe B OGEHX CHCTeMax).
B pesynbrate mosyuum

i & m (@' /dv) 4 Bruc (dt'/d)

dt V-r___ﬁ_ﬂ ?
dy _ dy dziieedz]
ma——mﬁ, md—th-m-a?-, (69.1)
dt _me (dt' jdt) - Bm (dx’ [dT)
dva Y 1—p% f
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- Cornaco (67.6) m(dx/dt)=p., m(dx'ldv)=p;, m(dy/dt)=p, H
T.1. B coorBerctBMu c (68.13) mc(di/dv)=Elc, mc(dt’fd‘r)zg’fc.
C yuetom 3Toro ¢opmyaib (69.1) MOXKHO NPEACTABUTL B BHIE

LB (E il

o ot __(E"/)+ Bps
p.="Pa» (El) V=g (69.2)

Mbl moJyuHJH opMyJisl, O KOTOPHIM NpeofpasyioTcss HMNyJbC H
SHEpPrHs YACTHULI MPH NEpPexofe OT ONHON MHEPUHANbHOH CHCTeMbL OT-
cyeta K apyroii. DtH GopmyJsl coBnamaor ¢ Gopmysamu (63.17), mo
KOTOpPBEIM MpeoOpasyloTcsi KOOPAHHATHI M BpEMsi. Ytobul Jierye ObLIO
NPOM3BOAHTL CONOCTaBJIEHHE, HaMHIUEM (OPMYJIbI (63.17) u (69.2)
psOM: '

o XEB et Py PetBE)
yi—gp:’ R STesn S
y=y', z=2, P, =D Pi=P% (69.3)
_ (ct))+Bx' -y (E'[6)+-Bpx
(Ct)_ V-l“'—'f.,lz ] (E/C) Vlv-—ﬁg .

W3 comocTaBJeHHs CJEAYeT, YTO KOMIOHEHThl HMIYJbca BeAyT cebs
npH npeo6pasoBaHUsiX KaK KOODIAMHATH, & SHEPTHsl — KaK BpeMms.

BekpriBaemasi opmyiamu (69.3) anasorusi no3BoJisieT NpeicTaBUTh
MaTeMaTHYeCKHH anmnapar pelsiTHBHCTCKOH MEXaHHKH B BHJE COOTHO-
WeHHH MeXAy BeKTopaMH B BOOOPaaeMOM YEThPEXMEPHOM IpOoCT-
pancTBe (ueTbipexBekTOpamH). B § 62 mbl yxe oTMeuasd, 4TO 3TOMY
NPOCTPAHCTBY NPHXOAUTCS MPUNHCHIBATD HEOOBIYBEIE CBOHCTBA, OTJIHY-
Hble OT CBOMCTB MPHMBLIYHOTO HaM €BKJHMAOBAa npocTpaHcTBa. B Tpex-
MEpHOM €BKJIHJIOBOM NpPOCTPaHCTBE BeJHYHHA

Al =Ax2+Ay2+Az?

fiBNISieTcs WHBAPUAHTOM, T. €. HE H3MEHSeTCs IpH MOBOPOTaX KOOpJH-
HaTHBIX oceil. B NpOTHBONOJIOXHOCTE 3TOMY BEJHYHHA

¢ A-+Ax2+Ay*4-Az? (69.4)

OKa3bIBaeTCsd HE HHBapHaHTHOﬁ — OHa He CcOoXpaHseTcsd NOpH Iepexone

' OT OfHOH MHEepUHaJbHON CHCTEMBI OTCYeTa K JPYroi (Takoi nepexon

MOXXHO NpPEICTABHTh KaK MOBOPOT OCeH B YETHIPEXMEPHOM MNPOCTPaH-
cree). CnenoBatenbno, BenuuuHa (69.4) He o6najaer CBOMCTBaMH
KBajipaTa PacCTOSHUST MEXLy ABYyMsi MHPOBEIMH Toukamu. MHBapuaHT-
HBEIM, KaK MBI BHISICHHAH B § 65, sIBIsieTcsl BbIpaxKeHHE

Ast=c?Ai*—Ax*—Ay*—AZ, (69.5)

KOTOpOe H CJeAyeT paccMaTpHBaTb KaK KBajpar PacCTosAHHUA MEXAY
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NByMsi TOYKaMH B HMHTepecylolleM Hac 4YeThIpeXMEepHOM MpOCTpaH-
cTBe 1).

HapenuB wyeTeipexmMepHOe NPOCTPAHCTBO TAKHMH CBOHCTBaMH, MbI
MOKEM pacCMaTpHBaTh BeJIMYHHLI cf, X, Y, 2 KAK KOMIIOHEHTHI YEeThIPeX-
BEKTOpa, NPOBEJAEHHOrO H3 Hayaja KOOpPAHHAT B JaHHYIO MHPOBYIO
tTouky. CoorBercTBeHHO ¢ Af, Ax, Ay u Az MOXHO paccMaTpHBaTh Kak
KOMIIOHEHTHl YeTHIPEXBEKTOPA — MepPeMelieHHsi H3 OJHOH MHPOBOH
TOYKH B Jpyryro. B TpexmepHOM eBK/IHAOBOM NpOCTpPaHCTBe, Kpome
panuyca-BeKTopa M BeKTOpa NepeMellleHHs, paccMaTpHBAOTCA H ApY-
rue BEKTOphl (CKOPOCTH, YCKOPEHHs, CHJIbl H T. A.), NpHYeM AJs Jio-
6oro BeKTOpa a BeJHYHHA

2
agzax‘!‘azr’{‘a;

ABJIsIETCS WHBapHaHTOM. KOMIIOHEHTBI JI06Oro TaKOro BeKTopa mpeos-
pasyioTcst NpH NOBOPOTaX KOOPAHHATHBEIX OcCel MO TakKHM ke ¢dopmy-
JlaM, KaK H KOOpJAHHATHI.

[lo aHaNOrHH C TpPeXMepHbHIMH BEKTOpPaMH B €BKJHAOBOM NpOCT-
PAHCTBE MOXHO OMpeNeJHTh YeThipexMmepHble BeKTophl. [loj ueTkipex-
MepHEIM BEKTOpPOM NOHHMAIOT COBOKYMHOCTh YeTHIpeX BeJHYHH ay, Ay,
a,, a,, npeobpasyioluXcs no TeM Xe Gopmyaam, YTo H ct, X, ¥, 2 (cm.
JieBbiit cronben, dopmya (69.3)). «Ksagpar» Takoro BeKTopa clenyeT
onpejeyuTh Kak

a;—a;—a;, —az. (69.6)

BcesiecTBHE TOrO, YTO KOMIOHEHTHI NPeobpasyloTcst Tak 2Ke, Kak Koop-
JMHATH], BbIpameHHe (69.6) oxaspiBaeTcss HHBAapHAHTHBLIM IO OTHOLUE-
HHIO K npeoOpasoBanusM JlopeHua.

M3 dopmyn (69.3) cirenyer, 4To COBOKYMHOCTb BeIMYHH

Efcs px! py' pz . (697)
oﬁpaaye’r YETBIPEXBEKTOP. Ero HasbBaoT B € K T 0 pOM 3HE€pPTH H-

MMnYyJabca O6paszoBaHHOe H3 KOMINOHEHT (69.7) BhIpakeHHe BHJA -

(69.6) sBasieTcs, KaK Mbl ycTaHoBMJM (cM. (68.11)), mEBapHaHTOM:
Ejc)? —pi—pi— pi:=m?.
( Px—Py—P

§ 70. B3anmocBsi3b MacChl M 3HEpPrHH

Bocnosnb3oBaBIIKHCh pensiTHBHCTCKOH Maccoit (cM. (67.8)), dopmyay
(68.7) mMoxHO HanHcaTh B BHJIE

E =m,c*. (70.1)

M3 3TOro COOTHOLUECHHS BBITEKAET, YTO SHEPTHsl TeJa M ero pesIsiTHBHCT-
cKas Macca BCeria nponopuHoHasbHbl Apyr Apyry. Bceskoe 2) usme-

1) Pasymeercsi, MOMHO PaccMaTpHBATh H EBKJMAOBO YETHIPEXMEPHOE MpPOCTPaH-
-ctB0. O1IHaKO TaKOe NPOCTPAHCTBO VISl HYXKJ PEJNsITHBHCTCKONH MEXaHHKH OKa3biBaeTcs
HEI PHTOJIHLIM. '

2) 3a HCKJIOYeHHeM M3MeHeHHS NMOTeHUMAJbHOM SHEPIHH BO BHEUIHEM TOJIe CHdl.

§°70: B3AUMOCBS3b MACCEl H S9HEPI'MH 243

HeHue 3Hepruy Tena AE cONpOBOXKAZETCS H3MEHEHHEM pPeJsiTHBUCT-
ckoii maccel Tena Am,=AE/c* 1, HaoOOpOT, BCSIKOE H3MEHEHHE pe-
JISTHBHCTCKON Macchl Ani, CONpOBOXKIAeTCs M3MEHEHHeM SHepruH Tena

AE = c¢* Am,. (70.2)

S10 yTBEpXKIeHHEe HOCHT Ha3BaHHE 3 aKOHAa B3aHMOCBS3H
PeISTHBHCTCKOH MacCHh H 3Hepruun’). 4

ITponopiHOHANBbHOCTD MEXAY PelsTHBHCTCKOM MACcCO M SHeprieH
NPHBOJHT K TOMY, YTO YTBEPKJIEHHE O COXDaHEHHH CYMMapHOH pe-
JISTHBHCTCKOII MacChl YacTHIL MPEeACTaBjseT coboi CcKasaHHOe HHBbIMH
CIOBAMH yTBEpPIKJEHHE O COXPaHEHHH CyMMapHON IIOJIHOM SHEpTrHi.
B cBsi3H C 3THM He NPUHSTO FOBOPHTH O 3aKOHE COXPaHEHHS peJIsiTH-
BHCTCKOM Macchl Kak 00 OTHENbHOM 3aKOHE.

B npOTHBOMOJIOXHOCTE PEIATHBHCTCKON Macce CyMMapHasi macca
TOKOsI CHCTeMBI B3aUMOJENCTBYIOIMX YacTHIL He coxpaHsercs. Hanph-
Mep, TIpH HeynpyroM COyJapeHHH JByX YacTHI, HaGJioflaeMoM B
cCHCTeMe HX LeHTpa Macc, Macca MOKOsi OOpasoBaBIUEHCS YaCTHILI
paBHa

my = my +m,+ (T1+T,)/c?,

rie my ¥ Ty — Macca oKOsi ¥ KHHeTHYecKast SHePIUsi NepBOH HCXOAHOH
yacTuubl, m, U 7T, — Macca NOKOS MU KWHETHYECKasi SHeprusi BTOPOH
yacTHubl. TakuM o6pasoM,

mz > ml_‘!_mza

B paccMOTpeHHOM cJyyae KHHeTHYecKas SHEepPrHsi MCXOAHBIX YacTHIL
npeBpaTHyiach BO BHYTPEHHIO 3HEPruio OOpasOBaBILENCs YaCTHIUE,
B pe3yJbTaTe Yero Macca IoKOsi 9TOH YaCTHIBI NPEBBICHIA CYMMY Macce
NOKOS HCXOAHBIX YaCTHLL.

PaGoTa aTOMHBEIX 3JI€KTPOCTAHIHH OCHOBHIBAETCS HA LENMHOH peak-
UMK Jenenust sjgep ypaua %sU (MaM TUIYTOHHS) NpH 3aXBare MEJIEH-
HBIX HeHATpoHOB n 2). JleJieHHe OCYIUECTBJSETCS Pa3HbBIMH NyTAMH.
OpuH H3 HHX BBITNSQHT CJAELYIOUM 06pasoM:

28U +n — 23U — '8Cs + §iRb -+ 2n. (70.3)

3axBaTHB HEHTPOH, ]P0 ypaHa pacnajaercss Ha sApo Ue3nsd ¢ macco-
BhIM uncsiom 140 M siapo py6uans ¢ MaccoBeIM yncioM 94. Kpowme Toro,
BhIZeNisieTcss ABa HelitpoHa. CymmapHasi Macca MOKOfi ypaHa-235 H
HeHTPOHA NPEBOCXOJHMT CYMMapHYIO MacCy TMOKOS YacTHIL B MpaBoi
yactu dopmy.sl (70.3) npumepro Ha 4-1072% kr. OTBeyaiomas 3TOMY

1) Mnorna roBopsAT o6 3KBHBAJIEHTHOCTH MAcChl H SHEPTHH, NOAPa3yMeBas HX B3a-
HMOCBA3b M NMPONOPLHOHATBHOCTE JAPYL APYLY.

2) Cumeon EggU 0603Hayaer H30TON YPaHa ¢ MACCOBEIM YHCJIOM, paBHBIM 235. Slnpo
aToMa 3TOro H30Tona cocTOMT ¥3 92 npoToroB M 235—92=143 HeliTpoHoB, CHMBOMOM 1
0603HayaeTcs HEHTPOH.
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M30BLITKY MacChl BHYTPEHHsISl SHeprusi, paBHas
E=c*Am=(3-10°)2.4.10"2% ~ 4.10~- [x,

npeBpamaercs B KHHETHYECKYIO 3HEPrHio OﬁpEiSYIOLLIHXCH HacTHLL
(OCKOJI‘K_OB ,EeJIeHHﬂ) U B 3HEPrui0 3JIEKTPOMArHHTHOIO M3Jy4E€HHI,
BO3HHKAKOUIErO IpH JOEJEHUH.

§ 71. YacTHubl ¢ HYJeBOH Maccoi ?)

meHl'HIgnomz{B B ¢opmyJe (68.8) m paBHOH HyJO, MONYYHM COOTHO-

Ei=icp, (71.1)

koTtopoe corsiacyercst ¢ (68.10) ToabKO NP YCJAOBHH, 4YTO U==C.
Ortciofa clefyeT, 4TO YacTHLA C HyJeBOH MaccOoH BcCerjga JBHKETCs
CO CKOPOCTBIO CBeTa B BakyyMme. K umcay Takux yYacTHL, NpHHALIE-
JKHT CBeTOBasi YacTHia, HasbiBaeMasi ¢ oToHOM. Jlo HelaBHero Bpe-
MEHH MOJIaraj{, 4TO HYJIEBYIO Maccy HMeeT TaKKe 3JIeMEeHTapHas
yacTuia, HaseiBaemas HeHTpu HO. Ognako B 1980 r. B. A. Jlwo6u-
MOB C COTPYAHHMKaMH TONYYHJ SKCIEPUMEHTANBHO JJISi MacChl HEHTpPH-
Ho 3Hayenue 6-1073¢ kr (1/15000 Macce 3nekTpoHa). DTH JaHHbIE

He ObLIM NOKa NOATBEPKJAEHbl B APYTHX SKCNepHMEHTaX, B CBSSH C

YeM He MOTYyT CYHTAThbCS OKOHYATeJbHBIMH.
Oueprusi ¢oToHa onpepensercsi GopMyJioi

E=hv, (71.2)

rge h—nocrosiuHas Ilnanka, v—uyacrora cBeta. B cOOTBETCTBHM C
(71.1) doToH ob6sagaeT HMIYJIbLCOM

p=nhv/c. (71.3)

Ceer npefcrasnsier coGoit notok ¢ortoHoB. IIpH noriomenuy ceera
WM OTPaXKEeHWH ero OT TOBEPXHOCTH KaKOoro-iHbo Teja 3STOMY Tely
COO0LIaeTCsl MMIYJIbC, YTO NPOSIBISETCH B BHJE JaBJEHMS, OKa3biBae-
Moro cBeToM Ha Teno. CeeroBoe naBnenne uamepun I1. H. JleGemen
B 1900 r. PeayspraThl u3MepeHMH OKa3aJuCh B IOJHOM COIJIACHH C
dopmyoir (71.3).

O6mast Teopusi otHocutesnpHoctH (OTO) npexacrasisier coboit  pe-
JIATHBUCTCKYIO TEOPHIO IpaBHTauuu. B ciyyae cnabbiX rpaBHTALMOH-
HBLIX TIONell ¥ MajbiX cKopocTed (u<< c) 9Ta TeOPUsi NepPeXO/UT B HbIO-
TOHOBCKYIO TEOPHIO (B 3aKOH BCEMMPHOIO TArOTEHHs). POTOH JBHIKETCS

CO CKOPOCTBIO C; MO3TOMY ()OPMYJIEI HBIOTOHOBCKOH TEOPHH K HEMY He-
NpPHUMEHHUMBI, '

A ,
) UmeeTcsi B BHAY HHBapHaHTHAs Macca, HasbiBaeMas B HayYHO-NOMYJIsPHOK
JIHTepaType H HEKOTOPHIX yYeGHHKAaX Maccoi MOKOs.
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Cornacio OTO posjeiicTBHE TPABHUTALMOHHOrO MoJsi Ha HacTHIy
onpejelisieTcsl ee SHeprueil U MMIyJbcoM, a He maccoti *). Ilostomy,
xoTsi GOoTOH M Ge3MaccoBasi YacTHIa, OH MNOABEPKEH JeACTBHIO Tpa-
BUTALMOHHBIX MOJIEH.

Insi coayyasi, Korfa (OTOH JBHKETCS! «BIOJIb» TPaBUTALHOHHOIO
mosist (T. €. BHOJb JIMHHM MOJIA), Pe3YJbTaThl pacuera, AaBaeMble OTO,
COBMaJalOT C pesyJbTaTaMH, MOJYy4YalOWHMUCH B HBIOTOHOBCKOH T€O-
PMH JUISi YACTHIBI C Maccoi m=~hv/c®. OaHako B ciydae, Koria QoToH
JIBUXKETCS] «IOTIepeK» MoJisi, Pe3yJIbTaTbl OTO u HBIOTOHOBCKOH TEOPHH
pPe3KO PAcXOASTCS, NPHYeM C IKCIEPHMEHTOM COIJIACYIOTCH JlaHHBIE,
nonyuaemsie OTO. [losTomy Hesb3s CYHTATh, HTO ¢dotoH obJsiafaer
maccoit hv/c®,—¢oToH GesmaccoBas HacTHla.

OTOHBI, NpPUXOAfIHE HA 3emmo OT Conrna, ABHKYTCS BIOJb
JWHHE IPaBUTALMOHHBIX mosieii. B none ConHua CHJIbL TATOTEHHA CO-
BeplIaloT Haf (OTOHOM OTPHLATEJbHYIO paGory, B mone 3emiH paGo-
Ta cu Tonsi mosoxurenbHa. Omunako mose CoJsHIA HAMHOTO CHJIbHEE
nossi 3emau. IlostoMy B cyMMme coBepuiaeMas Hal (oToHoM paboTa
OTpHMLATE/NbHA, WYTO TNPHBOAMT K YMEHBIICHHIO SHCPIHH doToHa.
CorniacHo (71.2) ymeHbplueHHe SHEPTHH COMPOBOXKAAETCS yMeHbILEHHEM
YaCTOTHI CBETa. DTO yMeHbLUEHWe HOCHT Ha3BaHMe rpaBHTaLHOMH-
HOro KpacHOTrO CMEUeHH A (4acToTa KPaCHOro CBeTa MEHbUIE,
yeM (PHOJIETOBOTO).

B HenocpejicTBeHHOH OJIM30CTH K TIOBEPXHOCTH 3eman Haju JeTs-
MM N0 BEpPTHKaJH (OTOHOM COBEPLIACTCS pabora -+ (hv/c?) gl, rae
|— npoiifieHHBIl 110 BEPTHKAIU MyTh; INIOC COOTBETCTBYET JBHKEHHIO
@OTOHA BHM3, MHHYC— ABHXEHHIO BBEPX. [IpupaBHsAB 3Ty paboTy
NpHpAlleHHIo 3HepruM (OTOHA, TMOJIYIHM AE — hAv = == (hv/c?) gl.
Orciofa noayuaercss ¢GOpMyJa A OTHOCHTEJLHOTO HIMEHERHS Ha-
CTOTHI OTOHA:

Avjv = gl/c*. (71.4)

B 1960 r. amepukaHnckue yuenbie [Tayna n PeOka H3MEpHJH HS-
MeHeHue 4acTOThl (JOTOHA, BO3HHKaloulee NPH TNPOXOMKICHHH UM IO
BEPTHKAJMH BOJMH3H MOBEPXHOCTH 3emmu nytd [=21 m. IloacTaHoBKa
B (71.4) sHaueBuit g, [ u c Jaet, YTO Av/v=2-10~2%. Ilosy4eHHbIH
pe3yJIbTAT COBMAJ C PACYCTHBIM C TOYHOCTHIO 15%.

1) [paBUTaLHOKHOE NPHTSKEHHE YacTHIbI NPONOPLHOHANLHO BEIHTHHE, Hashl=
BaeMOi TEHSOPOM SHeprHH-HMIYJbCa.
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§ 72. Jlunuu u Tpy6ku Toka. HepaspbiBHocTh CTpyH

Kpome mMexanuku MaTepHalbHON TOUKH ¥ MeXaHHKH TBDJIOro Tena,
KOTOpble pacCMaTpHBaIHCh B NpeIbAyIIHX IJiaBaX, CYUIECTBYeT elle
MeXaHMKa CIVIOIIHBIX CPeA. JTa HayKa OXBATEIBAET TMAPOAMHAMHKY,
ra3oByl0 IHHAMHKY, TEOPHIO YNPYrocTH ) M PsA ADYTHX AHCLMILIHH,
PacCMaTPHBAIOWIKX BELIECTBO KakK “HENpephiBHYIO cpeny. 'mapomuna-
MHKa OpejcTaBisieT coboil pasies MeXaHHKH CIVIOLUHBIX CpPel, B KOTO-
POM H3yyaercs ABHXXEHHE HECKHMaeMbIX XKHIKOCTeH H B3aHMOJEHCTBHE
HeCXKHMMaeMbIX 2KHAKOCTefl C TBEpAbIMH TeJaMH.

YToGE OnucaTh ABHXKEHHE XKHAKOCTH, MOXHO 3aJaTh MOJOMEHHe
KaX/IOH YacTHLBI XKHAKOCTH KaK (QYHKLHIO BpemenH. Takoil crioco6 onu-

CaHHsl paspabathiBajics JlarpaHxem.
L4 Ho MoxHO cnefuTh He 32 yacTHuamu
v JKHAKOCTH, a3a OTAeNbHEIMH TOYKaMH
/\ NPOCTPAHCTBA, M OTMEYATh CKOPOCTh,
C KOTOPOH MpPOXOAAT Yepe3 KaxAyio
/—\ A3HHYIO TOYKY OTJAENbHBIE YACTHIbI
XHAKOCTH. BTOpoi#i cnoco6 HasbiBaer-

Puc. 72.1. cs1 MetonoM Diaepa.
CocTosiHHE JBHMKEHHS >XHAKOCTH
MOKHO ONpeJie/INTh, YKa3aB AJs Ka-
XKNI0f TOYKH NPOCTPAHCTBA BEKTOP CKOPOCTH KaK (YHKLHIO BPEMEeHH.
CoBOKYNHOCTb BEKTOPOB V, 3aaHHBIX A/ BCeX TOUEK NPOCTPAHCTBA,
o0pasyeT Tak HasblBaeMOe N OJ € BeKTOPAa CKOPOCTH, KO-
TOPOE MOXHO H300pasHTb cJeayiolum o6pasom. [IposeneM B ABHKY-
LeHCA KHIKOCTH JIHHHH TaK, YTOGBl KacaTesbHAS K HHUM B Ka oM
TOYKE COBMajalia Nno HanpaBJIeHHIO ¢ BeKTOpoM Vv (puc. 72.1). Dtu au-
HHMH HaBBIBAIOTCI MHHH AMH TO K a. YCJIOBUMCS NPOBOAHTH JIHHHH
TOKa TaK, YTOGHI I'ycToTa HX (KOTOpas XapakTepH3yeTcsi OTHOLIeHHeM
uHcna JHHME AN K BenuyMHe NEepHeHAHKYJIAPHOH K HHM [JIOWAAKH

*) Hekoroprle Bonpoch! TeopkH ynpyroctu saTparsBanuch B §§ 14 u 25.
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AS, yepe3 KOTOPYIO OHH NPOXOAAT) Ghlia NpONOPIUHOHANLHA BeTHUHHE
CKOPOCTH B IaHHOM MecTe. Torja no KapTHHE JIHHHI TOKa MOXKHO Oyzer
CyANTH He TOJIbKO O HalpaBJeHHM, HO U O BeJMYHHE BEKTOpa V B pas-
HBIX TOUKaX NPOCTPAHCTBA: TaM, TAe CKopocTh Gosbile, JHHUH TOKa Oy-
ZyT Tyule H, HaoGOpoT, Te CKOPOCTb MeHbLIe, JIMHHH ToKa OyayT
pexe. s
ITockoJIbKY BeJHYHHA H HanpaBJeHHe BEKTOPA V B KaXJOH TOYKe
MOTYT MEHSITBCSI CO BPEMeHeM, TO M KapTHHa JIHHHIT TOKa MOXET Hernpe-
PBIBHO MeHATbcA. EcaM BEKTOp CKOPOCTH B KaXJIOH TOYKE NPOCTPaH-
CTBa OCTaeTCsd TMOCTOSTHHBIM, TO TGYEHHe HA3hIBaeTcsl yCTaHOBHBIIHMMCS,
WIM CcTAanuoHAapHBLB M [IpH crauHoHapHOM Te4eHHH Jrobas
YacTHIA >KUAKOCTH DPOXOAHT JaHHYIO TOYKY NPOCTPAHCTBA € OIAHHM
W TeM »Ke 3HaueHHeM V. KapTuea JHHHH TOKa NpH CTalOHapHOM Te-
YyeHHWH OCTaeTCsi HEU3MEHHOM, M JIHHHMH TOKa B 3TOM CJyyae COBNAJaIoT
C TPaeKTOPHSAMH YacCTHILL.

YacTb XHIKOCTH, OrpaHHYCHHas JIHHHAMM TOKa, Ha3hIBAETCs
Tpy6GKOH ToK a. Bekropv, GyAyuH B KaxKI0# TOUKE KacaTelbHEIM
K JMHMH TOKa, GyIeT KacaTeJbHBIM H K NMOBEPXHOCTH TPYOKH TOKa,
CJIEIOBATENBbHO, YACTHIEI KHAKOCTH NPH CBOEM ABHXKEHUM He nepece-
KaloT CTeHOK TPYOKH TOKa,

vAt
Puc. 72.2. Puc. 72.3.

Bo3sbmeM HepleHAHKYJsipHOE K HanpaBjeHHIO CKOPOCTH cedeHHe
TpyGku ToKa S (puc. 72.2). IIpeanosioxknM, YTO CKOPOCTb ABHXKEHHs
YACTHIL KHIKOCTH OJMHAKOBA BO BCEX TOYKAX 3TOrO ceyeHHsi. 3a BpeMms
Af gepe3 ceuenue S NpoiayT BCe YACTHIIB, PACCTOsSIHHE KOTOPHIX OT S
B HayaJbHbLIH MOMEHT HE NpeBHLIaeT 3HaueHusi v Af. Cne,nosau're.nbno,
3a Bpems At yepes ceyeHHe S NpoHIeT oﬁbeni JKHIKOCTH, paBHblil Sv Af,
2 32 e[IHHHIY BpeMeHH uepes ceyeHune S npoujaer oobeM KHAKOCTH, paB-
HElE Sv. BospMeM TPyGKy TOKa, HACTOJNIBKO TOHKYIO, UTO B KaX[IOM €e
CeYyeHHH CKOPOCTb MOMKHO CYHTATh NOCTOSHHOH. ECHH KHIKOCTb He-
cKHMaeMa (T. €. MJOTHOCTL €ee BCIOAY OAHHAKOBAa M H3MEHSTHCS He
MOKeT), TO KOJTHYECTBO XKHAKOCTH MEXy ceyeHHsMU Sy U S, (puc. 72.3)
Gyner ocraBaThcsi HeusmeHsbM. OTCIOA2 Cliefyer, YTO OGBEeMbl MKHI-
KOCTH, NpOTeKaloll¥e 3a eAMHHIY BPeMeHH uepe3 cedeHHs Sy M S,
JOJI2KHH OBITH OJIHHAKOBEI:

S10;=S8;03
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‘(HanoMHHM, YTO 4Yepe3 GOKOBYIO MOBEPXHOCTb TPYOKH TOKa HaCTHILI
JHUIKOCTH HE NPOXOHAT).

IlpuBeneHHOe BhIlIE pacCyKAeHHE NMPHMEHHMO K JioOoi mape ce-
uyeHHuit S; U S,. CleloBaTeNIbHO, 048 HECHCUMACMOL HCUOKOCIU GeAULUHA
Sv 6 ar06om ceweruu 00HOU u moti ace mpybku moka GoaxcHa Gbimb
odunakosa:

Sv=const. (72.1)

INonyueHHBIt HaMH pe3yJbTaT MPENCTaBJseT cOOOH COpepiKaHHE Teo-
PEMBl O Hepa3pPHBHOCTH CTPY H.

HUs (72.1) cnepyer, 4To nmpH NepeMeHHOM CeYeHHH TPYOKH TOKa
YacTHLLI HECXKHMaeMOH JXHAKOCTH ABHKYTCS C ycKopeHHeM. B roph-
80HTaNbHOI TpyOKe TOKa (pHC. 72.4) 3TO YCKOpeHHe MOXKET ObITb 06Yyc-

: JIOBJIEHO TOJILKO HENOCTOSIHCTBOM JaBJie-
\ HHS BJIOJb OCH TPYOKH — B Me€cTax, rjie
CKOPOCTH MeHblLIe, JaBJIEHHE JOJKHO

9 v, 6biTh Gosiblie, U Haobopot. Kosmuuect-
i BEHHAsi CBA3bL MEXJNY CKOPOCTBbIO Teye-
HHSl U JaBJeHHeM OyJeT yCTaHOBJIEHa

Protou B cJe/lyloleM naparpadge.

Teopema O Hepa3pLIBHOCTH CTPYH
NPHMEHHMa K peaNbHbIM KHAKOCTAM
H Jaxe K rasaM B TOM Cclyyae, KOrja CXXKHMaeMOCTbIO HX MOXKHO
npene6peus. COOTBETCTBYIOIIME pacyeT NOKa3BIBAET, YTO NpPH ABHXKe-
HHMH 2KMAKOCTEH M rasoB CO CKOPOCTSIMHM, MEHBIIHMH CKOPOCTH 3BYKa,
HX C JIOCTATOYHOH CTeNEeHbI0 TOYHOCTH MOXKHO CUHTaTh HECXKHMAaeMBIMH..

§ 73. YpasHenue bBepuyanu

PaccmarpuBasi JBHXKEHHE XXHAKOCTeH, BO MHOTHX CJIyYasiX MOMKHO
CYHTATh, YTO NepeMelleHHe OAHHX YacTeH >KHAKOCTH OTHOCHTENBHO
JPYTHX He CBS3aHO C BO3HHKHOBEHHEM CHJ TpeHHs. )KUAKOCTh, B KOTO-
poli BHYTpPEHHee TpeHHe (BS3KOCTb) IOJIHOCTHIO OTCYTCTBYET, Hasbl-
BaeTcd HJaeaJdbHOo H.

BeijennM B cTauMoOHapHO TeKylieH HIeaJbHOH KHAKOCTH TPYGKY
TOKa MaJioro cedeHus (puc. 73.1). PaccMoTpum 06BbeM KHIKOCTH, Orpa-
HUYEHHBIH CTEHKaMH TPYOKH TOKa W NEPNeHIUKYJAPHBIMH K JIHHUSM
TOKa ceyeHHAMH S; 4 S,. 3a Bpemsi Af 3TOT 00beM NEPEMECTHTCS BIOJb
TPYOKH TOKa, NpHYeM ceyeHHe S; nepeMecTHTCH B IoOJOXKeHHe Sj,
npoias nyTb Al;, ceueHue S, nepeMeCcTHTCs B MOJIOXKeHHe S;, Mpoias
nyTb Al,. B cuiy HepaspbIBHOCTH CTPYH 3aUTPHXOBAaHHBIE OGHEMEI
6yayT HMeTb OJHHAKOBYI0 BeanuuHy: AV;=AV,=AV.

OHeprus KaxKIOoH YacTHIBI >KHIKOCTH CJiaraeTcsi M3 ee KHHeTH4e-
CKOll SHeprud M MOTeHLHaJbHOH 3HEePrHH B NOJIE CHJI 3€MHOro TAroTe-
HHsA. BcesieacTBHe CTAlMOHAPHOCTH TEYEHHS] YacTHIA, HaXOAsUIasics
cnyctsi Bpemss Af B Jito60H M3 TOYEK He3alUTPHXOBAHHOK YacTH pac-
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cmarpuBaemMoro obbema (cM., Hanpumep, Touky O Ha pHc. 73.1), umeer
Takylo JXe CKOpOCTb (a CJiefoBaTesibHO, H KHHETHYECKYIO 3HEprHio),
KaKylo MMeJia YacTHI, HaXONHBLIAsiCA B TOH K€ TOYKE B HauiaJbHbIH
MOMEHT BpemeHH. I[Tostomy mnpupamienue sHeprun AE Bcero paccMar-
pHBaEMOro 00BeMa MOXHO BBIMHCIHTH KakK PasHOCTh SHEPrHH 3allTpH-
XOBaHHBIX 00beMuHkoB AV, u AV;.

BosbmeM ceyeHHe TPYOKH TOKa
i orpe3kd Al HacTOJIbKO MaJbIMH,
yTOGBLl BCEM TOYKaAM KaXkJoro H3 3a-
IITPUXOBAHHBIX OOBEMYHKOB MOXKHO
6HI0 NpUNHCATh OfHO H TO XKe 3Ha-
yeHHe CKOPOCTH U, JaBJeHHs p H
BbicOTEl A. Torja mpupauieHue sHep-
THH 3anHIUeTcs CJeylomuM obpa-

30M:
V 2
AE — ("52 Do pAVghg) =

(pAVv%

3 foavgn) (73.1)

(p — NJIOTHOCTH KHIKOCTH).

B upeanbHO XKHAKOCTH CHJIBL TPe-
Husa orcyrerByior. [lostomy npupa- 4
weHHe sHepruu (73.1) NOMKHO paBHSTLCS paboTe, COBEPLIAEMOH Han
BEIIe/IeHHEIM 06HeMOM CcHyiamu jaByieHusi. CHIIbL 1aBJieHHsl Ha GOKOBYIO
MOBEPXHOCTh MEPNEHANKYJISPHHl B KaXIOH TOYKE K HamnpaBJCHHIO
nepemMeuleHHsl YacTHIl, K KOTODHIM OHH NpPHJIOXKEHEI, BCJEJCTBHE Hero
paboThl He cosepluarT. OTIHYHA OT HyJs JIHIIb padoTa CHJ, MPHJIO-
JKEeHHBIX K ceueHHsAM S; U S,. 3ra pabora paBHa

A= p,S; Al; — p,S; Al = (py— Ps) AV. (73.2)

IpupasHsis Bepaxenus (73.1) u (73.2), cokparuB Ha AV u nepe-
Hecsi WiIeHB ¢ OJAMHAKOBBIMH WHJIEKCaMH B OIHY YacTh paBeHCTBa, NO-
Jy9uM:

Puc. 73.1.

po? pvl

-+ 0ghi + pr =5+ pghs+ Po.
Ceyennsi S; u S, GbUIH B3STHl COBEPLIEHHO NPOH3BOJIBHO. ITosToMy
MOXHO yTBEpX/JaTh, YTO B JIIOGOM CeYeHHH TPYOKH TOKa BBIpa>kKeHHE

2
O +pgh+ p HMeeT OxMHAKOBOE SHaueHHe. B COOTBETCTBHH CO Clenak-

HBIMH HaMU TIPH €ro BEIBOJE MPEINOJOKEeHHAMH ypaBHenue (73.3) cra-
HOBHTCS BIIOJIHE TOYHBIM JIHIIb NPU CTPEMJIEHHH NOMNEPEYHOro CeUeHHUs S
K HYJIIO, T. €. IPH CTATHBaHHH TPYOKH TOKA B JIHHH}O.UTaKHM 06pasoM,
BeJIHYHHH p, v U A, QUTypHpPYIOLIHE B JIEBOH U NPaBOH YacTAX ypaBHe-
Hus (73.3), cienyer paccMaTpuUBaTh KakK OTHOCsIIHecsl K JIBYM NpOM3-
BOJbHBIM TOYKAM OJHOH H TOH XK€ JIMHHH TOKa.

(73.3)
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INonyyeHHbIH HaMH pe3yJIbTaT MOXHO CHOPMYJIHPOBATE CJIELYIOIHM
o6pasoM: 8 crnayuorapHo mekyued udeanrvrol gcudKocmy 6004b 1060l
AURUU IMOKQ BbINOAHAEMCS YCA0BUE

2
% + pgh - p = const. (73.4)
Ypasrenue (73.4) HIH paBHO3HaYHOE eMy ypaBHeHue (73.3) HasblBaeTcs
foda ypaBHeHueM bBepHryuaau Heemo-
i TPS Ha TO, YTO, 3TO YpaBHeHHe OHLIO mosy-
! ©  YeHO HaMH JJsi HJIeaJbHOH JXHIKOCTH, OHO
JOCTaTOYHO XOPOLIO BHIMOJNHSIETCS AAS pe-
aNbHBIX KHJIKOCTEH, BHYTDEHHEE TpEeHHE B
KOTOPHIX HE OY€Hb BEJIHKO.
st TOpH3OHTANBLHOH JHHHM TOKa yCJO-
BHE (73.3) mpHHHMAeT BHI

2
pry

pv3
""2"+p1 =Tz+ P2y

T. €. JaBJIEHHe OKasplBaeTcd MEHBUIHM B
TeX TOYKax, IAe CKOpOCTb GoJblie (Kauect-
BEHHO 3TO yxKe OBbLIO NOKa3aHO B Npelbiny-
nemM naparpade).

YMeHbllleHHe JaBJIEHHS B TOYKax, IJe
CKOPOCTh NOTOKa GoJiblLie, MOJOMXKEHO B OC-
HOBY YCTPOHCTBa BOLOCTPYHHOro Hacoca (pHc.
73.2). Crpysa Bozpl nojaerca B TPYOKy, OT-
KpEIBafoUlylocs B aTtMocdepy, TaKk YTO Ha
BhIXOJ€ M3 TpYOKH JaBJeHHe paBHO aTMmocthepHoMy. B  Tpy6ke
HMeeTcs CYKeHHe, N0 KOTOpPOMY BOAa HACT ¢ OoJiblliedl CKOpPOCTEIO,
BCJIEICTBHE YETOo JiaBJIeHHe B 3TOM MecTe OKasblBaeTcs MeHblle atMocep-
Horo. Takoe ke JaBJieHHe YCTaHABIHBAeTCs H B OXBaTBIBAlOLIEH TPYOKY
Kamepe Hacoca, KoTopasi coolliaercsi ¢ TpyOKoi uepes paspkiB, HMEIO-
uuiics B y3KoH gacTH TpyOku. IlomcoeinuHHB K Kamepe Hacoca OTKa-
YHBaeMbIH O0BEM, H3 HEro MOXHO OTKauyaTh BO3AYX (MM KaKOH-JIHGO
Apyro# ras) jno pasieHus nopsiaka 100 mm pr. cr. OTKaunBaeMmslii BO3-
JyX 3axBaTHIBaeTcsl CTpyeH BOABI M YHOCHTCA B armocdepy.

B amwocpepy
Pnc. 73.2.

§ 74, UcreueHHe MHIKOCTH H3 OTBEPCTHS

IlpuMeruM ypaBHeHHe DepHyJUIM K Caydaio MCTEUEHHS XKHIKOCTH
U3 HeOGONBLIOrO OTBEPCTHSI B IIMPOKOM OTKPBLITOM cocyje. Bhimesmum
B XKHJKOCTH TPYOKY TOKa, HMEIOIIYI0 CBOMM CEYEHHEM C OHOH CTOPOHHI
OTKPHITYIO MOBEPXHOCTb KHJAKOCTH B COCyJe, a C JAPYrof CTOPOHBI —-
OTBEPCTHE, YEPE3 KOTOPOE XKHAKOCTb BEITeKaeT?) (puc, 74.1). B xaxpmom

%) Tounee, cevenue CTPyH IPH BHXOE M8 OTBePCTHH. ECAH He npHuATS Cleunan be
HBEIX Mep, TO cedenHe cTpyH OyJeT MEHbLUE OTBEepCTHf.
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W3 3THX CEUEHHIl CKOPOCTh M BHICOTY HaJl HEKOTOPHIM HCXOIHEIM YpOB-
HEeM MOXKHO CYHTATh OJHHAKOBELIMH, BCJEACTBHE Yero K HHM MOXHO
NPUMEHHTDL ypaBHeHHe (73.3), nosyyeHHOE NpH 3TOM MPEANOJIOKEHHH.
Jlanee, faBjeHHs B OOOMX CEUEHHSIX PaBHBI aTMOCHEpPHOMY M MOSTOMY
ofMHaKoBEl.. KpoMme TOro, CKOPOCTb N€peMelleHHsi OTKPHITOH MNoBepX-
HOCTH B LIHPOKOM COCYJI€ MOXXHO IOJIOXHTb paBHOH Hyso. C yuerom
BCEro CKa3aHHOro, ypaBHeHHe (73.3) NpHMEHHTENBHO K NaHHOMY CaIy-
Yal0 MOXHO HAamHcaTb B BHJE

2
pghs =%+ pghs,

Ifie v — CKOpOCTh HMcTeyeHHsi u3 oTBepcTHsi. COKpaTHB Ha p M BBexs
h=h,—h,— BHICOTY OTKPHITOH NOBEPXHOCTH [PKHAKOCTH Hajx OTBep-
cTHeM, nosyuyum: v*/2=gh, oTKyHAa

\ . ’ v=V} 2gh. (74.1)
e i dra ¢opMyna HaspBaeTca PO pPp MYy Jio#
——— Toppu4YeJgaHu.

5 e ! Mrtak, CKOpoCTb HCTEUEHHSI MKHIKOC-
) TH W3 OTBEPCTHS, PAacrOJOKEHHOro Ha
\RLE ey
. S
&y L8 \_“'-—-—:"_\\
S
Prue. 74.1. Puc. 74.2.

rnyGuHe h moj OTKPHITOH NOBEPXHOCTbIO, COBMANdeT €O CKOpoc-
ThI0, KOTOPYIO NIpHOGpeTaer JioGoe TeNo, nanas ¢ BelcoThl h. Cnenyer
MIOMHHTb, YTO 3TOT PEe3yJbTaT TOJyYeH B NpPEANOJIOXKEHHH, YTO KHA-
KOCTb HjeajbHa. JI1 peanbHbIX KHIKOCTeH CKOpPOCTb HCTedeHHs Oyner
MeHbLIE, NPHYEM TeM CHJIbHee OTVIHYaeTcs OT 3HaveHus (74.1), uem
Gosiblie BSI3KOCTh 3KHAKOCTH.

CTpysi XHIKOCTH, BHITEKaIOI[asi U3 OTBEPCTHsI B cocyne (puc. 74.2),
YHOCHT ¢ coboii 3a Bpems At umnyabc AK=pSuv Af (p — nioTHOCTH
JKHJIKOCTH, S — IJIOIAb OTBEPCTHA, V — CKOPOCTh HCTEUEHHS CTPYH).
DtoT MMOyJbc cOOOILaeTcsi BEITEKAOLIel KHAKOCTH cocynoM. Ilo tpe-
TheMy 3akKoHy HBbIOTOHA cocyZ mosyyaeT OT BBITEKAOleH 2KHIKOCTH
8a Bpemsi Af umnyJibc, paBHbii —AK, T. e. HCNBEITHIBaeT AeHCTBHE CHIIbI

= g=—p"5't.!v. (74.2)

PN

Sra cHjla HasbiBaeTcsi peakKuu el BHTeKawmeh cTpy H.
Ecnu cocyn noctaBuTh Ha TenexKy, To mox AeficrBueM cuisl F, oH
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NPHAET B ABHXEHHE B HaNpPAaBJEHHH, NPOTHBONOJIOXHOM HANpPaBJIeHHIO
CTPYH.

Haiinem snayenne cuabtl F,, BOCNONBb3OBaBLINCE BHIpaXseHHeM (74.1)
AJISl CKOPOCTH HCTEYEHHS! XKHMAKOCTH H3 OTBepPCTHS:

F,=pSuv® =2ghpS. (74.3)

Ecin O, Kak 3T0 MOXeT NMoKasaThcsi Ha nepBhlil B3raax, cuaa F,
COBMazala Mo BeIHYHHE C CHJIOH TMAPOCTAaTHYECKOrO JABJEHHS, KOTO-
poe KHMJIKOCTb OKasbiBaja Obl Ha NMpPOOKY, 3aKpBIBAIOLLYIO OTBEpPCTHE,
10 F, 6Bl1a 66 paBHa gh pS. Ha camom nene cuna F,. oxa3piBaeTcs B
2 pasa Gospwedt. ATO OGBSCHAETCS TeM, YTO BO3HHKAIOLIEE NPH BBITE-
KaHHH CTPYH ABHKEHHE XXHAKOCTH B COCyJe NPHBOAUT K nepepacnpeje-
JIEHHIO JaBJIeHHs, NpHYEM JAaBjieHHe BOJH3H CTEHKH, JeXallel NPOTHB
OTBEPCTHS, OKAasbIBAeTCs HECKOJNBKO OOJBLIHM, 4eM BOGJIH3H CTEHKH,
B KOTOPOH CHeJaHO OTBEpPCTHE.

Ha peakuuy BbiTeKaioleli CTPYH rasa OCHOBaHO JeHCTBHE PEeaKTHB-
HBIX JBHrartesied M paker. PeakTHBHOe JBHXKeHHe, He HYXIAsch IS
CBOET0 OCYILECTBJIECHHS B HAIHYHH aTMOceprl, HCIOAb3YeTes s NoJie-
TOB B KOCMHYECKOM NPOCTPAHCTBE.

OcHOBONONOXHHKOM TEOPHH MEXKIJIAHETHEIX COOOLIEHHI sBJISETCs
BEIAGIOUIHICA PYCCKHE ydyeHHIH H H306peratenb K. . LlHonKoBckuit
(1857—1935). On nan TeopHio moJera pakerbl U 000CHOBAJ BO3MOM-
HOCTb NPHMEHEHHS! PEeaKTHBHBIX annaparoB JJIsi MEXKIIAHETHBIX c00b-
wenui. B uvactroctH, IlnonkoBckuM Gbiia paspaborana TEOpHA JBH-
MEHHs] COCTABHBEIX PaKeT, B KOTOPHIX KaXKAasl MOCJELYIOLIasi CTyNneHb
BCTYMNaeT B AEHCTBHE NOC/IE TOro, KaK Npeiblaylas CTyneHb, H3pacXo-
JIOBaB MOJIHOCTBIO TOMJIHMBO, OTAENHTCS OT pakerhl. Wpeu ILluoskoe-
CKOrO MOJIYUHJIH HajibHelllee pasBHUTHE H GBIIH OCYLIECTBJIEHBI COBET-
CKHMH YYEHBIMH M HHKeHepaMmH, obecreyHBIIMMH Beayilyio poab Co-
Berckoro Coio3a B OCBOEHHH H H3YYeHHH KOCMHYECKOTO NPOCTPAHCTBA.

§ 75. CHabl BHYTPEHHEro TpPeHHs

WpneancHas JKHAOKOCTb, T. €. XKHIOKOCTb Ge3 TpeHus, sasercss ab-
cTpakuuedi. Becem peanbHEIM XKHAKOCTSM U rasaM B GOJIbIIEH HJIH MEHb-
leH cTeneHM NpHUCYILa BA3SKOCTb WJIM BHYTPEHHee TpeHwe. BaskocTb
NposiBJISeTCs B TOM, YTO BO3HHKLIEE B XKHJAKOCTH HJIH rase ABHXKEHHe
nocjie npekpameHHsi NeHCTBHS NPUYHMH, ero BHI3BABLIMX, NOCTENeHHO
npeKpauiaercs.

Ilns BbISICHeHHS] 3aKOHOMEDHOCTEH!, KOTOPHIM MOJYMHSIOTCA CHJIEI
BHYTPEHHErO TpeHHs, PacCMOTPHM cJeayiomuii onbiT. B 2xHIKOCTb
NOTpY>KeHel JBe MNapajiefibHble APYr APYry NJacTHHB (pHc. 75.1),
JIHHEHHble pasMephl KOTOPHIX 3HAYHTENbHO NPEBOCXOAST PacCTOSTHHE
mexny HuUMH d. HuXHAS nuacTHHA ynep»KHBaeTcsi Ha MeCTe, BepXHAs
NPHBOJUTCS B IBHXKEHHE OTHOCHTENBHO HHXKHEH ¢ HEKOTOpOH CKOpo-
CTHIO ¥Up. OnBIT jaeT, YToO AN NMepeMelleHusi BepXHeil NJacTHHH ¢ Mo-
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CTOAIHHOH CKOPOCTBIO Uy HEOOXOIMMO JeHCTBOBaTh Ha Hee C BHOJIHE
ONPEeeNIeHHOH MOCTOSIHHON no BesuyuHe cuyoii F. Pas nnactuHa He
NOJIyuaeT YCKOpeHHs, 3HaYHuT, NeHCTBHE 3TOH CHJIbI YpaBHOBELIHBaeTCs
PaBHOH el M0 BEJHYHHE IIPOTHBONOJIOXHO HaNpaBJeHHOH CHIIOH, KOTO-
pas, OHeBMAHO, €CThb CHJIa TPeHHs, AeHCTBYIONlas Ha IJIACTHHY NpH ee
ABYXEHUH B kujakocTh. O6osnauum ee Fo.

Bapbupysi ckopocTh IJIaCTHHBI Uy, MJIOH[AAb IJIACTHH S M paccrosi-
HHe MeXJAYy HHMH d, MOXXHO HOJIYYHTb, YTO

szz'ﬂ%oS, (751)

rie M — KO3(ppUIHEHT NMPONOpPLIHOHANbHOCTH, 3aBHCSLUHE OT NMPHPOIH
H COCTOSHHS (HampuMmep, TeMmneparypbl) XHIAKOCTH H Ha3bLIBaeMbIil
KOS3GpOHIUHEeHTOM BHYTPEHHEro TPEeHHS HIH KO-
SOGHUHEHTOM BfA3KOCTH, HIH MPOCTO BA3KOCTLIO >XHIA-
KOCTH (raza).

HmxHasg nnacTHHA npH JABHXKEHHH BepXHEH TaKiKe OKasblBaercs
MOJBEP2KEHHON JNEHCTBHIO CHJIBI

. u zA F.
Frp, paBHoi no sennyune Fi,. IR "
Jlnst Toro 4To6kl HUMKHA S nac- = F v
THHA OCTaBaJ1aCh HEITOABHKHOH, F,
cuny Fg, Heo0XoauMo ypaB- R —"—~,—r‘:.;——-“~--—-
HOBECHTb C NOMOUIbIO cHJbl F/. % Fp

Taxum o0pasoM, npu ABHKeE- ¢ 5

HHH JABYX NOIPYKEHHBIX B XKHJ- F! FT’F

KOCTb IJIACTHH JPYr OTHOCH-
TEeJIbHO Jpyra MexXay HHMH
BO3HUK3eT  B3aUMOJCHCTBHE,
xapakTtephsyemoe cHiioH (75.1). BosgefictBHe mnnactum apyr Ha
Apyra OCYIUECTBJISI€TCSI, OYEBHIHO, Yepe3 KHIAKOCTb, 3aKJIOYEHHYIO
MEX<Ny MJIaCTHHAMH, NepejaBasicb OT ONHOTO CJOS KHAKOCTH K ApY-
romy. Ecin B Jnofom mecTe 3a3opa mpoOBECTH MBICIEHHO IJIOCKOCTb,
napasnesbHylo IIaCTHHaM (CM. MyHKTHPHYIO JIHHHIO Ha pHc. 75.1),
TO MOXKHO YTBEpPKJAaTh, YTO YACTh KUIKOCTH, JiexKauiasi Hax 3ToH nJjoc-
KOCTbIO, JEHCTBYeT Ha YacTh XKHIKOCTH, JIEXAUIYI NOJ MJIOCKOCTBIO,
¢ cuaoit Fjip, @ 4acTb MKHAKOCTH, JeXallas noj IJIOCKOCTEI), B CBOKO
oyepenp JEHCTBYeT Ha YacTh KHIKOCTH, JEXAULYl0 HAJ IJOCKOCTHIO,
¢ cunod F.,, npuuem suayenus F,, u Fr, onpenensiorcs topmy.ioi
(75.1). Tagum oGpasoM, GopmyJaa (75.1) onpenensieT He TOABKO cHTy
TpeHHs, NeHCTBYIOLLYIO HA MJIACTHHDI, HO H CHJIY TPEHHs MeXIy CONpH-
KacalolUMHCH YacTSMH MKHIKOCTH.

Ecnu mccienosath CKOpPOCTb YacTHIL 2KMAKOCTH B PasHBIX CJIOSIX,
TO OKa3BIBATCH, YTO OHA H3MEHSeTCSi B HampaBJIeHHH 2, NepreHAHKY-
JIAPHOM K muacTHHaM (prc. 75.1), no JuHeHHOMY 3aKOHY

v(2) =2z (75.2)

Puc. 75.1.
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YacTHUB! KHAKOCTH, HENOCPEACTBEHHO CONPHKACAIOIMecs C MNJacTH-
HaMH, KaK Obl IPUJAMNIAIOT K HUM M HMEIOT TaKYI0 XKe CKOpOCTb, Kak H
camu maacTuHbl. CoryiacHo gopmyae (75.2)

du

Yo
ol oty | (75.3)

:d.

3HaKk MOAyJsi MBI NMOCTaBHIHM MO cepyrouied npuukHe. Eciu Gbl Ml
3aKPeNMJIH BEpPXHIOK MJIACTHHY, a JABWraJH HHXHIoI (cM. pHc. 75.1),
HJH H3MEHUJHM HanpaBJeHHe ocH z Ha o0paTHoe, NpoH3BoaHas dv/dz
crajia Gbl oTpuiarenbHOi. Benuuuna ke vp/d Becerja NOJIOKHTENbHA.
INosTomy misi Toro, yToOw dopmyaa (75.3) Gelia cnpaBejiuBa B JiroOOM
cayyae, HY»KHO B3siTb MOAYJb dv/dz.

Hcnonbsosas pasenctBo (75.3), dopmyse (75.1) MoxHO mpunath
“BHJ
dov e
Fro=n o S. (75.4)

Sra dopmysia OnpejesisieT MOAYJb CHJbl TpeHHs. Bennunna |dv/dz|
noKasbiBaeT, Kak GLICTPO H3MEHseTCs CKOPOCTb B HampaBJIeHHH OCH 2,
U NpeACTaBJsieT coGoil MOAYJb TpajHeHTa MOAYJs CKOpOCTH (ecau v
3aBHCHT TOJILKO OT 2, 0v/0x=0v/0y=0, Ov/0z=dvldz).

dopmyaa (75.4) nosryyeHa HaMu 1A ciy4asi, Korja cKOpocTk HaMe-
HseTcs 1o JIHHeliHOMYy 3akoHy. OKasbiBaercsi, YTO 3Ta ¢opmyJna oc-
TaeTcsl CnpaBeYIHBOM H AIs JiIo6Oro JpYyroro 3aKOHa M3MEHEHHs CKO-
POCTH OT ¢JIOs K csioio. B 3ToM cityyae st onpesiesieHusi CHJIBI TPeHHS
MEeXy ABYMS FpaHHYAU{HMH JIPYT C APYIrOM CIOSIMH HY>XHO OpaTtk 3Ha-
yeHue |dv/dzl B TOM MecTe, Ilie NPOXOAHT BooOpaxaemasi IOBEPXHOCThb
paszena CJoeB.

Bce ckazanHoe B 3TOM naparpage OTHOCHTCS HE TOJIbKO K XKHIAKOCTAM,
HO M K rasam.

Enununest Bsaskoctd B CH ciy»kuT Takasi BS3KOCTb, NPH KOTOPOM
IpajiueHT CKOPOCTH ¢ MoayJieM, paBHbiM 1 M/c Ha 1 M, NPHBOJMT K BO3-
HMKHOBEHHIO CHJIBI BHYTpeHHero TpeHus B 1 H Ha 1 M? noBepXHOCTH
KacaHHs CJIOEB. DTa eIHHHIA Ha3hBaeTCi N aCKalb-CeKYH A0 H
(o6o3nayaerca Ila-c) ).

B CI'C-cucteme eluHHLell BASKOCTH siBasetcs nya3 (I1), paBuulfi Takolf Bsi3KO-
CTH, NPH KOTOPOIii PPaJIieHT CKOPOCTH C MOAYJIeM, paBHEIM I cm/c Ha 1 cM, NpHBOAKT K
BO3HHKHOBEHHIO CMJIBI BHYTpeHHero Tpeensi B 1 nuH Ha 1 cM? noBepXHOCTH Kacauus
cnoes. Ennuuna, pasnas 10—© [1, naswiBaercs Mukponyasom (Mxll). Mexay nyasom
M NAacKaNb-CeKYHIOH MMeeTCA COOTHOLUEeHHe

1 INa-c=10 II

KoadppHuueHT BS3KOCTH 3aBHCHT OT TeMNepaTypH, NpuYeM Xapaxk-
Tep 3TOH 3aBHCHMOCTH CYINECTBEHHO PasjHyeH AJSA >KHAKOCTeH M ra-
30B. ¥ XMIKOCTEeH KO3()pHLHMEHT BA3KOCTH CHJIBHO YMEHBUIAETCs C MO-

1) Tackanem HaswBaercs emupuna fasnenus B CH (1 Ma=1 H/m%),
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BLILICHHEM TeMMeparypsl. ¥ ra3oB, HanpoTHB, KO3(pdHUUEHT BA3KOCTH
¢ Temneparypoii pacter. OTJIHYHE B XapaKTepe NOBEIEHUs 1) NPH H3Me-
HEHHsIX TeMnepaTyphl YKasblBaeT Ha PasiniyHe MeXaHH3Ma BHYTPEHHEro
TPeHHs B XKHAKOCTAX M rasax.

§ 76. JlamunapHoe H TYpOyJEHTHOE TeueHHs

Habmonaercss aBa BHIA TeYeHHs KHAKOCTH (MM rasa). B oanux
cAyyasiX KHMAKOCTb KakK Obl pasiesisfieTCs Ha CJOH, KOTOpLIe CKOJb3AT
IPYT OTHOCHTEJBHO ApYra, He mepeMeldBasich. Takoe TeYeHHe Hasbl-
BaeTCsi 1AM H H a p H b M ) (cyoucrbiM). Ecin B 1aMHHApHBIA NOTOK
BBECTH MOJAKPALIEHHYIO CTPYHKY, TO OHA COXpaHseTcsl, He PasMEIBasCh,
Ha BceH [JHHe MOTOKa, TaK KaK YacTHLBl XHAKOCTH B JIAMHHApPHOM
OTOKe He ePEeXONT M3 OJHOro CJIoSi B ApYyroi. JIJaMHHapHOE TedeHHe
CTalHOHapHO.

[lpu yBenHYEHHH CKOPOCTH HJIH MONEpeYHHIX pPasMepoB MOTOKa
XapaKTep TeyeHHs CyIIECTBEHHEIM 0Gpa3oM HaMeHsiercs. BosHHKaer
SHEpPruyYHOE MepeMelluBaHHe XXHAKOCTH. Takoe TeyeHHEe Ha3bIBAETCHA
Typ6yneHTHBH M. [Ipy TypOyJIeHTHOM T€YEHHH CKOPOCTb HacTHU
B Ka)KJIOM JIaHHOM MecTe BCe Bpemsi H3MeHsieTCst GecropsiloyHbiM o0pa-
30M — TeyeHHe HecTalMoHapHo. Ecin B TypOyJIGHTHBIE NMOTOK BBECTH
OKpaLIEHHYIO CTPYHKY, TO y>Ke Ha HEOOJBIIOM PacCTOSHHH OT MecTa ee
BBEICHUS OKpalUeHHasd KHIKOCTb DPaBHOMEPHO pacnpejensercs no
BCEMY CEYEHHIO MOTOKa.

AnryaBickuii yyeHbi PefHONBAC YCTAHOBHI, YTO XapakTep TEeueHHS
33aBHCHT OT 3HauyeHHsi Ge3pasMepHOM BEeJUUMHBI:

Re — F‘%E (76.1)
e P — NJOTHOCTb XKHAKOCTH (MJIM rasa), v — cpenHss (1m0 CedeHHio
TpyOLI) CKOPOCTD - MOTOKA, 1 — KO3(GUUHEHT BSSKOCTH JKHIKOCTH,
[ — XapakTepHbI VIS NMONEPeyHOro CeueHHsi pasmep, HanpuMep, CTO-
pOHA KBajipaTa NpPH KBajJPATHOM CEYEHHH, PAAHyC HJIH AHAMETp NpH
KpyrJioM CeyeHHH H T. I.

Benuunna (76.1) HaspBaercss yucaoM Pelinoanbaca. Ilpn
MaJIbIX 3HAueHWsX uyucaa PeliHonbiaca BabJofaercss JiaMHHapHOe Te-
yerne. HauuHas ¢ HEKOTOPOro OmpeleseHHOro 3HaueHHs Re, Hasbl-
BaeMOro KpHUTHUECKUM, TeyeHHe npHobperaeT TypOyJEeHTHBIH XapaKTep.
Eciu B KauecTBe XapaKTepHOro pasmepa JJIsi KpyrJoi TpPyOHl B3fTh
ee paguyC r, TO KpHTHYeckoe 3HayeHMe yucsia PeitHoubica (koTopoe
B 3TOM caydae umeeT BUA Re=pur/1) oOKasbBaeTCs PaBHBIM ?) NPHMEPHO

- 1000. B unciyo PeliHosmbAca BXOAAT B BHJE OTHOLUEHHS JBE BEJHUYMHEI,

3aBHCAlHE OT CBOHCTB XKHAKOCTH: INVIOTHOCTb P H KO3(HIIHEHT

1) JlatuHckoe ¢lamina» 03HauaeT MJIACTHHKY, MOJOCKY.
2) QueBymHO, YTO, B3AB B KauecTBe [ He pajuyc, a AHaMerp TPYOH, MBl JOMMKHE!
YBeNHYHTL KpHTHYECKOE SHayeHHe Re B 2 pasa.. N G e o i
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BA3KOCTH 7). OTHOWIEHNE
v=n/p (76.2)

HasblBaeTcsi KU HEeMaTHUYEeCKOH BA3KoOCTHI0. B oranuue
OT v BeJIHYHHA 1) Ha3blBaeTCsi THHaAaMHUYECKOH BSA3KOCThIO.
Hcnonbsys KHHEMaTHYeCKYyI0 BA3KOCTb, 4Hcay PefiHoubAca MOXHO
npHIaTh CAENYIOIHH BHI: ;

Re = ul/v. (76.3)

Yucno PeliHonbjca MOXKET CIYKHTh KpPHTepHeM nojobust nns Te-
ueHHs KHAKocTeH B TpyOax, KaHanax M T. i. XapakTep TeYeHHs pas-
JIMYHBIX JKHIKOCTEH (MaM rasoB) B TPy6ax pa3HBIX ceYeHHH Oyler co-
BEpILEHHO OJHHAKOB, €CJAH KaxKIOMY TEeYEHHIO COOTBETCTBYET OJHO H
TO e 3HayeHHe Re.

§ 77. TeuenHe XHIKOCTH B Kpyryioi Tpyoe

[lpu [BHXKEHHM KUIKOCTH B KpYIJIOH Tpy6Ge CKOPOCTE paBHa HYJIO
y CTEHOK TpyObl ¥ MakcHMalbHa Ha ocH TpyOnl. Ilosaras Teyenue Ja-
MHHApHbLIM, HalifieM 3aKOH H3MEHEHHs
CKOPOCTH € paccTossHHeM 7 OT OCH
TPYyOHL.

BoizennM  BooGpakaeMEBIH LMJIHHA-
pHYeCKHH o0beM XHAKOCTH pajuyca r
v quHel [ (puc. 77.1). Ilpu cranmo-
HapHOM TeYeHHH B TpPyGe NOCTOSTHHOIO
CEeYeHHs CKOPOCTH BCeX YaCTHIL XKHIKOC-
TH OCTalTCs HEH3MeHHHIMH. CJleloBaTesNbHO, CyMMa BHEIUHMX CHJI,
NPUJIOKEHHBIX K JI060MY O6BEMY KHIKOCTH, paBHa Hymo. Ha ocHo-
BaHMS paccMaTpHBAeMOro UMIMHJIPHYECKOro o6bema JeHCTBYIOT CH-
Jbl JaBJEHHsi, CyMMa KOTOPHIX paBHa (pi—pJ)7r?. Drta cuia Hel-
CTBYET B HanpaBJeHHH ABHKeHHS KHAKoCTH. Kpome Toro, Ha 60KOBYIO
NOBEPXHOCTh LMJIHHIpPA HEfCTBYeT CHJsa TpeHusi, paBHas mldv/dr|2nrl
(umeercs B BUAY sHaueHHe du/dr Ha pPacCTOSIHHH r OT OCH TpyOBI). Yc-
JIOBHE CTAllHOHAPHOCTH HMEET BHJ

(py— po) r? = n | dv/dr | 2nurl. (gel)
CkopocTth yOBIBae€T C PaccTOSSHHEM OT ocH TpyOHl. CrefoBaTeBHO,

dv/dr orpuuarenbHa ¥ |dv/dr|=—dv/dr. Yursi 310, npeob6pasyem COOT-
Hourenue (77.1) cnenyromum oGpasom:

_dv__(p1—pa)r
dr T B

Puc. 77.1.

Paznenye nepeMeHHble, MOJYYHM ypaBHEHHE:

it Pic= Pa
duv = T rdr.

§77. TEYUE HHUE JXHMIOKOCTH B KPYIJIOH TPYEBE 257

VIBTerpupoBanue aaer, uyTo

U= — P*‘;lfz r24C. (77.2)

INocTosiHHYI0 MHTErpHPOBAHHSA HYXKHO BHIOPATh TakK, YTOGLI CKOPOCTH

Pue, 77.2. Puc. 77.3.

L]

o0Opamanach B HYJb Ha CTeHKaX TPyO6HI, T. e. npu r=R (R — paauyc
Tpy6h). M3 3Toro yciaosus

W P12
G an! Re.
[loncraHoBka 3nayenusi C B (77.2) npHBOAMT K ¢opmyJie
__P1—Ppe L RN 4 el i iy
v(r) =B (R —p) =Lzl e (1 i) (77.3)
3HayeHHe CKOPOCTH Ha OCH TPYGH paBHO
v, =10 (0) :%%@ R=. (77.4)

C yuerom 3toro ¢popmyJe (77.3) MOXKHO NpPHAATH BHA
; :
v(r)=1v, (1—%). (77.5)

Taxum o6pasoM, npH JTaMHHAapPHOM TEYEHHH CKOPOCTh H3MEHSIETCs ¢ pac-
CTOSSHHEM OT OCH TpyOHl no mnapabo/sHyecKoMy 3aKoHY (pHc. 77.2).

ITpu TypOyJIEHTHOM TE€YEHHH CKOPOCTb B KaXJOH TOYKE MEHSIETCS
GecnopsJOYHEIM oOpa3oM. IIpH HeH3MeHHBIX BHEIUHHX YCJIOBHSIX MO-
CTOSIHHOH OKasblBaeTcst CpefHssi (1Mo BpeMeHH) CKOpOCTh B KakaOH
TOYKe ceyeHHs TpyGel. IIpoduap cpemHHX CKOpocTeH npH TypOyJIeHT-
HOM TeueHHH H300pakeH Ha puc. 77.3. B61u3u cTteHok Tpy6bi CKOPOCTh
H3MEHseTCsl ropasfio CHJIbHee, YeM NPH JIaMHHApHOM TE4YeHHH, B OC-
TaJbHOH K€ YaCTH CeYeHHH CKOPOCTh H3MEHSETCs MEHbILE.

[lonarasi TeyeHHe JaMHHAPHBIM, BBIYMCIMM MNOTOK KHAKOCTH Q,
T. €. 00BeM XKHMIKOCTH, NPOTEKAIIHI Yepes nonepeyHoe ceueHne TpyoOhl
3a eJHHHLY BpeMeHH. Paso6beM monepeyHoe ceuenHe TPYOhl Ha KOJbLa
IHPHHH dr (puc. 77.4). Yepe3 Kosblo paauyca r NMPOHAET 3a CEKYHIY
obbeM KHAKOCTH, paBHBIH NPOM3BEAEHHIO MJIOLIAAH KoJblia 277 dr Ha
CKOPOCTL TEYEHHSI B TOUKAX, HaXOAAUWMXCH Ha PACCTOAHHM 7 OT OCH
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Tpy6el. Ilpunas Bo BHHManue ¢opmyny (77.5), monydum:
2
dQ=1, (1 —}-’?—2) onr dr. (77.6)

UTOGEl MONyunTh MOTOK (, HYKHO NPOMHTErPUPOBATH BHIPANKEHHEe
(77.6) no r B npegenax ot HyJas 10 R:

R

2
Q= Su., (I = Fe)2rdr = 1R, = + Su, (77.7)
0
(S — nnomanp cevenuss TpyGbl). U3 dopmynst (77.7) caenyer, urto
NPpH JaMUHapHOM TeyeHHH cpeiHee (MO CeYeHMI0) 3HAYEHHe CKOPOCTH
PaBHO IOJIOBHHE 3HAYEHHS CKOPOCTH Ha OCH
TPYOHL.
[Toncrasus B (77.7) 3nauenue (77.4) pas
Up, MOJIyYHM JS1 NOTOKa dopmy.ay

8nl

dra ¢opmyna HaswiBaeTcs GOpPMYy a0 H
ITyase#as. CornacHo (77.8) nOTOK KHA-
KOCTH IPONOPIHOHANEH Nepenany AaBJjaeHus Ha
eJHHHLE JJHHEl TPYyObl, NPONOPLHOHAJEH
YeTBEPTOM CTeNmeHH panMyca TpyOs! H o6par-
HO MpONOpUHOHA/IEH KO3(PpUIHEHTY BA3KOCTH KHUIAKOCTH. HanomHuM,
uto popmyna [Tyasefinia mpHUMEHNMA TONBKO NPU JIAMHHADHOM TEYeHHH,

Coorrowenue (77.8) Hcrmonb3yercss IJs ONpPEeAeNeHHs BA3KOCTH
xuaKoctedt. [Tponyckas XKHIKOCTb YePe3 KanHIsp H3BECTHOTO pajnyca
H H3Mepsisi nepenaj JaBJeHHs W MOTOK Q, MOXKHO HaWTH 1).

§ 78, liBHiKeHHe Tesl B XHAKOCTSX M rasax

[lpu nBuxeHuH Tesa B XKHIKOCTH MM Tase)) Ha HEro JEHCTBYIOT
CHJIbI, PABHOAEHCTBYIOLLYIO KOTOPHIX MBI 0Go3HaunM Gyksoii R (puc.
78.1). Cuny R MOXHO pa3NOXHTb Ha [BE COCTaBJISIOLIHE, OfHA H3 KO-
TOpHIX, Q, HanpaB/ieHa B CTOPOHY, NPOTHBONOMOXHYIO IBHXKEHHIO Tena
(WM B CTOPOHY IBMXKEHHs NOTOKa, Haberaloliero Ha TeJo), a BTOpas,
P, nepnenukynspHa K sToMy Hanpasnesuio. Cocrasasiomye Q u P Ha-
3bIBAIOTCA COOTBETCTBEHHO JOOGOBBIM CONPOTHBJAEHHEM
H NOABEeMHOHN cuJo it. OyeBHAHO, YTO Ha TEJNO, CHMMETPUYHOE
'OTHOCHTENIbHO HanpaB/IeHHS JBHIKEHHSI, MOXeT JeHCTBOBATb TOJBKO

1) 3ameTHM, YTO NpH NOCTOAHHON CKOPOCTH ABHMKEHHA Tela OTHOCHTENBHO MKHA-
KOCTH CHJIa, IeHCTBYIOMAs Ha Teso, GyJeT B COOTBETCTBUM C MPUHUHIIOM OTHOCHTEb:
-Hocru Tasunest Takoft ke, KaK W B C/iyyae BHKEHUS HHAKOCTH C TOM e CKOPOCTBIO
OTHOCHTEJIbHO HENOJBHIXHOrO Tena. Puc, 78.1, coorsercTByeT mocnenuemy cayuaio,

Q= (p1—pa) nRE (77.8)

§ 78. JIBMDKEHUE TEJ B JKMOKOCTSX M TA3AX 250

J060BOE CONPOTHBJICHHE, TNOLBEMHAs K€ CHJa B 3TOM ciydae Gyzer
paBHa HYJIO.

Kak nokaselBaloT pacueThl, B HACaJbHOH XHIKOCTH paBHOMEpHOe
JBIKEHHe TeJ JOKHO GhiJIo Obl MPOHCXOAUTh 6€e3 1060BOro CONpPOTHB-
neHHsi. He o6iagag BA3KOCTHIO,

uiaeanbHas XHIKOCTh  AOVDKHA —m s

Pue. 78.1. Puc. 78.2.

CcBOGOHO CKOJIB3MTh N0 NOBEPXHOCTH T€J1a, NOJNIHOCThI0 ofTeKas ero. Ha
pyc. 78.2 nokasaHu JIMHUH TOKa NpH o6TeKaHHH O4YeHb AJIHHHOrO («6ec-
KOHEYHOr0») LHJHHApPA HAEaNbHON >XHUAKOCTHIO. BeaencTBHE MOJHOrO
o0TeKaHHsl KapTHHa JIHHHH TOKa OKa3blBaeTCsl COBEPILEHHO CHMMeTPHY-
HOH KaK OTHOCHTEJbHO NpsiMO¥, mpoxoasiiel yepes ToukH A u B, Tak H
OTHOCUTEJBHO NpaAMOH, npoxonsmell uepes Toukn C u D, TTosromy
naBaeHHe BOH3H TouekK A U B 6yner ofHHAKOBO (M GOJIBILIE, YUEM B He-
BO3MYIIEHHOM MOTOKE, TaK KaK CKOPOCTb BOJIM3H STHX TOYEK MEHbIIE);
TOYHO TaK K€ JAapjieHHe BO/IM3H Toyek C H D Toxe 6yjer OAMHAKOBO
(M MeHbILE, YeM B HEBO3MYLIEHHOM IOTOKE, TaK KaK CKOPOCTh BOJIH3H
STHX TouyeK GoJbuie). CrefoBaTesibHO, PE3YJbTHPYIOIAs CHJ AaBJIEHHS
Ha NOBEPXHOCTb LMJIHMHAPA (KOTOpas NpH OTCYTCTBHH BI3KOCTH MOIJa
6L O6YCJIOBHTL JIOOOBOE CONPOTHBJEHHE), OYeBHHO, OYZHeT paBHA
HyJ0. Takol e pesysbTarT nojay4yaercs H Ans Teq JApPyroéi GopMsL.
Mihave npoTekaloT SABJEHMS NPH JBHXKEHHH Tejla B JKHIKOCTH, 0O-
Jiafiaolmed BA3KOCTbI0. B 3TOM ciyyae oyeHb TOHKHE CJIOH KHAKOCTH
NPUIHNAeT K NMOBEPXHOCTH TeJla M JABHXKETCH C HHM KakK OJHO LeJsoe,
yBJeKas 3a coboii H3-3a TPEHMs nocjefymouue cioH. Ilo mepe ynane-
HHSl OT NOBEPXHOCTH TeJla CKOPOCTh CJIOEB CTAHOBHTCSI BCE MEHbILE, M,
HaKOHell, HA HEKOTOPOM PAaCCTOSIHHU OT TOBEPXHOCTH KMAKOCTb OKa-
SHIBAETCS NPAKTHYECKH He BO3MYULIEHHOH JBHXXEHHEM Tesna. Takum 00-
pPasoM, Tes0 OKashiBaeTCsl OKPYKEHHBIM CJIOeM 2KHAKOCTH, B KOTOPOM
HMeeTCsi TPAaJMEHT CKOPOCTH. DTOT CJIOH Ha3LBaeTcss NMOTrp a H ¥ U-
Hb M. B nem JeHCTBYIOT CHJBI TpeHHS, KOTOpble B KOHEYHOM HTOre
OKashiBAlOTCS NPHJOMXEHHBIMH K TeNy H NPHUBOAST K BO3HHKHOBEHMIO
JI060BOTO CONPOTHBJEHHS .

- Ho neno ne ucuepneiBaercs ToJbKO 3THM. Hannuue norpasH4yHOro

€JIO B KOpHE H3MEHSET XapaKTep o0TeKaHus Tena >XXHUAKOCTEIO. ITossoe

06TeKaHHe CTAHOBUTCH HEBOSMOXHBIM. JIefCTBHE CHII TPEHUS B NOBEPX-
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HOCTHOM CJIO€ NPUBOZMT K TOMY, YTO [OTOK OTPHIBAETCS OT MOBEpX-
HOCTH TeNa, B pe3ynbTaTe Yero Mo3ajii TeJa BOSHHKAIOT BUXDPH (CM.
puc. 78.3, Ha KOTOPOM MOKa3aHO OOTeKaHHe LMJIMHAPA BS3KOH KHI-
KOocThI0). BUXpH yHOCSTCA NOTOKOM H MOCTENEHHO 3aTyXaloT BCJIEACTBHE
TDEHHS; NPH 3TOM 3HEPTrHs BHXPeH pacxollyercs Ha HarpeBaHHe XHI-
kocty. JlaBnende B o6pasyiolieHcs 3a TeJOM BHXPEBOH 00J1acTH OKa-
3BIBAETCs NOHMKEHHBIM, N03TOMY PE3YJIbTHPYIOLLAsH CHJI AaBJIeHHs OyLeT
OTJIHYHA OT HYJf, B CBOKO OYepeib 00yCc/IOB/IHBAs JIOOOBOE COMPOTHB-

JieHue.
Takum 06pa3oM, JJOGOBOE CONPOTHBJIEHHE CKJIAABIBAETCS H3 COMPO-
THBJIEHHS TPeHHs] M CONPOTHBJIEHHA AaBieHusi. [Ipu JaHHBIX momepey-
HBIX pa3Mepax Teja CONPOTHBIEHHE

ﬁ JaBEHHs CHJIBHO 3aBHCHT OT (YOPMbI
7T \25>
= o Pa(A 8 O%D:? .ﬂ
ﬂ
R S =—
Puc. 78.3. Puc. 78.4.

tena. [To 31O nmpHYHHE ero HasbIBAIOT TaKXe CONPOTHBJIEHHEM
¢opmel. HauMeHbIIMM CONpPOTHBJICHHEM HaBJIeHHs OOJajaloT Teja Xo-
powo obrekaemoli KamveBHAHOH ¢dopmel (puc. 78.4). Takyio dopmy
CTpeMsiTCs MPUAaTh (IO3eIsXKY H KPbUIbSM CaMOJIETOB, Ky30BY aBTOMO-
Guyer ¥ T. II.

COOTHOIIEHHE MEXKAY CONMPOTHBJEHHEM TPEHHS H COINPOTHBJICHHEM
IaBJIEHUs OnpejiesisieTcss 3HayeHHeM uucaa Peiinoabaca (76.1). B nan-
HOM cjlyyae [ — HEKOTOpbiii XapaKTepHBI pasMep Tesa (Hanpumep,
paguyc Ais Tesa 11apoBoH (OPMBI), ¥ — CKOPOCTb Te€jla OTHOCHTEbHO
KHUIKOCTH.

[Ipu maneix Re OCHOBHYIO pOJib HIPaeT CONPOTUBJIEHHE TPEHHS,
TaK YTO CONPOTHBJIEHHE NABJIEHHS MOXKHO He NMPHHHMATb BO BHHMaHHe.
[Ipu yBenuuenuu Re posib COnpOTHBJIEHHS JaBieHHs Bce OGoJsblie pac-
Ter. [1pu GosbluuX 3HayeHHusiX Re B I0GOBOM CONpPOTHBJCHHH Npeobia-
JAI0T CHJIBI JABJIEHHS.

Onpeyensisi Xapakrep CHJI, IEHCTBYIOIHX HA TENO B INOTOKE, THCIIO
PeifiHONbCa MOXKET CJIY2KHTb KDHTEPHEM NOJ00HsA SIBJIEHHH ¥ B 3TOM
cayyae. D10 OO6CTOSATENBCTBO UCIOJIb3YEeTCsl MpH MofenHpoBaHuH. Ha-
npuMep, Mozenb camosiera OyzeT BecTH cebsi B NOTOKE rasa TaKHM 2Ke
o6pa3oM, Kak U ee npooGpas, €cjaH, KpoMe NeOMETPHYECKOro Mof0CHsA
MOAEIH H camoJseTa, OyneT cOOMIOAEHO TaKxkKe PAaBEHCTBO MJIA HHX
yucen PeitHonbaca.

dopmvyna Crokca. Ilpu mannix Re, T. e. npu HEOOJIBLIHX CKOPOCTAX
IBHXKEHHs (U HeGosbliHX I; cM. (76.1)), compoTHBJEHHE cpeasl 00yc-

§ 78. IIBM)KEHME TEJI B JXHOKOCTSX U [A3AX 21

JIOBJIEHO NPaKTHUECKH TOJBKO CHJIaMH TpeHusi. CTOKC YCTAaHOBMJ, HTO
cuJia CONPOTHBJICHHs B STOM CJydyae NPONOPLHOHANIEHA KOSQQHLHEHTY
JHHAMHUUECKOH BS3KOCTH 1), CKOPOCTH U ABHXEHHS TeJld OTHOCHTEJIBHO
JKUAKOCTH U XapakTepHOMy pasmepy Tena [: F~nlv (mpenmonaraercs,
YTO PACCTOsIHHE OT TeJa IO I'PaHHIL XKHAKOCTH, HanpuMep 10 CTEHOK CO-
cy/la, 3HAYHTEJNbHO OOJbILE pPasMepoB tena). KosdduuneHtT mnponop-
LHOHAJbHOCTH 3aBHCHT OT ¢hopMel Tena. s luapa, eciu B KauecTBe [
B3Th PafHyC 1apa r, Ko3(HIHEHT NPONOPLUKEOHAIbHOCTH OKa3EIBAETCA
paBHbIM 67. ClielOBaTeJIbHO, CHJIA COMPOTHBJEHHS IBHKEHUIO LIapHKad
B JKHMAKOCTSAX NPH HeGONbUIMX CKOPOCTAX B COOTBETCTEHH C dopmyaoi
Crokca paBHa

F=6anrv. (78.1)

Monbemuasi cuaa. JIis BOSHHKHOBEHUS MMOJBEMHOH CHJIBI BSI3KOCTD
KUAKOCTH HE MMEET CYLIECTBEHHOrO 3HA4YeHHS. Ha puc. 78.5 nokasaHbl
JMHUHM TOKa NpU OOTEKaHWH HJeaNbHON XKHAKOCTBIO NOJNYUHJHHIDPA.
BesieicTBHE TMOJNHONO OGTEKAaHHs JIHHHM TOKa OyAYT CHMMETpHUHLI OT-
HOCHTE/IBHO TpsiMoli CD. OHAaKO OTHOCHTEJBHO NMPsIMOH AB xapThHa
GyneT HeCHMMETpHYHOM. JIHHHM TOKa CryularoTcs B6aM3u TOukH C,
[I03TOMY JaBJIeHHe 3Jech OyJeT MeHbIle, YeM BOJIH3H TOYkH D, H BO3-
HHKaeT nonbemHas chia P. AHanoruyHsM 06pa3oM BO3HHKAET NOABEM-
Hasd CHJia H B BSISKOH XKUJKOCTH.

CuJsiolt, MOJAAEPKHUBAIOINEH CaMoJIeT B BO3AYXE, CIYXKHT nopbeMHasn
cHJia, JeHCTBYyIOIlash Ha €ro Kph- R -
nbs. JIo60BOE CONPOTUBJIEHHE HIPaeT

ABERTASID ]

—

-
2

Puc. 78.6.

Puc. 78.5.

NpY TOJIETe CamoJieTa BPelHYI0 poJb. [TosTOMy KpBLIbSIM CaMOJIETa H
€ro (io3ensizKy NPHAAT XOpOIIo 06TeKaemylo dopmy. ITpopuie Kpbuia
JIOJKEH BMECTE ¢ TeM obecrneyHBaTh JOCTaTOYHYIO MO BEJIHIHHE NOABEM®
Hyio cuyy. OnTHMaNbHbBIM AJIST KpbUIa SBJAETCHA NOKa3aHHbIH Ha pHC.
78.6 npodu/ab, HaiICHHbIA BEJHKHM PYCCKHM yHCHBEIM H. E. )Xykos-
cknm (1847—1921). Tpynamu )KyKOBCKOrO H €ro yyeHHka C. A. Yan-
NEIFHHEA GEUIO OJIOXKEHO HauasIo COBPEMEHHOI aspofuHamuke. B. H. Jle-
HuH HasBaJ YKYKOBCKOTO OTLOM PYCCKOH aBHalMH. JKyKOBCKHii, B 4acT-
HOCTH, BHIBEJ (JOPMYJy AJIA ONPEAENEHHs MOABEMHOH CHJB, ABJAIO-
1yloCsi OCHOBOM BCEX a3pOAMHAMHYECKHX pacueToB CaMOJIETOB.
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I. BuuHC/ieHHe HEKOTOPHX AHTErpajion

1, HecoGcTReHHRIE MHETErpa
+ oo
18)= S e=B* gy (1)

- 00

raseBaeTct HETerpanom Ilyaccora O6o3HaunB nepeMeHHYI0 HHTErPHDO-
BaHHf OYKBOH y, NpEACTaBHM STOT HHTErpal B BHIE

+ oo

1(B)= S e~BY* dy.

[epeMuoXuB 06a BEIPAKEHHS, NMPHAEM K JBYKDaTHOMY WHTErpaly

400 + oo 4+ 00 400
H@Pr={ e { Play={ (B Mag

SroT HHTErpal Jerko BHUHCIUTL, PACCMaTpHBast MepeMeHHBIe X B § Kak JleKapTo-
BH KOOPAHHATH Ha TJIOCKOCTH H Mepefifii OT 9STHX KOOPJHHAT K I0JI PHEIM KOOPAHHATAM
r 8 @. [lpH x H y, HBMEHSOIHXCA OT — 00 JO -0, KOOPAHHATA r H3MEHSeTcs B
npenenax or 0 fo o, a ¢ — B npegenax or 0 go 27. Cymma x* + y® pasna r%, a ane-
MEHT MOBEePXHOCTH dx dy HMeeT B NOJAPHBIX KoopAHHaTtaXx BHA r dr do. Ilpoussens B
(I.2) Takyio saMeHy, NMPHIAEM K BHIPAXKEHHIO

2n oo

- Zp7s T Aaliguilsy

U @Pr={ dp (e rar=on. pr=%.

Jedii

Orciona s muterpana (I.1) nonyuaercs suavenme I (B)= J/ /. Takum o6pa3om,
+ oo

S e P dx— ]/%_ (I.3)

-0

9. O6e uacTu paBerctsa (I.3) MOXHO paccMaTpHBATh KaK (YHKIHKIO napamerpa fi.
[MponuddeperuspoBaB Mo 5STOMY napamerpy (c/iesa AH(pepeHHPYeTCH NOABHTErpaikb-
Hast (PYHKUHSA), MONYYHM, HTO c

+ o0

S e*B"'ﬂdx:% ]/;1: (1.4)

—-co
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Tlosroproe axdpepenunpoBanre no B naer
ey

S e riar =2 ]/_-:-;- (1.5)

Tonsnrerpanbure dyuxuuy B unrerpanax (1.3), (1.4) B (1.5) apasiorcs geTnbMH.
TlosTOMY BK/IaJEl B STH HHTErPaJH NPOMEXYTKOB [—co, 0] B [0, --co] omHHAKOBHL.
Orciofga caenyer, 9T0, HanpHMmep,

oo

ferprna=2y/ = )

0
1l. ®opmyna Crupausra

B cnyuae Gonpiinx N MOXHO MONy4HTE 15 N NpocTyIo NPHOIKHKEHRYI0 GopMyny.
B cooreetcTBHH c onpenenenHem N

N
InNl=In(1.2...N)=In14In2+ ...+ lnN= 3 Inm.

m=1

Hanncannas HaMH CyMMa paBHa cyMMe muomagel Hao6pakeHHHIX Ha puc. II.1 crorn-
6uKoB, Ilpu GonbwoM N cyMma miomajieli STHX CTOJGHKOB Malo OTJHYaercs OT ILIOo-

Inx’l‘
f’p-‘-
T
//
d#(
Vs
/Fh
/
’ -
i1 1 ! L |
O A A e BV, I
Puc. II.1.

any, OrpaHHYeHHON NMOKA3aHHOK MyHKTHpOM KpHBOfl, npeicrasagiomedt cobofl rpa-
¢uk ¢ynruus In x. CrenopatennHo, g 4 o R

N
InNl ~ g Inxdr=[xInx—x]¥=NIln N—N+1.
i

Ilpn Gonbmrx N emununeli MOXHO npenepeus, H MEI NPHXORHM K ¢opmyne
InNl =~ NIlnN—N, (IL.1)

xo-rogan HasniBaercss GopMyaof CTHpPpAHET a.

8METHM, 4TO, CTPOro rOBOpSH, B (opmMyse CTHPIHHIA HMEETCS elle OfHO CJIAra
e-

Moe, paBHoe */3ln (21N). Onnako npy GONBWHX N STHM CaraeMuiM MOMKHO npeHebpeun

IO CPaBHEHHIO C [ABYMSI NDYTHMH CJIaraeMbIMH.
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I1l. CumMMeTpHuHBIE TEH30PH BTOPOro pPaHra

@opmynbl npeoGpasoBaHMs KOMNOHEHT BeKTopa. BosbMeM [Be CHCTEME! KOOp/H-
HaT K ¥ K’, opHeHRTHPOBaHHBIE OTHOCHTEJBHO APYr APYra NpOH3BOJBHBEIM O6GpasoM.

Basuc cucrembr K o0pasyior OpTH €;, €, €3, CHCTeMb! K — opThl €1, €s, es (Mbl Gynem
0003HayaTh eKapTOBbl KOOPAHHATHl Hepes X;, Xy, Xz BMeCTo X, y, 2). B cucreme K

.

HEKOTOPBIH BeKTOP a MOXHO NPEACTaBHTDL B BHJE 3idzey, B CHCTeMe K'— B Buge Xage;

(ag ¥ ap'— KOMNOHEHTH! BEKTOPa 2 B COOTBETCTBYIOUIHX CHCTeMAaX; HHAEKC & npoberaer
B 0Genx cymmax sHauenus 1, 2, 3). OueBHIHO, YTO

3 3
) ake;=Yazes. (I1L.1)
k=1 k=1
YmuoxHM Bce wiennl paserctsa (I11.1) ra opt es
3 3
29 Ce)=Dax (e7ep)-
k=1 k=1
B coorsercreum ¢ (opmysokr (2.19) efex=0;,. Cienosarensho,
Ea,;(efe,;)=2a;6,-k=a".

Bripamenue erex MpencTaslser coGoit KOCHHYC yrJia Mexny i-fi ockio cHcTems! K’ H k-t
ocbio cucteMul K, T. e. cos (x;, x;). Beenem oGo3Havenue

Q;p==C0s (X7, Xp)» (111.9)
Torpa pasenctBo (III.1) npumer BuE
3
2 o= Yoy, (=1, 2, 3). (111.3)
k=1

3Has KOMITOHEHTHl BEKTOpa a B cucTeMe K M B3aHMHYI0 opHeHTaumio cucrem K uw K’
(T. e. COBOKYIHOCTb JEBSTH KO3OQHIHEHTOB O;p), MOMHO 1O (opmyJtam (111.3) Brrumc-
JINTL KOMIOHEHTHl BekTopa a B cHcreme K'.

CorJiacHO CTPOIOMY OINpENENeHHIO 6eKmOopOM HASHIBAEMLA COGOKYNHOCMb mpex
eeausur @y, dg, g, KOmopoewe npu nepexode om 00HOL cucmemor koopOunam K Opyeoil
npeobpasyromes no gopuyram (111.3), 6 Komoperx Kosgpuyuenmsl iy umerom 3Haue-
nus (I111.2) (cM. nopcTpouHoe npuMedanue Ha crp. 20).

OTMETHM, UTO H3 JAEBATH KOS(Q(MIHEHTOB G HeSABHCHMBIMH SBJISIOTCH TOJNBKO
TPH. 3710 COrJlacyeTcsi C TeM, YTO OPHEHTAIIHs TeJia B POCTP aHCTBE ONpe/lessieTC TPeMs
yraamu (cm. puc. 97.1 H CBA3aHHBIH € HHM TeKCT).

Onpepenenye TeHsopa Broporo paura. Tensopom T emopozo panza Hasewaemcs
CO60KYNHOCME 0e6AMU  BEAUNUH

AT
(T;I Tiex Ta ) (I11.4)

31 TSS 83
Komopele npu nepexode om 00wod cucmemsl koopdunam K Opyeod npeobpasyromes no
hopayram
Tip=2010n Ttm (G k=1, 2,9), (I11.5)
6 KOmopbix Kos(hpuytiermol Gy U G, Umetom sxaverus (111.2) (cm. mopeTpousoe npH-

meyapue Ha cTp. 146). Benrnuunnt T B (I11.4) HaseBaloTCE KOMNOHEHTAMHE

TEeH30pa.
HAJIOTHYHO ONpelesioTcss H TeHSopHl APYrHX panroB. Texsopom n-ro paura
HasBIBAETCH COBOKYNHOCTD 3" BeNHYHH Tyg...s (BCEro 71 HHIEKCOB), KOTOpEIe PH Mnepe-
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KOJie OT OJiHO/A CHCTeMH! KOOPIHHAT K ApYrofi npeoGpasytores 1o dopmyJiiaM, OTIHYAI0-
wumcs ot (I11.5) nHiwb TeM, YTO B HHX COHEPIKATCH N MHOMKHTeJEH BHIA Oy, H CyMMH-
POBaHHE NPOM3BOAHTCA IO 1 HHEEKCaM. B COOTBeTCTBHHE € TakMM onpejenieHHeM Bek-
TOP NpejCTaBiseT cofoil TeH30p NepBoro paHra, a CKalsp — TEeHSOp HYJIeBOro paHra.

pOH3BeeHHeM BEKTOpa & Ha TeH30p BToporo paHra T HasmBaeTcs BekTop b C
KOMIOHEHTaMH

8
bf-_*ETl-kak (£= 1, 2, 3) (III'G)
k=1

(cp. ¢ (40.5)).

g CummeTpHYHBIH TeHSOp BTOporo pakra. TeH3OD HasHIBaeTCH CHMMETPHYHEIM,
€CJIH ero KOMIMOHEHTH! YJIOBJIETBOPSIOT YCIOBHIO: T ;p="Tg;. B nanbHeliem CuMMeTpHY-
HEIf TeH30p Mbl Oyaem 0G03HauaTb CHMBOJIOM S, & €ro KOMIIOHEHTH — CHMBOJIOM S .
He3aBHCHMBIMH Y CHMMETPHYHOIO TeH3Opa ABJSIOTCS TOJBKO LIECTh KOMIIOHEHT: TPH
IHaroHalbHhe BHAAa S;; H, HanpHMep, KOMMOHEHTH Sip, Sps, Ss (Se1=3S1s, S3a=
=Se8u S15=Ss).

MMETPHYHBIAI TEH3OD BTOPOro paHra JONYCKAeT Ba)KHYI IEOMETPHYECKYIo
HETepnpetauuto. Ilpexne yem nepefiTH X Heff, OTMETHM, YTO BEKTOPY & MOMKHO CONO-
CTABHTb He TOJBKO HanpaBJeHHEIH OTPe3oK, HO H
NOCTPOEHHYIO IO OnpeeseHHbM NPABHJIAM MJIOCKOCTD.
CoBmecTHM HayaJo OTpesKa, H300paKalollero BeKTOp,
¢ Havyasom koopakeat O (puc. I11.1). Torma nepnen-
LOBKYJSIpHas K BeKTOPY IJIOCKOCTb, OTCTOSIIAs OT TOY~
ku O Ha paccTosiHHe, paBHoe 1/a, mosHOCTHIO ompefe-
JIMT KaK Hanpas/ieHHe, TaK H MOJLYJb Bektopa a. Ha
puc. III.1 BHAHO, Y4TO NpoeKUMsi pajHyca-BeKTOpa T
moGof TOYKK STON NJIOCKOCTH Ha HanpaBJieHHe BeKTopa
a pasna l/a. ITostomy

ar=ar,=a(l/a)=1.

TaruM o6pasoM, YpaBHEHHE IJIOCKOCTH KMEET BHJ Puc. 1I1.1,
ar=1, WIH B pasBepHYTOM BH[Je
ayxy +- Gg¥p - azxg=1. (I11.7)

Orwmerum, yto nonoxenue niockoctH (I11.7) B npocTparcTBe He 3aBHCHT oT BhiGopa
cHeTeMbl KoopaHHaT. IIpH nepexofie K Apyroii CHCTeMe H3MEHSIOTCS KaK KOMIOHEHTEI
BEKTOPA Qp, TAK H KOODJHHATH Xy NAHHOK TOYKH IJIOCKOCTH, NPHYEM TaKHM 06pasoM,
yto cooTHowenHe (II1.7) ocraercs B cuae.

CHMMETPHUYHOMY TEH30DY BTOPOTO PaHra MOMXHO CONOCTAaBHTh OBEPXHOCTL BTOPOrO
nopsiiKa, onpejensieMylo ypaBHEHHeM

S+ Sooxi - Sssxg'!' 28,9%1%9 + 28 5x0x5 1 28gyxgxy = 1, (I11.8)

KomnoHeRTE Syy, Spa, Sg3 B QH3HUECKHX NPHJIOMEHHAX OBBalOT GoMblie HYyJIs.
Ilpu sTom ycnoun ypasrerne (I111.8) onpenensier sauncons. OpHeHTauKs SJKNICORA
B MpPOCTPAHCTEe HE 3aBHCHT OT BHIGOpa CHCTEMB! KOOPJAHHAT. TeHSOPHHIH SJJIHICOHL
«CBfi3aHY C OGBEKTOM (TenoM JiuGo cpeliok), CBOKCTBA KOTOPOrO OIHCHIBAET TeH30p.
Ilpr nepexope K npyrofi CHCTeMe KOOpIHHAT MSMEHSIOTCH KaK KOMIIOHeHTEI TeH30pa,
TaK H KOOpAHHATH JaHHOMH TOYKH SJJIHNCOHAA, NPHYEM TaKHM 00pasoM, YTO COOTHOLIe-

.uee (II1.8) ocraercs B cHie.

JMJIMICOHA, ompenensemulit ypasrenHem (IIL.8), saBnsercs reoMeTpHuYecKnM
o6pasoM CHMMETPHYHOIO TeHS0pa BTOPOIO paHra, nopoGHO TOMY, KaK HanpaBjleHHEIA
OTPe30K MJIH NJIocKoeTh (I11.7) (T. e. NOBEPXHOCTh MEPBOro NOPAKKE) JiaeT reoMeTpHyec-
KHii ofpa3 BeKTopa (T. e. TeHsopa MepPBOrO paHra),

W3 ananutuyeckolf reoMeTpHH HSBECTHO, YTO €CJIH OCH KOODJMHAT HaNpaBHThb
BIOJNIL noJayocelf eaauncouna a, b, ¢, TO YypaBHeHHe 3JIIHDCOHIA Ynpollaercs
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B NpHEEMEeT BEL

2 2 ;
fg_l.g;__l.;.}:h (111.9)

Ofciona ClenyeT, 9TO Il KaXJA0ro CHMMETPHYHOrO TeH30pa BTOPOro paKra HMeloTes
TaKHe HANABJEHKS KOOPAHHATHEIX OCef, PH KOTOPBIX PaBHbIE KOMITOHEHTaM TCHSOpE
K0S(QULHERTH Syg, Seg B Sg B ypauennu (I11.8) obpamaiores B Hy:b. Taxne Ha-
NpaBJieHHsl HASLIBAITCH TN @BHHMH OCSMH TeHSOP2. Ecnu oCH KOOpIMHAT
HaNpaBUTh BAO/b [MIaBHHIX OCef, TEH30p NPHHHEMACT N¥aroHaNbHEI BUI:

H @)
s=(0S, 0 : (111,10)
00 S

Tensop suna (111.10) naspBaeTci np HBEeLEHHHM K TJaB HEM OC M,
a IWATOHAJbHbE KOMIIOHEHTH B STOM Clyyae HasWBAIOTCA TN ABHHMH SHaUde€ -
HH S MH TeHsopa. MBl HAMHCAJIH NPH JAHArOHAMbHBIX KOMIOHEHTaX B (111.10) Toneko
OJIMH HEJEKC, YTOOK OTIHYHTEL KX OT AHArOHANbHBIX KOMIOHEHT S11, Ssg Sgs, onpene-
JeHBBIX B KOOPIAMHATHEIX OCSiX, He COBNAJAIOUIHX C IVIaBHBIMH OCAMH TEHSOpA.

VpaBhehue TeHSOPHOTO S/VIHMCOEIA, HAMHMCAHHOE B IMIABHBIX oCsX, HMeeT BHJ

Syxi+ Soxs + Sgxs= L. (111.11)

Vs cpasnenns ypaprenufi (I11.9) u (IIL.11) moaywaiotcst Ans noayocefi TeHSOPHOrO
SJIMNCOHTA SHAYeHHs

a=1V3S, b=1V8, c=1VS. (111.12)

HaiizleM CMBICJI PACCTOSIHHSL P NPOHSBOJBHOH TOYKH SJTHIICOHIA P or neutpa O
(puc, 111.2), [ins aToro HanpaBKM BLOJIE OP ocb x; HeKOTOPOH KOOPIHHATHO CHCTEMH

- " @m‘%mg
2 <7
] [7al)
% ¢ ﬁé’f‘;ﬁ %
J 4
3
Puc. II1.2,

K'. Koopnmmats Touks P B sTofi CHCTeMe paBs! (0, 0, 0). TTofcTaHOBKA STHX S8HaueHHH
p ypasnenre (I11.8) mpuBOAMT K COOTHOLIGHHIO S1p*=1, orkyaa

o= 1V S, | (11113

rge Sty — nepsas OMaroHa/bHas KOMIOHEHTA TeH30pa B CHCTeMe K’

QGo3HauuM YIJIH, o6pasyeMbe OChI0 X1 C IIABHBIMH OCSIMH TeH30p3, uepes Qy; Pgy
Qg (cm. prc. 111.2). Torna KoOpAKHATEH TOUKH P B raaereX ocsax OyayT paBHH

X = P COS @y, Xp = P Ccos @y, Xg= P COoS Qgs
TozcranoBka stux suavennit B (II1.11) naer
0 (S1c08%Q; + Sacos’y - S3cos’Ps) = 1o
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Cornacuo (II1.13) 1/0>=S7:. Takmm 06pa3om, M MPHXONMM K COOTHOLICHHIO
Si1= Sic08*py - Sc0s’ Py +- S3cos’ Py (111.14)

KOTOpOE CBS3HIBAET KOMIIOHEHTY S 11 B cucTeme K’ ¢ rJIaBHEIMH SHauYeHHSMH TEHS0p2 H
yrviame, o5pasyeMEIME OCHIO X1 C IVIABHBIMH OCSMH TeH30pa.

B cnyuae, Korja JiBa IVIaBHBIX SHauYCHHs TeH30pa coBnafaT (HanpuMep, Sy =
= S, 5= S,), TeH3OPHEIl SJLIRNCOH], NPEBPAIIACTCS B SJJIMNCOHL BpAIEHHT. B grom
cJly9ae (pHKCHPOBAHA OTHOCHTENLHO Tela HJIH CPE/Il TOMBKO ONHA [VIaBHAs OCh TeHSO-
pa — OCb CHMMETPHH SJUTHNICOKIA (B HalleM npHMepe oCh %g). B KauecTBe ABYX IpPYTHX
[JIABHEIX OcCefl MOXHO B3ATh JBE JIIOOble B3aHMHO NEpNeHIMKYJIspHEE OCH, MPOXOaf-
1@e uepe3 LEeHTP S/UIMICOKAA K NePreHJHKYISpHbe K ero oCH CHMMETDHH.

B ciyuae, KOrja BCe TPH IVIaBHEIE SHAYEHH: TEHSOpa CoBMANAIOT (Si=8=383=

=), TeH30pHH SJITHNCOHJ BHPOXAAETCH B Chepy palayca VV'S (em. (111.12).
B 5TOM Cl1y4ae TpH JoGkie B3aHMHO NIeprIeH KKy IPHBE OCH, IPOXOJsIIEe Yepes UeHTP
Cheph, MOXHO B3fiTh B KaueCTBe [JIABHBIX OCeli TeH30pa.

CHMMETPHYHKI TeH30p C KOMIOHeHTaMH Oz, T. €, TeH30P

1RO RO (I11.15)
E={0 1 0
001

HA3HLIBACTCS © M K ¥ 9 H Bl M. [Tponssens eeucienns mo ¢opmynam (I111.6), serxo
yGenuThCs B TOM, YTO YMHOMEHHE BEKTOpa a Ha enuunuHbil Tensop (I11.15) ocraBnser
BeKTOp & 6e3 HaMeHeHHil. TeH30PHbIH SJHNCOMN JUIS €MHHYHOIO TEHSOpa BHpOXIA-
ercst B cdepy eIHHHYHOTo pajuyca. MoxHO I0Kasarhb, 4TO TEHSOp (111.16) siBnsieTcs
MHBAPHAKTHEIM, DTO O3HAY2eT, YTO er0 KOMIOHEHTE! He H3MEHSIOTCH NPH nepexoie oT
OIHOH CHCTEMBl KOODAHHAT K JADYTOM.

TeH30p C ONHHAKOBBLIMH IVIaBHHIMH 3HAUEHHAMH (Sy=S;=_S85=35) MoXHO npencra-
BUTH B BHJE NpOM3BEJiCHHsI CKajspa S Ha eJHHUYHEI TeH30p:

SEROR0 10 RR0)
(O S 0)=8to0 1 0} (IT1.16)
00 S DIROL]

O6a MHOMHTENS — CKaJfgp M CHOMHHYHEBIT TeH30p —— SIBJIAIOTCA HHBApHAHTHBIMH.
CrielloBaTebHO, K TeH30p, CTOsIIME ClleBa B paBeHCTBe (I111.16), Taxxe sBIAETCH
HHBapHaHTHBIM.

Jnauncon) uuepuuH. [ToACHHM NoNyueHHBIe COOTHOLIEHHS HA MpHMEpPe TeH30pa
umepuun (M. § 40). DN AU NCOH N HHEP WHH (T. e. SJIHNCOHL TEH30pA HHep-
LLHH;) JKEeCTKO CBH3aH C TEJIOM, MHEPTHbE CBOHCTBA KOTOPOIO OH OIHCHBAET. lJiasHble
OCH HHepIHH Tella COBNajaioT ¢ MOJYOCSMH SJLIMNCOMNA, T. €. SBJSIOTCA INIABHLIMH
OCSIMH TeH30pa MHEePUMH. [1aBHbIe MOMEHTR! HHepLHH Tesla Iy, 1s, Ig siBASHOTCA ryaB-
HEIMH 3HAYEHHAMH TeHsopa HHepuuu. B coorserctsuy ¢ (I11.12) momyock suauncouna

uuepuuk pasun 1/ V Iy, UV, v Vs

TTpoBelieM Uepes LEHTP MACC TeJa POHSBOJILHYIO OCh X1, OOPaSYIOMYIO C IVIABHLL-
MH OCSIMH HHEpUHH (T. €. MOJyOCAMH SJUIHNCOHAA HHepIHHK) YN Qf, @ H Pg. Cor-
nacHo dopmydre (111.14) MOMERT HHEPLHH TeJ1a OTHOCHTENILHO sToli ocH (0ceBOM MOMEHT

unepunn I1;, cootBeTcTBYIOWHH [ 4\ B POPMYJIE (40.7)) MOXHO BHIYHC/IHTD IO opmyJie

Iin=1I,c08%¢; -+ 15c08%Q; +- [5C0s"Pgy (LIL.17)

roe Iy, Is, Is — rnaBHBle MOMEHTBl HHEPUHH TeJja.
1lapoBoi BOMYOK ompesieisieTcsl Kak TeNo, BCe TPH IJIaBHEIX MOMEHTa HHEepLHH
KOTOPOro OfHHaKoBht: ;= I,=Iz=1 (cu. cTp. 138). CiepoBaTe/bHO, SITHNCOML HHep-

IIHH UIAPOBOrO BOJYKA BHIpOXKIaeTcs B chepy pagHyca 1/V'T. Onsopoxunft Ky6 sBas-
eTCH 4YacTHhHIM CJyyaeM LIApoBOrO BOJYKA. Jins MoMeHTA HHEPIHH OTHOCHTEJIbLHO
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NPOH3BOJIbHON OCH, ofpasyioleii ¢ pe6pamMi Ky6a yrim @i, @, B Qg, Nojyyaercs mno
¢qopmyse (111.17) snauenue

Ia = Icos’@y + Icos’, + IcosPpg = I

(HanoMHHM, 9T0 151 JIOGOTO HanpaBJIeHHs B TPOCTPaHCTBe Cos?--cos?p,t-cos?p,=1).
Takum o6pasom, MOMEHT HHepUHH KyGa OTHOCHTeNbLHO JIFo60M OCH, NPOXONsLIEl Yyepes
ero neHTp, GyheT ONMH M TOT e (KaK H Y ONHOPORHOro wwapa). [Tostomy nosenenue
Ky6a npH BpallleHHH BOKPYT JioGoit OCH, NpoXofsiuefi Yepes ero LUeHTP, He OTVIHYEETCH
oT nosefleHHa wapa. ToyHo TaK e He OTJIHYaeTCs OT NOBelleHHs! [Lapa MOBeleHHEe
Jio6oro WapoBoro BOJMYKE, T. €. Tesla MPOH3BONLHOH (OPMEI, HO C TAKHM pacmpenede-
HHEM MacChl, YTO TPH IVIAaBHHIX MOMEHTa HHePLHH OKa3hBalOTCHl COBNAJAIOIMMH.

Ananornyso He GyIeT OTJIHYATbCH OT MOBEEHHS NPH BPALIEHHH OJHOPONHOrO
KPYIJIOrO LHJIMHIPA NOBEJeHHe ONHOPOXHOH NpAMOH NPH3MH C KBAJIDATHEIM OCHOBA-
HHEM, PaBHO KaK M NoBefleHHe Jo60ro CHMMETPEYHOIO BOJIYKA, T. €. TeJa TP OHSBOJIb-
HOit (OpME!, HO C TAKHM pacnpefieJieHHeM MacChl, YTO JBa H3 TpeX IJaBHLEIX MOMEHTOB
HHepUHH OKa3bBAlOTCA COBNAJ3IOMIHMH,





