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NPEOUCIIOBUE

Hacrosnnee nocobue npenaasHatieHo, B NIEPBYIO O49€peb, /1A CTYOeH-
TOB UHKEHEPHO-TEXHUIECKUX CIICIUAILHOCTEH; MOxKeT OBITh IIOJIC3HBIM 1715
Beex Kareropuil CTyIeHTOB, H3yYaloMKUX B TOM HJIH WHOM 0ObeMe BBICHIYIO
'Mafmmamrcy. Ouo npencrassster coboll KOHCIIEKT JieKuuit U agpecoBaHo, B
OCHOBHOM, CTY[IEHTaM IEpBOro u Broporo Kypcos. Habop oceemaempix Bo-

. 1IPOCOB XOpouo BHOEH U3 OLJIABJICHH .

Haunpilt KOHCIIEKT COOEPXuUT HEOOXOmMMBIT MaTepuaj No BCEM pas-

‘menam Kypca BbICIIeH MATEMATHKM U IOINOJIHUTEBHBIM IJIABAM, HEOOXO-

IMMBIM TIDH U3YYCHUH CHEIMATLHLIX KYpCcoB. V3Joxenue TeOpeTndecKo-
ro MarepuaJia IO BCEM T€MaM COIPOBOKJIACTCH paccMOTpeHueM 60oJmbmoro
'KOJIMYeCTBa IIPUMEPOB U 3371a4, BENETCS Ha JIOCTYIIHOM, IO BOBMOXHOCTH
.,!eTpomM A3BIKE.
.‘ ITocobue Moxer OBITH HCTIOJTB30BAHO CTYAEHTAMM TAKXKe J1/151 CAMOCTO-
TEJIbHOTO U3YYEHNs COOTBETCTBYIONIEI0 MATEPHUAJIA, ABJIAETCA Oasol s
{FIOATOTOBKY K CEMECTPUBBIM 3a9€TaM I 9K3aMeHaM 110 BLICIIeH MaTeMaTuKe.
KpOMe TOrQ, KHHUra oqoJIzKHa MmOMOYbL CTy.[I_eHTy H B TEX CJIy‘{a‘.ﬂx, KOorma
OH YTO-TO He YCIIEJI 3alHUCATh Ha JICKIHH, KAKue-TO JIeKI[u1 ObLIH IpoIry-
4MIEHBI, B 4€M-TO TPYIHO (UM HET BpeMEHH) pas’obparThbes 1o ApyruM yuedh-
fiMKam, KOraa HEKOTOPHIE BOIPOCH! «CJIMIIKOM JUTMHHBI» B €10 KOHCIIEKTAX
WM MHOTO (PAKTHYECKOro MaTepuasia, KOTOphIl CiIenyeT H3y4nuTs 3a orpa-
"HIYEHHOE KOJIMYECTBO HeOe b, IHek.

ol 2T

- ABTOp HazeeTC s, 9TO DAHHLIH Kypc Jieknuit Oyner noJjieseH u npenoga-

'BaTEIIAM, 3 MCIIOJIB30BAHUE OJAHHOIO I10cobusa byner criocobersobarh bosiee
r1y60KOMY M3YYEHHIO CTYJEHTAaMH KypCa BhICHIEH MATEMaTNKN ¥ CMEXHbIX
JHCIHILJTHH.

Cnucoxk 0bo3Ha4qeHnin:

Q @ — HayaJI0 ¥ KOHEI| PEIlleHUs TIPUMEpPa W 330a4M;
[ M — Baygas0 ¥ KOHEI JOKA3ATE/ILCTBA;

§| ----- BRKHBIC OIIPEIEJICHUS;

@ — «obparure ocoboe BEUMaHue!»

B pamky zakimodens! (hopMyJIbl, KOTOPLIE BAXKHO MOMHHTE.



Masa |. 9JIEMEHTbI JIMHEMHOW ANTEGPbLI
Nexyvn 1-3

§1. MATPUUbLI
1.1. OcHoBHble NoHATUA

Mampuyetli HaspIBaeTCsT IPAMOYTOJILHAST TaOIUNA YUCeT, COTePXKaAst
M CTPOK OIMHAKOBOH I/MHBI (MM 1 CTONOUOB OMMHAKOBOH nyunbl). Ma-
TPHILIA 3AIMCHIBAETCS B BUIIE

i1 1z ...  ip
a 2 ... @
A — 21 22 2n
Gm1 Om2 -.- OGmn
nim, cokpamenno, A = (a;;), ronet = 1,m (v e.i=1,2,3,...,m) — HOMep

cTpoky, j = 1L,n (e j=1,2,3,...,n) — sOoMep cronbua.

Marpuiy A sasbBawT Mmarpuneit pasmepa m X n n amyT A,,xy,. Ju-
CJIa @45, COCTABJIAIIINE MATPULLY, HA3BLIBAIOTCH €€ AeMEeHNAMY. DIIeMeH-
ThI, CTOAIIME HA UATOHAJIN, UAYIIeH U3 BEPXHEro yria, o0pasyoT 24a6Hy10
duazonans. '

@ Marpuupt pasHor medicdy coboti, eciiu paBHBl BCe COOTBETCTBYIOIIAE

BIIEMEHTHI ATHX MATPUIL, T. €.

A=B, ecwmai=>bij, rtoei=1m,j=1n.

Marpuna, y KOTOPOH 9HCII0 CTPOK PABHO YUCITY CTOJIONOB, HA3BIBAETCS
xeadpamrotli. KBanpaTsyo MATPUILY pasMepa 7t X N Ha3bIBAIOT MATPUIICH
n-20 nopsadxa.

Ksanparsas marpuia, y KOTOpoif BCe 9JIeMEHTHI, KpOME 3JIEMEHTOB
[JIABHOM JIMANOHAIH, PABHBI HYJIIO, HASLIBAETCA JUA2OHAABHOU.

JunaronajibHast MATPKIA, Y KOTOPOH Kaxk bl aJIeMeHT r1aBHOM Ouaro-
HaJIU PaBEH €OUMHUIE, HABBIBaeTCH edununroti. Obosnauaerca Gyksolt E.

IMpumep 1.1.

E3x3 =

o B e S
O =
==

— GIMHUYHASA MATpHa 3-TO IOpsiIKa.
1

Enxﬂ, - = ) .
0 1

— EOUHHYHAS MATPHIA 7-TO NOPAIKA.
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KpagpaThas MaTpHla HA3LIBACTCA MPEY20AbHO, eClin Bee BJeMeH-
THI, PACIIOJIOKEHHBIE 110 OIHY CTOPOHY OT TJIABHON MUaroHa/m, paBHb!
HYJTIO.
@ Matpuia, Bce 5/1eMEHTEHI KOTOPOY PaBHBLI HYJIIO, HASHIBAECTCH HYAEGOT.
Obosnayaercs 6yksoit 0. meer up,

00 ... 0
o-|00 ..o}
00 0

B marpuusom ucunciesun marpunst O u E urparor poss uucen 0 n 1
B apudMeTHKe.

Marpuua, cogepaxaian OauH CTONOEl WM OOHY CTPOKY, HA3bIBAETCA

eexmopom (unm BEKTOP-CTOJIOEI, WIIA BEKTOP-CTPOKA COOTBETCTBEH-
. H0). Ux Bu:

e T

ay
ag

A=| |, B=(bibz ... by

e SR T

a""&
Marpuia pasmepa 1 x 1, cocrosmas u3 OIHOTO YUCJIIA, OTOXKIECTBIIA-
€TCS C 9TAM YMCIIOM, T. €. (5)1x1 ecTb 5.
Marpuna, nosyvdesHHasa u3 JaHHOU 3aMmeHolt Kax ol ee cTpoku crond-
OM C T€M K€ HOMEpOM, HasblBaeTCsa Mmarpulell mpaHcnonupoeam-
#ofi k nansoit. O6o3uauaercs AT.

1 2 1 3 1
Tax, ecoiu A= (3 4) , 10 AT = (2 4), ecom A= (O)’ 10 AT=(10).

TpancnionupoBanHas Marpupa ob/afaer CJeAyIIUM CBOHCTBOM:
(AT)T = A.

1.2. [eiictBua Hap matpuuamu

Cnoxenne

Ornepaiyst CIOKEHUsT MATPUIL BBOIUTCS TOJLKO JIJIs MATPHI] OIMHAKO-
BBIX Pa3MepoB.

Cymmoti deyz mampuyy, Ayxn = (@ij) u Bpyxn = (bi;) HaspiBaeTcs
marpund Cp,xp, = (€i5) Takas, 410 ¢ = a5 + by (i = 1,m, j =1 n).

ITpumep 1.2.
2-30+33w1_50—1
4 5 6 -2 =5 4 ) L2 0 10 )

Anajiornyso onpenensercss pasHociiG Mampuly.
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- R0

YmMHoXeHue na uucno

Ilpouseederuem mampuywi Ay, ypn = (0i5) na wucao k HasbBaeTCs Ma-
Tpun@ B, ;= (bij) Takasda, 9To bij =k- Qg5 (E =1,m,j= l,ﬂ,).

Hpumep 1.3.

0 -1 2 _ _ (0 -2 4
A—(a 45)’k—2"4'k‘(6 810)'

Marpuna —A = (—1) - A HasbiBaercst npomueonoaovicnoti mampuye A.

Pasnocts marpun, A — B moxuo onpenesmts tax: A — B = A+ (—B).
Onepaupy ClOXeHUs: MATPUIL U YMHOKEHUS MATPHIB! HA YUCJI0 00~
JAI0T CAEAyIOIUME ceoticmeamu:

1. A+ B=B+ 4;
2. A+ (B+C)=(A+B)+C; 6. a-(A+ B) = aA + aB;
3. A+0=A; 7. (@+f)- A= aA + pA;
4. A-A=0; 8. a-(BA) = (af) - A,

5.1-A=A4;

rne A, B, C — marpunpl, o u ff — quciia.
3nemenTaphbie npeobpasoBatms matpuy

Inemenmaprolmu NPeodPasoBanUAMY MAMPUY, ABIISIOTCS:
® NEepPecTaHOBKA MECTaMM [IBYX NapasiIesIbHBIX PAIOB MATPHILLI;

® YMHOXKCHHME BCEX 3JIEMEHTOB psida MATPHIBI HA 4YHCIO, OTJIMYHOE OT
HYJI51;

e npubaBJieHHE KO BCEM 3JIEMEHTAM PANA MATPHIT COOTBCTCTBYIOIIMX
BJIEMEHTOB NAPAJIICIILHOIO Psifla, YMHOXKEHHBIX Ha, OIHO ¥ TO Y€ Y-
CJ10.

Hpe matpuunt A u B HasblBAIOTCH IKEUGAACHINHOLMA, CCIIA OHA U3

HHX TIOJTy4aeTCsi U3 APYTOf ¢ NOMOIIBIO 3JIEMEHTAPHBIX 1IpeobpasoBa-
uuit. 3amcerBaercs A ~ B.

ITpu nomoum s1emMenTapsbix npeoGpasosanui oGy 0 MATPHILY MOXKHO
IIPUBECTH K MATPHIE, ¥ KOTOPOll B HAa4YAJIE [IABHON NUATOHAJIM CTOSAT IO/
PsiJl HECKOJIBKO €IIMHMUIL, & BCE OCTAJIbHBLIC BJIEMEHTH paBHb Hy 0. Takyio
MaTpully Ha3LIBAKT KaHOHUECKOT, HATpUMEp

1 000

0100

0010

0 00O
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IIpumep 1.4. IlpuBecTu x KAHOHHYECKOMY BUJIy MaTPHILY

2 3 1 2
A=10 2 -1 1
4 0 5 1

-Q Pemenne: Boimosasas sneMenTapubie npeoﬁpasguannﬂ, NOJTyY4aeM

. 3 1 i1
53 1 92\ /13 2 92 1°3 92 9
02—11~F—1 0 1]~[0 5 2 3]~
40 5 1 50 4 1 1

2
0 0 -15 -6 -9
-~
1 0 0 O 1 0 0 o0
~|l0 5 2 3|~ 0 1 1 1]~
0 —-15 -6 -9 EO—3—3—3
) 12 :3
5 1000y, /10O0O
: ~101 1 1}]~|0 1 0 0)]. @
0 0 00 0 00O

: Mpounssegerme marpuy, =t

' Onepaipsi yMHOXeHUs OBYX MaTPUI, BBOIMTCS TOJIBKO JUJIsI CJIy4as,
3 KOL[A “UCAO CToAbYy06 nepeoti Mampuybt pasHo wucay cmpox emopoti
. MATPUYDL.
' Ilpouseedenuem mampuysr Ap,xp = (ai5) Ha Mampuyy Brxp = (bjk)

saspiBaerca Matpund Cp,xp, = (¢x) Takasi, uro

Cik = @q1 - big + @iz - bog + - - + Ginbpg, rTHCi=1,m, kK =1,p,

" T, €. ByIeMenT i-it CTpOKU u k-ro crosibna marpuip! npoussenedus C' pasen
", CymMe poussenenuil anemenTos i-# cTpoku mMarpunsl A Ha cooTBETCTBY-

10Ime 3JIEMEHTHI k-T0 cTos0na MaTpuin: B.

ITonyuenue seMenTa ¢ CXEMATUYHO U300paKaeTCH TaK:

k

Ecsm marpuup A u B kpagparHbie OIHOIO pa3sMepa, TO NPON3BEICHHsT

AB n BA scerpa cymectpyior. Jlerko nokasats, u10 A-F = E-A = A, rne
A — xBazgpaTHas MaTpuua, F — eauumdsas MaTpuia Toro xe pasmepa.

G e bir  bio
Hpumep 1.5. ( 1tz ld) X | b2 bao =
G21 G2 (23}, 4 bay  bas o
* S

_ (@ubin + aizbar + a1zbar  anibiz + arzbez + aizbss
a21b11 + az2ba1 + Gg3bsr  G21biz + Ggabay +azsbss ), L,
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1 21 1 3
IIpumep 1.6. A = (3 1 0), B = (1 2). Torpa npousseneHue

A- B we onpeesieno, 1ak Kax uucJio croubnos marpunst A (3) He coBnajia-
er ¢ yucsIoM cTpok Marpunbl B (2). Tlpu a10M onpenesieHo mpousBeieHye
B x A, xoTopoe cuntaiT (JIeayiomuM obpasom:

BA—13 1 2 1y (149 243 140\ _ (10 5 1
T\l 2 3 1 0/ \1+6 2+2 140/ \7 4 1)°
Marpunpt A u B HA3BIBAIOTCS Nepecmanosounsimu, eciim AB = BA.
YumuOoxerue MaTpu o6J1agaeT corelyiomuMu cBoficTamu:

3. (A+B)-C = AC + BC;
4. o(AB) = (A)B,

1. A-(B-C)=(A-B)-C;
2. A-(B+C) = AB + AC;
eCJId, KOHeYHO, HalluCanpble CyMMBl H IIPOU3BEIEHUST MaTpHIL }dMO]OT

CMBICJI.
st onepanun TpanCnOHUPOBANUs BePHEI CBOHCTBA:

1. (A+B)T = AT + BT; 2. (AB)T = BT . AT.

§2. ONPEQENUTENU
2.1. OcHoBHble NOHATUA

Kpagparso#t marpune A nopsigka n MOXHO comnoctaButh ducyio det A
(wnu A, mum A), naspBaemoe ee onpedeaumenem, CICIYIOMUM 06PA3OM:

l.n=1 A= (a1); det A = a;.

Gip Qai2 aip a2
2. n=2 A= ;det A= =aqy) - a2z — Q12 * Q2] -
az1 G22 az1 Q22
apiy a2 a3 apnng a1z Qs
3. n=3, A= |axn a2 a); detA=\|aa aos a3 |=
az1 azz dadgg aszy  agz a4szz

= Q11 G22033 + Q12023031 + Q21032013 — 031022013 — (21012033 — A32023011-

Ompenesmresb marpunpl A Takke HasBIBAIOT ee JEMEPMUHAHITIOM.
[MpaBuno BHIMMC/ICHUST JIETePMUHANTA JIJI MATPHUB! nopsiika N sBjAeT-
Cs1 IIOBOJIBHO CJIOKHBIM /1711 BOCIpUsiTus u nmpuMenenusi. OmHaxo u3BeCTHB
METOJIBI, MO3BOJIAIONHE PEATN30BATH BBIYUCJIEHNE OITpenesmTesel BhICOKIX
MOPsAKOB HA OCHOBE onpeesniesieli Husumx nopsakos. Onun U3 MeTonoB
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b

B i MR =, 57 Sy

e g

o~

OCHOBaH Ha cBoiicTBe PasJIOKeHHsT onpene/iuiesisi 1o sJjieMeHiaM HeKOTO-
poro psima (c. 23, csolictBo 7). Ilpn a10M 3amMeTuM, YTO ONMpEIEITUTEIIH
HEBBICOKMX TOPsIKOB (1, 2, 3) KenaresbHO yMeTh BBIMUCISTH COIVIACHO
OnpeieJIennm.

Brruncsienue onpenesiyrens 2-ro nopsiika WJIOCTPUPYeTCst cxemoit:

ANV

IIpumep 2.1. Hailtu onpenesmresn Marpui,

(2 —3) ( cosa  sina )
- " ) .
5] 6 —sina  coso

;o

Q Pemenue:

=2.6—5-(—3) =12 (—15) = 27,

cosa  sina

. =cos’a+sin’a=1. ®
—sine  cose

ITpu BEIMUCIIEHUN ONPENEIUTE 1A 3-10 MOPSIKa YI0DHO MOJIB30BATHCS
npasusom mpeyzonvruros (n Capproca), KOTOpoe CUMBOJIMHECKH MOXKHO
3alMCATh TaK:

(ocuoBauus (ocnoBanus
pammﬁe}xpem{mx TpeyroNMbHUKOB
TPEYroNEHUKOR NapannesisHL
NapasIeIbHb nobouHo#

ratannoi AHMATOHAJIH)

AUATOHAJIM )

Hpumep 2.2. BprMUCIUTH ONPENeNTeNb MATPUIIbI

5 -2 1
A=13 1 -4
6 0 -3

Q Pemrenue:

det A =
=5-1-(-3)+(-2)-(—4)-6+3-0:1—6-1-1—3-(—2)- (—3) ~0-(—4) - 5=
=-154+48—-6—-18=48-39=09. ®
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2.2. Caoiﬁcréa onpepenurenei

CdopmysupyeM oCHOBHBIE cBoHCTBa onpeaesTeNieldf, mpucyiuue onpe-
pesantessM Beex nopaakos. Hekoropbie u3 37X CBOUCTB NMOSICHUM Ha ONTpe-
IEeJTUTESIX 3-T0 NOpsaKa.

Ceoticmeo 1 («PaBronpaBHOCTH CTPOK U CToJ6I0BY»). Onpene/mresis
He UBMEHHTCH, eCJIH €er0 CTPOKM 3aMeHUTh ¢ToNbruamu, u HaobopoT.

Murivu csioBamu,

ain 12 413 a;x G421 43
a;; a1z | __ | a1 a1 _
a ags “la ass |’ a1 G2 dag3 | = |a12 a2z Qas2
21 2 12

a3y Q32 033 apz Q23 43z

B nasbuefimem ¢Tpoku u cTonbbt GyneM mpocto HasblBarh padamu onpe-
deaumend.

Ceofticmeo 2. TIpu nepectanoBke OBYX NapajulesibHBIX PFAJIOB Onpene-
JITENb MEHsIeT 3HaK.

Ceoticmeo 3. Onpenenutesib, UMErOmuii 188 ONUHAKOBHIX pAla, pasen
HYJIIO,

Ceoticmeo 4. Obmutt MEOXUTEb SJIEMEHTOB KaKoro-ymbo psina onpe-
[IEJTTEs1s1 MOYKHO BBIHECTH 33 3HAK ONMPENesIUTesIs.

W3 cpoticts 3 u 4 Caeyer, YTo ecau 6ce INCMEHTNbL HEKOMOpPo2o pida
NPONOPYUOHANBHBL COOMEETNCINEYIOUSUM INEMEHMIM NAPAALENDHOZ0 PATG,
mo maxoli onpedeaumens paser HYAH.

[ HeficTuTesnbHo,

a a2 as aip iz a13
k'au k-am k"a]_;; =k- aynp arz ais =k-0=0. | |
asi Qazy ass azy  as2 agg

Ceoticmeo 5. Eciiu ayieMenTsl Kakoro-Jnbo paga onpefesiuielis npef-
craBnsmor coBOH CyMMBI IByX CJIATAEMBIX, TO ONPEIeJInTeslh MoXeT OBTh
PA3JIoKeB Ha CYMMY IBYX COOTBEICTBYIOMMX onpenesmreneci.

Hanpumep,
ap a2 az+b a1 a1z 13 ann a2 b
azy G2 Qes+c|=|an a2 a|+|axn a2 c|.
a3 a3z azz+d az1 a32 433 az azz d

Ceoticmeo 6 («Dnemenrapubie NMpeoGpa3zoBAHUs OIPEeNESIUTEIISI).
OnpenennTenh He U3MEHUTCS, eCJIM K 9JIEMeHTaM OQHOro paja npubasuth
COOTBETCTBYIOUIME BJIEMEHTH MMAPaJLIeIbHOTO PSR, YMHOXEHHDIE Ha JI0-
6oe "ucJIo.

ITpumep 2.3. Jokasarb, 410

a1 a1z a3 a1 a1z asz+k-ap
A=|ay as as3|=|aan a2 a3+ k- asze
azr a3z 633 az1 azz azz+k-as

22

Q Pemenue: HeticTBUTesIbHO, UCMONB3YsT CBOHCTBA 5, 4 1 3, TNOJTYYUM

aiy 612 a3+ k-aq2
az Q2 a3+ k-az |=
azn a3z azz+k-az:

ajpz a1z 13 a1 aiz ai2
=|an a2 a|+k-|@n ax a:|=A+k-0=A. @,
Qg1 Qzz Qayy azy agzz azz

Janbrefinme ceoiicTBa onpenenuresnell CBI3aHB ¢ MOHATHIMU MUHODA,
1 aJredpanieckoro JIONOJIHeH s].
Muropom HEKOTOPOI'O 3JIEMEHTa ;; ONPENeJTUTeIIs] N-TO MOPSLIKA Ha-
BBIBAETCS OMPEAL/IMTENIb 12 — 1-T'0 NopsAIKa, MOJIYyYEeHHbIH U3 UCXOIHOTO
MyTeM BBIYEPKUBaHMA CTPOKH U CTOJIONA, Ha nepeceyeHul KOTOPHIX HAXO0-
nuTcsa BeIOpanubtit snement. Obosnauaercs mg;.

Taxk, ecrm
ail a1z 13 a a
— a
A=|an ap amy|, T M= ;2 a93 . mge = | M1 a3 |
s a
az1 Gz Qgs 32 033 21 Q23

5] Anzebpauneckum GONONHEHUEM BTIEMEHTA a;; OTPENCITUTENISI Ha-

BHIBAETCA €0 MUHOP, B3ATHIH CO 3HAKOM «IUIIOC», €CJIM CyMMa ¢ + § —
HerTHOe YUCJIO, U CO 3HAKOM «MHHYC», €CJIM 5Ta CyMMa HedeTHas. O6o3na-
Haercsa A@j: Agj = (—1)i+j *Mj.

TaK, Au = 4mii, A:;Q = —Ms39.

Ceoticmeo 7 («Pasnoxkenue onpetemiessi no sJeMeHTaM HEKOTOPOro
pﬂﬂ,a»). Ornpenenurelis paBeH CyMMe NMPOU3BeIeHnH 5/1eMeHTOB HEKOTOpOro
pANa HA COOTBETCTBYIOMME UM ArebpanyecKue JONOJIHeH sl

[TpousumocTpupyem u OMHOBPEMEHHO IOKaykeM CBOUCTBO 7 Ha mpumepe
onpepenuntensa 3-ero nopsaaka. B orom cayyae csoticTBo 7 o3HaMaET, YTO

A =|az a2 a3 | = a1 - A +a12 - A12 + a3 - Ai3.

[d B camom nesie, umeem
ann - A+ a2 - Arg + agg - Ay =
Qg2 Q23
+012-(— )+a13‘

az2 A3z
= (111(022033 - 023632) - (112(091033 - 023031) + 013((121&32 - (122031) =

azy Q23
azlr  assz

az Qa2
az1 Gagz2

=4ap -

= Q11022033 — Q11023032 — 012021033 + A12G23031+

+ ai3az1a32 — ai3a22a31 = A. |
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CaotictBo 7 cogepxut B cebe Crocod BHIYUCIICHHS! ONpelesTesiel Bh-
COKHX NMOPAOKOB.

ITpumep 2.4. Breruucrmre onpeaesmuTesis MaTPULI

3 5 7 8
-1 7 01
0 5 3 2
1 -1 7 4

Q Pemenue: {51 pasnoxenus: onpenesmreisi 06LIMHO BHIGMPAIOT TOT S,
IJie eCTh HYJIeBHIE BJICMEHTHI, 1. K. COOTBeTCTBYIOIIME UM CJlaraeMble B pas-
JNoxeHun 6y/IyT paBHBI HYJTIO.

131 5 7 8
-1 7 0 1_
101 5 3 2|7
Pl -1 7 4
7 0 1 5 7 8 5 7 8 5 7 8
=35 3 2|+1-|5 3 2(+0-{7 0 1|-1-{7 0 1|=
-17 4 -17 4 -1 7 4 5 3 2
=8-(7-84+(=1)-0-245-7-1—(=1)-3-1-7-7-2—-5-0-4)+

+(5-3-4+(-1)-7-24+5-7-8—(-1)-3-8—5-7-4—5-7-2)—
-(5-0-2+7-1-54+7-3-8-5-0-8—3-1-5—-7-7-2) = 122. ®
Ceoticmeo 8. Cymma npoussenesuil ayieMenTOB Kakoro-ambo psiga or-
penenuTensi na aJII‘e6pquecimc JONMOJTHEH N A COOTBCTCTBYIOIIHUX 3JIeMEeH-

TOB Mapa/VIC/IbHOIO pAJa pasHa HYJIO.
Tak, Hanpumep, a1 As; + a12A2 + a134s3 = 0.

§ 3. HEBbIPOXK[IEHHBLIE MATPULibI
3.1. OcHosHble noHsaTURA

Ilycts A — kBajiparHast MarpuIa n-ro NOpAIKa

a3y aiz ... Qin

a ase2 ... @
A — 21 2n

an1 An2 ... Qpp

Kpagparnaa marpuna A HasbiBaeics: Heewpoxcdennoll, ecinu onpe-
nemuresib A = det A Be pasen Hymo: A = det A # 0. B nporuBHOM
cny4qae (A = 0) marpuna A waspBaercs ewponcdeHnot.
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@ Marpunel, corosnofi x mampuye A, vaswisaercss MATPULA

An Az ... Am
A% — Az Az ... Ap ,
Aln A2n .. Ann

roe A;j — ajreOpanyeckoe JOMOJIHEeHRe IITeMEeHTa, 0;; DanHolt MaTpunpr A
(oHO ompenensierca Tax ke, Kak u aarebpanyecKoe NOTIOTHEHNe SJIeMEeHTa
. OTIPENIEJTUTEIST).
! Marpuua A~ naseiBaerca obpamnodi Marpuue A, €cJIi BHITOJHACTCS

o ycJioBue -1 -1

: A-A7=A"-A=E, (3.1)
‘e F - eIMHMYHAA MATPHUIA TOLO XKe nmopsAaKa, 410 u marpuua A. Ma-
' Tpuna A~ umeer 1€ xe pasMmepsl, uTO ¥ Marpuua A.

3.2. O6parHas marpuya

Teopema 3.1. Bcsikas HeBbIpOXaeHHas MaTpuLa nmeeT 06paTHyIO.

] IIpoBeneM nokasaTesbCTBO IS cityyas marpullkt 3-ro nopsigka. [ycrs
ayr a2 03

A= |an a2 a],
az1 Qz2 0ass

npuyem det A # 0.

CocTaBuM COI3HYIO MATPUILY

An An Az
A* = | A12 Asx A
Arz Az Ass
¥ Haiijiem nmpousBenenue marpui, A u A*:
ajx a2z 13 Ay An Ag
A-A"=lan a2 a3 -|A Axm A | =
az 3z a33 A1z Asz Ass

an A + a12412 + a13413
= | ag1 411 + a2 412 + @313
az A1 + az2 A1z + azzAss

a11Az1 + a12432 + a13A33
az21A31 + azaAzs + a3 sz | =
a3y Asz1 + azz Aza + azzAss

det A 0 0 1 00
= 0 detA 0 =detA- |0 1 0] =detA-FE,
0 0 det A 0 01
e A-A* =detA-E. (3.2)

3nech MBI MCTIOJIB30BAJIM CBOficTBa 7 u 8 onpenesmesielt (CM. I 2.2).
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Ananormgno ybexgaeMcst, HTO

A*-A=det A-E. (3.3)
Pasencrsa (3.2) u (3.3) nepenuiiem B BUIE
A* A*
- = CA=F
A det A E u det A
CpaBHUBASA MOJIyYEHHBIE PE3YJILTATHI C OMPEACICHUEM (8.1), mony4aem
. 1 A An Am
A7t A re |[A7'= Ay Az Asz |- L

T detA’ det A A1z Az Ass

OrmeruM ceoticmea obparHol MaTpULbL:

1 det(A™) = i

2. (A-By '=B1. A%
3. (A-—i)T — (AT)—i‘

1 A= 2 3
Ipumep 3.1. Halitu A7l ecu A = 1 1)
2 3l=243=540.

3
Q Pemenne: 1) Haxomum det A: det A= 1
2) Ha.XO,D,HM A*: A]_]_ = 1, A21 = —3, A12 = —(”1) = 1, Agg = 2,

1 —
nosromy A* = (1 2)-

1 -3
g1 _
3) Hax OﬂHMAI:Alzg(] 2)*(

IIpoBepka:

e e
L

2,3 6,6
A1 2 3 5% _ 5+§—5+5):(1 0):}3,.
A=)y T ey ey T

Hpumep 3.2. Onpenesuib, NP KAKUX SHAUCHUAX A CylIECTBYET Ma-
Tpuna, 06paTHaA JaHHOMH:

1 -2 2
A=1Xx 3 0
2 1 1
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Q Pemenne: Besikasi HeBhIpoxennas mMaTpuna umeer obparnayio. Halimem
onpenesMTess MaTpulb A:

1 -2 2
AA=|X 3 0[=3-042\-12-0+2\=4X-9.
2 1 1

Ecnu4A—97#0,1. ¢. A # %, 10 AA # 0, 7. e. Marpuna A HeBBIPOXK ICHHA,
nMeeT oBpaTHYIO. o

ITpumep 3.3. Mokasarp, yro marpuna A ssnsercs obparnol nia B,
ecim

111 3 -3 1
A=|1 2 3], B=|-3 5 =2
1 3 6 1 -2 1

Q Pemenue: Halinem npowussenenne marpun A u B:

111 3 -3 1
A-B=|1 2 3|-|-3 5 -2]|=
1 3 6 1 -2 1
3-3+1 -34+46-2 1-2+1 1 00
=|3-6+3 -3+10-6 1-44+3]=|0 1 0] =E.
3-9+6 -3+15-12 1-6+6 0 0 1

Ananoruiso B - A = E. Cnegoparesnbuo, marputa A siBnsierca obparHol
st B. o

3.3. Panr marpuypl

Paccmorpum marpury A pasmepa m X n.

Broyiesum B melt k crpok u k crontuos (k < min(m;n)). s snemen-
TOB, CTOSIIIUX HA MEPECEYCHUN BBIIEJIEHHBIX CTPOK U CTOJIOLOB, COCTABAM
onpenesmTeNb k-ro nopsgxa. Bee takue onpenenuTesn HA3BIBAIOTCS M-
Hopamu 3moti mempuyst. B Mmarpune A nysgTupoOM BBLIGTIEH MUHOP 2-ro
nopajKa. (3amerum, ¥To TaKuxX MUHOPOB MOXHO coctasuth CF - Ck mryx,

: !
v o = Fin =Ry

HUCII0 coMeTanuii us n anementos o k.)

27



Hauborybmuii 13 nopsikoB MHHOPOB HAHHOH MaTpPHLbI, OTJIMYHBIX OT
HyJIs1, HasbIBaeIcsa parzom mampuysl. Obosnavaercsa r, r(A) wm
rang A.
Ouesnuno, uro 0 < 7 < min(m;n), roe min(m; n) — MeHbIIee U3 YUCETT
m un.
Musop, NOpsAIOK KOTOPOIo ONMPENEsISAeT PAHT MATPHUIBl, HA3LIBACTCS
6azuctvim. Y MaTpulbl MOXkeT OBITh HECKOJILKO 0a3UCHBIX MUHOPOB.

IIpumep 3.4. Halltu panr Marpuupt:

2 0 4 0

A=13 0 6 0

10 -3 0
Q Pemenune: Bece muniopsl 3-ro nopsyika pasebl Hysmo. Ects mMumop 2-ro
MOPSAKA, OLIMYHBIH OT HYJIs ? __g = —15 # 0. 3nauut, r(A) = 2.
Bazucnriit MuHop crout Ha nepeceuennn 2 u 3 crpoku ¢ 1 u 3 cronbuamu.

®
Ormerum ceoticmes panza Mampuyst:
‘1. Ilpu TpaHCMOHUPOBAHUN MATPHLBI €€ PAHT HE MEHSIETCs.

2. Ecom BRIYEpKHYTH U3 MATpULBl HYJIEBOH Psifl, TO PAHT MATPUILI HE
W3MEeHUTCH.

3. Panr Marpuripl He UBMEHSIETCST IPY SJIEMEHTApHBIX IPeoOPA3OBAHUSIX
marpuipl (eM. c. 18).

Panr kanonuueckoft MatTpuilbl pased YUCJTy €IMHUL] Ha ry1aBHON nua-
ronam. Ha sToMm ocHoBan OOUH U3 C110cob0B BBIMHCIICHUS panra MaTpHLpbl.
|

IHpumep 3.5. Halitw panr marpuisi

2 8 1 2
A=[0 2 -1 1],
40 5 1

HCTIONIB3YS pesybTarhl mpumepa 1.4.

Q Pemenue: B mpumepe 1.4 nokasano, 4to

1 000
A~|0 1 0 0],
0 000
T0 €CTh
A (1 00 0) _
0100
TaxkumM obpasom, paur Mmatpunb A pased 7(A) = 2. ®
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§4. CUCTEMbI JINHENHLIX YPABHEHWUIA
4.1. OcHoBHbIE NOHATUA

Cucmemotii nunelinor anzebpauseckus ypaenenudi, copepxamel m
ypaBHeHul ¥ 1 HEM3BECTHBIX, HA3LIBACTCS CUCTEMa, BUIA

apTy + aexe + -0 + a1y = by,
21%1 + G22T3 + - - - + A9, T, = bo,

Am1T1 + CmaZ2 + - - - + ATy, = by,

e YucnIa aqj, ¢ = 1,m, j = 1,n naswbaiorcs soadduyuenmamu cucremst,
uucia b; — ceobodnvimu wnenamu. Tognexar HAXOKICHUIO YUCTIA, Ty, .
@ Takyro cucremy ymobHo sanucbiBarh B KOMIakTHOH MampuuHof

opme :
[A-X=B.

3neck A — Marpuna k03D UIHEHTOB CHCTeMbl, HA3HIBACMAA 0CHOGHOT
mampuyedi:

ay; a2 . ain
a a . a
A_ — 21 22 2n ,
Aml Qm2 - Amp,
-
T2
X =] . | — BekTop-cronbel] U3 HEUBBECTHBIX Tj,
\zn
(b
b
B=| . | — BexTop-cTosfel n3 cBOBOMHBIX YICHOB b;.
\br

ITpouspenenue marpun A- X onpeneneno, Tak Kak B maTpuie A cronb-
OB CTOJILKO e, CKOJIBKO CTPOK B Marputie X (n mTyK).

Pacwupennoli marpuielt cucteMsl HasbIBaeTCs Marpuna A CHCTEMBEI,
JONOJTHEHHAS CTOJIOHOM ¢BODOIHBIX YWICHOB

a aig ... Ain b
— a: ass... @ - b
A = 21 22 2n 2

Amt Q2 - - - Qmn bm

i
Pewernuem cucreMsl HA3HIBACTCS N 3HAYEHUH HEM3BECTHDHIX T =0, T2=¢Cy,
-+ Tn =Cp, MPH MONCTAHOBKE KOTOPHIX BCE YPABHEHUsI CUCTEMHBI obpama-
KICs B Bepuble pasedcrBa. Besakoe pemenue cHeTeMbl MOXKHO Banucashb B
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BHUJIE MATPHIBI-CTOJOIA

Cuctema ypasHenuii Ha3HIBACTCSI COBMECTIHOT, €CIIM OHa, MMeeT XOTsl

6B OIHO pelIeHne, U HECOBMECTHOU, €CII OHA He UMeeT HU OJHOro
peHeHus.

CoBMecTHAs CHCTEMa, HASHLIBACTCA onpedeaennodi, eCim OHA uUMeer
€IMHCTBEHHOE pelienne, u Heonpedeaernoli, eciin oHa umeer Gosiee OIHOro
pemenus. B nocaemiem cirydae Kaxoe ee pellenue Ha3plBaeTCs YacmHblm
peweruem cuctembl. COBOKYIMHOCTh BCEX YaCTHBIX pemieHuit HasbiBaeTCst

obujum peweHuem.

Pewwums cucmemy — 9TO 3HAYUT BBIACHUTH, COBMECTHA OHA WJIM HE-
comecta. Ecrm cuctema copmecTa, Halitu ee obiee peuesue.

JIBe CHCTEMBI HA3BIBAIOTCA IKEUBAACHMHBIMY (PABHOCHIILHBIMMU), €CJIH
OHU MMeIOT OOHO M T0 Xe obmee pemenue. JIpyrumu cioBaMu, CUCTEMB
SKBUBAJICHTHBI, €CJ/IN KaXKJI0e pelleHue ogHOH N3 HUX SIBJIAETCS PeleHueM
apyroii, 1 HaobopoT.
B OxBUBAEHTHBIC CUCTEMBI IOJIYYAIOTCS, B YACTHOCTH, IPY JAeMeHINaGD-
= o NPeobpa306aHUAT CACTEMBI NPU YCJIOBUH, YT0 IpeobpasoBaHus
BBLITIOJTHAIOTCA JIMIIL HAJ| CTPOKAMU MaTpUIIbL.

Cucrema muelfiHpIX ypasHenuil HaspiBaerca odnopodroti, ecrm Bee CBO-

OOIHBIE YJIEHBI PABHBL HYJIIO:
anz + 1232 + - + @iy =0,
Am1T1 + Qa2 + - -+ AGpn®n = 0.

OIHOpONHAS CHCTEMA BCELTIA COBMECTHA, TAaK KaK T = g = +++ = T = 0
SIBJIACTCS PEIIeHUEeM CHCTEMBl. DT0 peIICHHe HA3bIBAeTCH HYAC6bLIM HIN
MPUCUAABHOIM.

4.2. PeweHve cucteM nuHelHbIX ypasHeHWNA.
Teopema Kponekepa—Kanennu

IlycTs mana mpousBOJIbHASI CUCTEMA 1M JIMHEHHbIX ypaBHeHuil ¢ n He-
W3BECTHBIMU
a1 &1 + a1222 + - - + a1pzy = by,

Q2171 + Q2@ + - - + Qep®,y = ba,

121 + Q22 + -+ GmnTn = b
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VicuepnuiBatoni 0TBeT HA BONMPOC 0 COBMECTHOCTH STOH CHCTEMbI JaeT
meopema Kponexepa—-Kaneanu.

Teopema 4.1. Cucrema nureinbix anrebpanyeckix YPaBHEHWIA COBMECTHa
TOTAa 1 TONIbKO TOTAR, KOMAA PaHr PacLUNPEHHOM MaTPULbl CUCTEMBI paBeH
PaHry OCHOBHOR MaTpuLibl.

IMpumem ee 6e3 mokazaresnbCTBa.
IMpasuna npaxTuyeckoro Pa3bICKaHuA BceX pemnenuit coBmectHolt cu-
CTeMBbI JIMHeHHBIX ypaBHeHuil BeITEKAIOT U3 CNeAYIONAX TeopeM.

Teopema 4.2. Ecnu paHr coBMeCTHOI CUCTEMBbI paBeH umMCny Hemspect-
HbIX, TO CMCTEM2 MMeeT eANHCTBEHHOe peLieHe.

Teopema 4.3. Ecnu paHr COBMECTHO# CUCTEMBI MEHbLLE Y1Cha Hen3eecT-
HbIX, TO CMCTEMA uMeeT BeCUNCNeHHoe MHOXXECTBO peLueHNiA.

Mpasuno pewernn NPou3eoNLHOM CUCTEMB
NUHENHBLIX YpaBHEeHWIA

1. Halltm panrn ocHOBHOM W pacumpessoft MaTpull, cucrembl. Ecim
7(A) # r(A), 10 cucrema HecoBmMecTHA.

2. Ecu r(A) = r(A) = r, cucrema cosmecrna. Hafitn kaxoti-muto 6a-
SUCHBIH# MUHOP MOPAIKA 7 (HATOMMHAHKE: MUHOD, TIOPSIOK KOTOPOTO onpe-
JeJFIET palr MaTpulpl, HaspiBaercsi GasucueM). Bssrw 7 ypassenuit, us
KO3 DUIHMEHTOB KOTOPBIX COCTABJICH Ga3MCHEBIH MUHOP (OCTaJIbHBIE ypaB-
nernsi orbpocuts). Hemssectarie, koadbduimentor KOTOPBIX BXOIAT B 6a-
BUCHBI MUHOD, HA3BLIBAIOT 2AGE6HULMU U OCTABJISIOT CJIEBA, & OCTAJIBHBIE
7 — T HEUSBECTHLIX HA3BIBAIOT C6000HLLMU U MEPEHOCST B NPaBBIE YacTu
ypaBaeHuil.

3. HaliTn BrIpasKkenust IIaBHBIX HEN3BECTHBIX Yepes csobonnse. IMosy-
4eHO 0DuIee pemeHne CHCTEMEL.

4. Tpunasas CBOGOMHBIM HEM3BECTHBIM IPOUSBOJIBHBIE BHAMEHUs, T0-
JIYHHM COOTBETICTBYIONME 3HAMCHUSI [VIABHEIX HeusBecTHBIX. Taxum obpa-
30M MOXHO HallTU YACTHBIC PEIICHMA UCXOTHOH CHCTEeMBI ypaBHenuii.

ITpumep 4.1. Vccnenoparh HA COBMECTHOCTD cucremy
z+ y=1,
3z +3y=-2.
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Q Pemesnne:

1= 5) =1,

71‘:@ 3 _12) r(A) =2 (A: 3 _;|¢o).

Taxum obpasom, r(A) # r( 4), cnenoarenbo, cucteMa Hecopmectna. @

ITpumep 4.2. Pewnth cucremy
Ty — 2z + a3+ T4 =1,
Ty — 229 + 33— x4 =—1,
T — 232 + 33 + 334 = 3.

Q Pemenue: 7(A) = r(A) = 2. Bepem 1Ba NepBHIX ypaBHEHHS:
@y — 2 +T3 + T4l = 1, 1 1 |

I ] A -
x1 — 289 Hlaz — x40 = —1. 1 -1

:_—2#01

A = 11—z + 222 1‘:23:1_4%

—1—21+2z9 -1

T3+ T4 = 1—x1+23:2,
Tz — x4 = —1— 27 + 225.

1 1-— z + 2.’122
1 —1—-z1+ 2%
ClenoBaresibio, T3 = —1 + 229, T4 = 1 — obwee pemenue. [Tonoxus,
panpunmep, 1 = 0, 22 = 0, nosiyyaem ofgHO U3 YacTHBIX pemenuii: xy = 0,

Ay = = -2,

9 =0,23 =0, 24 = 1. [

4.3. Pewenuve HEBLIPOXKAEHHbIX JINHEWHbIX cuctem.
Mopmynsl Kpamepa

IMycts mana cucreMa n JIMHEHHLIX yPaBHEHuit ¢ 71 HeN3BECTHBIMU
a1 + ape%s + - + A1,%, = by,
a1 21 + Qoaxs + -+ + Q2pTn = bo,
11 + 0poZo + - + QpupTh = b

wm B MarpudHoil popme A - X = B.
Ochnorasa marpuila A taxoit cucremm kBanparnas. Onpepesmrenn

9TOH MaTpULb]
a1 ... Qin

A=

an1 .- Opn
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HA3HIBAETCA onpedesumenem cucmemsi. Ecjiu onpenenuresib CUCTEMBL OT-
JIMMEH OT HyJsA, T0 CUCTeMa Ha3hIBAETC HeeupoHcienHol.
Haiinem pemenue ganuoii cucteme! ypasnenutt B ciayuae A # 0.
VYmuoxkuB 06e yactu ypassenusi A - X = B ciesa Ha marpuny A7,
nosyuum A1 - A X = A1 - B. Tlockonmbky A - A=EuE-X =X, 10

(41)

Orpickanme penreaus cuctembl 1o ¢dpopmydie (4.1) naspiBator Mampuy-
HBM CNOCOBOM PEIIIEHUST CUCTEMBL.
Marpuynoe pasenctso (4.1) 3amumeM B BuIe

1 A Ann ... Apn by
T2 _ 1 Az Az ... Ap ) b
S L .
T Aln A2n Ann b,
TO ecTh Apb +Aybe + -+ Apiby
Ty A
- Ajoby + Agoby + - - + Ayoby
_ A
Tn Alnbl + A?’nb‘E + .-+ Annbn
A

Orciopa cnemyer, YTo

o Ajby + Aoy + -+ Ay
1= A ’

Tn

Ho Aj1by + Asi1be + - - - + A by, ecob pasnoxenne onpenesiniesis

bh a2 ... ain

b azx ... a
Al — 21

bn Qnz --- Qpp

no sJieMenTaM nepporo crosibua. Onpenenuress Ay noJiyyaercss u3s onpe-
genuTesia A myTeM 3aMeHbl MEpBOro croJsibua Kos(QUUUeHToB CroabuoM
13 CBOOOMHDBIX YJICHOB.

Wrak, z; = Ay

A
D a A e ,
Anajornuno: z = 32, roe Ay mosyded us A myTem 3aMeHbl BTOPOro
A
crosibua KoadhhuupueHToB croJIbnoM u3 CBOGOMHBIX YJIEHOB; Ty = 733-, ...
sea gy = _-An

2 KoHcnekT nexnuit no seicuiedi Maremaruxe. [Tonnwi kype
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@] Dopmysie

A, 0

T; = K, 1= l,n (4.2)
naspBalorcs hopmyaamu Kpamepa.

WTak, seBblpokaennas cucTeMa n JMHeHHBIX ypaBueHuli ¢ 1 Hems-

BECTHBIMM UMeeT eHMHCTBeHHOe peniesue, KOTOpoe MOoxer 6blTb naﬁ,u,eno

MaTpUUHBIM crocobom (4.1) ymbo no dbopmystam Kpamepa (4.2).

2y — 29 =
IIpumep 4.3. Pemwurs cucremy & -2 =0,

21+ 322 =17
2 -1 0 -1 2 0
P z A: = — — a— —
Q Pemenue ‘1 3| T#0, A l7 3|_7, Bp=| 7 7,I—l-:i.
Buayut, T = % =1, 2= ]?‘1 =2. ®

4.4. Pewenve cuctem nuHeliHbiX ypasHeHUli MeTogoM
laycca

Omrum us nanbosiee ynuepcabupx u 3¢hheKTHBHBIX METOIOB pelne-
Hult JTuHeHHBIX ajlrebpanyeckux cucteM siBisercs memod Iaycca, cocros-
wuil B ocnenoBaTeIbHOM UCKJIIOYEHUH HEN3BECTHBIX,

IMyctey pana cucrema ypassesuti

anzy + a2 + -+ a1, = by,

2171 + az%2 + - - - + G2, T, = b, (4.3)

Q181 +Am2T2+ - - - FAnTn = by

Tpouece pemenus no meroay Iaycca cocrout us apyx sranos. Ha nep-
BOM 7amne (IpAMOH X0j1) cucTeMa MPUBOIMTCS K cmynexuamomy (B HacT-
HOCTH, TPey204bHOMY) BULY.

[pubenennasn wiKe cUCTEMa UMEET CTYNEHYaThIl Bi

any +a12x2 + -+ QR + - - + A1pTy = by,
a22%2 + - + Qp Tk + - - - + QenTy = bo,

ARk Tk + - - - + QpnTn = b,

roe k < n, aii # 0, ¢ = 1, k. Koadputmentot a;; Ha3hBaIOTCA 2406HbMU
9JIEMEHTAMU CHCTEMEL.

Ha propom srane (o6patuplit X01) HOET MOC/ICI0BATEIIBHOE onpezneJie-
HUE HeU3BECTHBIX U3 97T0H cTynen4yaToit cucremb.
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Onumem meron Iaycca noppobuee.

Ipamoti zod.

Bynem cuwtarhb, 4ro anement ain # 0 (ecm app = 0, To nepsbM B
cHUCTeMe 3alniieM ypaBHeHue, B KOTOPOoM Koa(M(UIMeHT NMpu &1 OTJIMYeH
oT HyJf).

IMpeobGpasyem cuctemy (4.3), HCKJIIOYUB HEM3BECTHOE T'1 BO BCEX ypas-
HEHUSX, KPOME NepBOoro (n('nonmyﬂ BJIEMEHTAPHLIE npooGpasoBa,Huﬂ cu-

(‘,TEMIsI). Jast 9Toro ymaoum obe HacT NepBOro ypasBHEeHUsi Ha —aﬂ n
11

CJIOMHUM TOYJIEHHO CO BTOPBIM ypaBHeHm-M cucTeMbl. 3aTeM yMHOXUM 00e

YacTU NMEPBOTC YPaBHEHUsT Ha —~a-‘1l H CJIOKUM ¢ TPETbUM yPaBHEHUEM CH-
11

CTeMbl. HpOJIO.!I}Kaﬂ 3TOT MPOUEeCe, MOJIY UM SKBUBaJICHTHY IO CHCTEMY

an &y + a1 + - + GpTy = by,

0wy + -+ )z, = b,
m:r + - 9,?,,:1: bQ).

1) ;. - 85—
3nech as J) , bi ) (i,7 = 2,m) — HOBBIE 3HaYEHUsT KOS(D(HUIMEHTOB U NMPaBBIX

yacTett, KoTopble NOTYYaloTCsT I0CJIe IEPBOro mara.

Ananoruynnivm 06pa3oM, cuuTad IVIaBHBIM SJIEMEHTOM 0(212} # 0, uc-
KJIIOYMM HEM3BECTHOE T2 W3 BCEX ypaBHEHHH CHCIEMB], KPOME MepBOro u
BTOpOIO, u Tak najee. [IpomosnkaeM sTOT NPOLECC, NMOKa 9TO BO3MOXKHO.

Ecsm B mponiecce npusenenus cucreMs! (4.3) Kk crynmesyaToMy BULY TI0-
ABSTCA HyJIeBbIe ypaBHenusi, 1. e. pasencTsa una 0 = 0, ux orbpackBalor.
Ecnu e noseurca ypasaenue supa 0 = b;, a b; # 0, T0 910 CBUIETENb-
CTBYET O HECOBMECTHOCTH CHCTEMBEL

Bropoti sran (o6pemuwndi od) saxmoyuaerca B PEINEHMM CTYIEHYa-
To# cucrembl. Crynendaras cucreMa ypasnenuii, BooOuie roBops, umeer
BEeCUUC/IEHHOE MHOXKECTBO pemenuii. B nociensem ypasHeHnu 210H cu-
CTeMbl BLIPAXKaeM (ePBOE HEU3BECTHOE Tj HYepe3 OCTajIbHbIE HeM3BECTHBIe

(Tkg1y---,Tn). 3aTEM MOOCTABJISIEM BHAYCHHE T} B NMPEONOC/EIHEE yPaB-
HEHUE CUCTEMbl U BBIDAXKAEM Tg_) 4YEPE3 (Tgyl,--.,Tn); 32T€M HAXOOUM
Tk_9,...,&1. [lpunaBasa cBOGOOHBIM HEUSBECTHBIM (Tki1,---,%n) MPOU3-

BOJIbHBIE 3HAYEHUS, TIOJIyYuM DeCUYnCc/IeHHOe MHOXKECTBO pellledni CuCTeMbl.

Jamevarun: 1. Ecom crynenuaras cucreMa OKasbIBAETCS TPeyroJib-
Hott, 1. e. k = n, TO UCXOIHAA CHCTEMA UMeeT eguHCTBenHoe pemenue. M3
TIOC/IEHEero YPaBHEHUsT HAXOMUM Z;,, U3 MPEINOC/IeIHero YPaBHeH!ST Tp—1,
JiaJiee IIOJHUMAACH 10 CHCTEMe BBepX, HallieM Bce OCTaJIbHbIC HEM3BECTHEIC
(mn 235 ,$1)

2. Hd, npaxkTuke ynobHee paborarh ne ¢ cucremot (4.3), a ¢ pacmm-
pesofi ee MaTpunelt, BHINOJHSA BCe SJIEMEHTapHbe IpeobpasoBanust HAJL
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ee cTpoKaMu. YHo6HO, yTo6nl koaddunment a;; 661 pasen 1 (ypasHeHus
lepecTaBuTh MecTaMu, Jubo pasgesnth obe YacTu ypaBHenus Ha aiy # 1).

IHpumep 4.4. Penmte cucremy MeronoMm aycca:
2¢1 — T3 +3x3— dwy =1,
Ty — T9 — 52?3 = 2,
3zy — 239 — 223 — bzy = 3,
7&'1 — 5&,"2 — 9&,"3 — 10-‘1’;‘4 = 8.

Q Pemenune: B pesysibrare sjeMeHTApHBIX NpeoOpasopanuit Han paciou-
perHoHt Marpuuelt cucTeMs!

2 -1 38 -5 1 1 -1 =5 0 2
1 -1 =5 0 2 2 -1 3 -5 1
3 -2 -2 -5 3|73 -2 -2 -5 3|"
7 -5 -9 —10 8 7 -5 -9 -10 8
1 -1 =5 0 2 1 -1 -5 0 2
0 1 138 -5 -3 0 1 13 -5 -3

“lo 1 13 -5 -3{7lo 0o 0 o0 O
0 2 2 -10 -6 0 0 0 0 0

UCXOHAA CUCTEMA CBEJACh K CTyNeH4aTol:
xr — X2 — 5:’173 = 2,
x9 + 1323 — Sy = —3.
IMoaroMy oblee pelieHue CUCTEMBL: T2 = 0%4 — 1323 —3; 21 = bxy — 8z — 1.

Ecnu nonoxuts, nanpumep, zz = 0, 24 = 0, 10 Halizem OOHO U3 4aCTHBIX
pemenutt arol cucremsl 7 = —1, 2 = —3, 23 =0, 4 = 0. o

IIpumep 4.5. Penmrts cucremy meropom I'aycca:
T+ 2+ x3= 31
221 + 302 + 223 =7,
321+ 224+ 23=235,

bxy — 23— 3 = 3.

Q Pemenne: [Npoussenem anemenaTapHbie MPpeobpasoBAHNs Hal, CTPOYKAMHE
PACHIUPEHHONH MATPUITL] CHCTEMBL:

11 1 3 11 1 3 1113 1113

23 27 [0t 0 1] (0101 0101

31 165 0 -2 -2 —4 01127 ]lo011

5 -1 -1 3 0 -6 —6 —12 0112 0000
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ITonyyennas MaTpHia COOTBETCTBYyeT CUCTEME
1+ T3 +x3 =3,

) = 1,

Xs = 1.

Ocywectsisia obparaelit xon, vaxomum 3 =1, 22 = 1, 21 = 1. [

4.5. Cucremsbl NUHENHBLIX OQHOPOAHbLIX YPaBHEHWUN

[Tycrs pana cucrema JMHEHHBIX OAHOPOIHEIX ypaBHeHuli

a2y +a1ex2 + -+ apTy = 0,
an Ty + agexs + -+ + agpz, =0,

Am1T1 + Qa2+ - - +AmnTn= 0.

OueBu/IHO, YTO OMHOPOIHASA cucTema Beerna cosmectna (r(A) = r(A)),
OHA UMEET HYACB0e (MPUBUANLHOE) PeuleHue T = Tz = --- = Tp = 0.
Tpu KakuX yCJIOBUSIX OIHOPOIHAA CUCTEMA UMeeT ¥ HeHyJIeBble pele-
.?
HHA!L

Teopema 4.4. [nsn Toro, 4Tobbl CUCTEM2 OAHOPOAHBIX YPABHEHNA NMENa
HEHyYNeBble PeLeHNs, He0bX0AMMO U AOCTATONHO, 4TODbI paHr T ee OCHOB-
HOW MaTpuLbl BbIN MEHbLLE YUCNA N HEW3BECTHLIX, T. €. 7 < 7.

] HeobxomumocTs.

Tak kax panr He MOXeT MPEBOCXONUTH pa3sMepa Marpuipbl, TO, OUeBUI-
1o, r € n. lycrs » = n. Torpa oaus U3 MUHOPOB pa3Mepa N X N OTJINYeH
ot nyJisi. [ToaTOMy COOTBETCTBYIOMAA CHCTEMA JIMHEHHBIX ypaBHenuit umMeeT
€NMHCTBEHHOE PELIeHNe: &; = %& =0,4A; =0, A # 0. 3ua4uTt, npyrux, Kpo-

Me TPUBHAJILHEIX, penleHutt HeT. Vitak, ecrm ecth HETPUBUAJILHOE PELIEHUE,
07 <N

JocTaTo9HOCTh.

IMycts » < n. Torpa onHoponHas cuctema, Oynyuu coOBMECTHOM, B
CTCA HeoNpeneIeHHOM. 3uatuT, ona umeeT HeCcUuCIeHHOe MHOXKECTBO peme-
uuilt, T. €. UMeeT U HeHyJIeBhIe PeHIeHus. |

Tycry mana omHOpOIHAdA CUCTEMa N JIUHEHHLIX ypasHeHuit ¢ n Heus-

BECTHLIMU
an@ +a2@2 + -+ aiptn =0,

A1 %1 + Qe + -+ + App®n = 0.
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Teopema 4.5. [lns toro, 4Tobb ogHOpogHas cuctema n NUHEAHBIX ypae-
HEeHWIA C 11 HEN3BEeCTHBLIMW NMena HEHYNEBLIE peLleHus, HEOﬁXOIIIJ‘IMO n ao-
CTaTo4HO, 4T0bEI ee onpepenutent A buin pasen Hynio, T. e. A = ().

[ Ecim cucrema umeer nenydieBhie pemenusi, 7o A = 0. V6o npu A #0
CHCTeMa UMeeT TOJILKO eIMHCTBEeHHOe, HyJsieBoe pemenue. Ecmm xe A = (),
TO PAHr 7" OCHOBHOH MaTpuiupbl CUCTEMBI MEHBIIE YMCJIa HEM3BECTHBIX, T. €.
r < n. W, spauut, cucrema umeeT GECKOHEYHOE MHOXECTBO (HEHyJICBBIX)
pelenuii. |

ITpumep 4.6. Pemmts cucremy

T — 229 + 423 = 0,
23’.‘1-“3$2+5.’1.“3-':U.

Q Pemenue:
1 -2

A:(; :3 g) r(A) =2 (A: o _a =1¢0), n=3.

Tax xak r < n, T0 CHCTeMa UMeer GECUHCIICHHOE MHOKECTBO perenuii.
Haitmem mx

I — 2.’1,"2 = —4333,
2271 — 3.'82 = _53'.'3.
—4zz; -2 1 —4as
—bzz —-3 2 —bas
2

= —&l = 223, Ty = x = 3z3 — obee pemenue.

A = I = 2x3, Ay = ' = 3a3. Crano ObITh, 7 =

Monoxus x3 = 0, nosryyaem ogno YactHoe pemenne: &) = 0, a3 = 0
z3 = 0. Tlosoxus @3 = 1, noJiyqaeM BTOpOe YACTHOE pEHICHUE: Ty = 2
o =3, z3=1urm L




Masa VII. HEONPEQEJIEHHLIA UHTErPAJ
Nexyvn 25-28

§29. HEONPEAENEHHLIN UHTEIPAJ
29.1. MNonaTne HeoNpepeneHHoOro NHTerpana

B muddepeHunalibHOM MCUYNCIIEHHH PELIAeTCS 3a7a4da: no JaHHol
dyrnyuu f(z) natimu ee npouseodnyro (wom mucdepenman). Uurerpann-
HOE MCYMCJIeHHe pemaeT obparuyio 3amady: walimu gynxyuro F(x), 3nas
ee npouszeodnyro F'(z) = f(z) (nnm puddepenipmair). Uckomyro dbyHKumio
F(z) nasmBator nepsoobpasuoi dbynkuyu f(z).

Qynknus F(z) nasbiaercs nepeoobpasnoli dyukipm f(r) ua un-

Tepsadie (@;b), ecom st moboro = € (a;b) BHNOIHACTCA PABEHCTBO

F(e) = f(z) (wm dF(z) = (3)do).
Hanpumep, neppoobpasnol byuxmu y = ¢?, 2 € R, ssasercs dyukuus
F(z) = 3:-?;—, Taxk Kak

F'(z) = (%3)’ — 2% = f(a).

Ouepuino, 4ToO NEepBOOGPA3HBIME OYyAYT TaKXKe JitoObe (hyHKIMU
3
s T
F(z) = 3 +C,

rne C' — mocTosiHHAs, NOCKOJIBKY
3

F(z) = (% +C) =2’ = f@@) @em.

Teopema 29.1. Ecnn dynkunsa F(x) nenserca nepsoobpasHoii ¢yHKLUMM
f(z) na (a;b), 7o mHOXecTBO BCex nepBoobpasmbix ans f(x) 3apaercs
dopmynoin F(z) + C, rae C — nocrosiHHOE 4ncsio.

[ ®yukuua F(z) + C senserca neppoobpasuoii f(z). Hefticrsurensno,
(F(z) + C) = F'(z) = f()-

ycte ®(x) — HekoTOpas apyras, ommunasn ot F(z), neppoobpasnast
dbyuxuuu f(z), 1. e. ®'(z) = f(z). Torna nis moboro z € (a;b) nmeem

(2(z) — F(z))' = 9'(z) — F'(z) = f(z) — f(z) = 0.
A 310 o3na4aer (cMm. cnegcTere 25.1), 9TO
P(z) — F(z) =C,

e C — nocrosmnoe wucio. Coenosarensso, ®(x) = F(z) + C.
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|.7é| MuoxecTso Beex neppoobpasusix dynkunit F(z) + C naa f(z) wa-
3LIBACTCS HEOnpedeaeHnbM unmezpasom om dyuxyuu f(z) u

0B03HAYAETCS CUMBOJIOM f f(z)dr.
Taxum 06pa30oM, 110 ONPEICTICHUIO

/ f(z)dz = F(z) + C.

Hﬂ Bneck f(z) HaswiBaercs nodvumezpasvrot pynvyuet, f(z)de —
T nOJuHMEZPANLHBM GHPAHCEHULM, T — NepeMenHoti unmezpu-

posanus, f — 3HAKOM HeonpedeneHH020 UHMESPaAa.

Onepaisi HAXOXICHUST HEOPEIEJIEHHOrO UHTerpaia o1 hyHKIME Ha-
SLIBACTCH UHINezZpuposaruem 91ol dynxuum.
F:;}l Il'eomeTrpuYecKr HEONpEIe/IeH bl UHTerpasi NpeacTasiseTr cobolt ce-
T melicTBO «mapaienbubix» KpuBbix ¥ = F(z) + C (kaxmoMy aMcIio-
BoMy 3nHadenuto C' COOTBETCTBYET ONpeesieHHas Kpupas cemeticrsa) (cM.
puc. 165). I'paduk kaxnoh nepsoobpasuolt (kpusoit) HaswiBaercs unme-
2paavroti xpueod.

Yy

/\_/y=1‘1($)+01
L

T
o /—\/y:F(:I:)+Cz

T~ — y=F(z)+Cs
/\_/

Puc. 165

Jna seaxolt s GyHKUMH CYyIeCTBYeT HeonpeaeeHHbI uuTerpat?
[@ MmMeeT MeCTO TeopeMa, YTBEPIKIAIMAA, YTO BCAKAA HENpepbIBHAA

ua (a;b) dyHKIMS MMeeT Ha TOM IPOMEXYTKE NEpBOOOPa3HyO», a
CJIGIIOBATENIFHO, U HeOopelesieHHbill uHTerpas.

29.2. CaoiicTBa HeornpenesrieHHOro MHTerpana

OrmMernM paf CBOUCTB HEONPEIIESIEHHONO MHTEIPAJIA, BHITEKAIONUX U3
€ro OIpeIeICHNUS.

1. Oudepenipan 0T HEONPEIEJICHHOIO HHTErpaja paBeH NONbIHTe-
IPaJIbHOMY BbIPAXKEHHIO, a IPOU3BOMHAA HEOIPEIEJICHHOI0 HHTerpaJia pas-
Ha, TTONLIATErpaJILHON (hyHKIMK:

i [ f@)ds) = f@) o, ([ flw)de) = fa).
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[ Heiicreurensho,

5. (MusapuaxTHOCTH POpMYTH HHTErpupoBanns). Ecim / f(z)dz =
d( [ f(@) ds) = d(F(z) + C) = dF(w) + d(C) = F!(z)de = f(z)da

=F(z)+C, ™0mn ff(u) du = F(u) + C, e u = () — npousBoJIbHAA
(yHKIMS, UMEIOIIAS HEIPEPHIBHY 0 MPOU3BONHYIO.

[d Mycrte z -~ HesaBucumas nepemensasi, f(x) — venpepbiBHaA QYHKIUSA
u F(z) — ee nepsoobpasnas. Torna ff(a:)d:r = F(z) + C. Ilonoxum Te-
neph u = (x), tne ¢(x) — HenpepwiBHO-nU¢pdEpeHIMpyeMas QYHKIMS.
Pacemorpum cnoxuyio Gyskumio F(u) = F(p(x)). B cuny uspapuanTho-
¢t opmel niepsoro auddepentmana dyskomn (cM. c. 188) umeem

dF(u) = F'(u) du = f(u)du.

Orciona f Fu)du = [ d(F(u)) = F(u) + C. m

Takum obpaszom, GopMyJIa Ji1s HEONPEAEJTIEHHOrO HHTerpasia OCTaeT s
(ZHI)&BQILJ’IHBOﬁ HE3aBUCHUMO OT TOI'O, ABJACTCHA JIM IepeMeHHaA HUHTEerpupo-
BaHUA HEe3aBUCHMON mepemenHob wym mobolt dynkuuelt or Hee, nmetomeit
HeIpPepbIBHY 10 IPOU3BOIHYIO.

3
Tax, uz dhopmMyJIsI f 2? dx = '% + C nyrem 3amens « Ha u (u = @(x))

, 3
noJIy4aeM f w?du = % + C. B sactaocTH,

(f f(:t:)d:c) (F(z) +C) = F'(z) + 0 = f(x). m

Briaronaps sToMy CBOHCTBY NpasuasHocme urnmespupocaus NPOGEPSA-
emecs dupdepenyuposaruem. Hanpumep, pasencrso

/(3:(: +4)de =% + 42+ C

BEpHO, Tak Kaxk (z° + 4z + C)' = 342 + 4.
2. Heonpenenennsiit unTerpasn or muddepentpana HEeKOTOpoit d)ymv'
LM PaBeH cyMme 3Tol GYHKIUH U TPOU3BOILHON TOCTOAHHOMN:

f dF(z) = F(z) + C.
[d Heficteurensuo, de(x) = fF'(:c)da: = f_f(:c)d:r =F@@)+C. ®
3. TlocTosipbiit MHOXHTETH MOXKHO BbII'IOCIfITb 3a SHAK MHTErpasna;
faf(:t:) de =a- ff(:i!:) dz, a# 0 — nocrosnuas.
[d Hedicrsurensho,
f af(z)dz = f aF'(z) dx = f (aF(z)) dz = f d(aF(z)) =
=a-Flz)+C) =a- (F('t:) + %) =a(F(z)+ C) :aff(a:)dx

sin® x
3
]I13
/1;12 cd(Inz) = __3_-’*’ +C,

+C,

/ sin? ¢ d(sinz) =

tgda
tg? zd(tgz) = —=— +C.
(nono:qcmm %L = C). f (tg2) 3

4. Heonpenenenuplit unterpan or anrebpauaeckol CYMMbI KOHEHHOTO) Ipumep 29.1. Halirn uarerpan f (22? — 34% + = — 5)dx.

4MCIIa HeNPephiBHbIX (QYHKIWit paBpen anrebpandeckoll cymme un TEerpaJioB;

OT caraemsix (yHKIii: Q Pemenue:
f(f(z)ig(:i:))dx:ff(x)dxifg(x)rm;. f(2$4—3$2+$-— _2f9, da:—sfx d:z:+f:rd:z: 5fdx~—
" T — Wy — - z®
[ Iycrs F'(z) = f(x) u G'(x) = g(x). Torna = 2‘% +Cy — 3— +02+3 +Cs—5c+Cy = ~§-Js —a®+ ;fb‘ -5z +C,
f(f(;c) + g(z)) do = f(F'(a:) + G'(2)) de = e C = Cy +Cs + Cs + Ca. o

- f (F(@) + G(2)' de = [ d(F(z) + G(z)) = F(z) + G(z) + C =
= (F@) + C) £ (G() + o) = [ (o) do & [ o) d,
Fge Cl + Cz =C. .

1
et .

Hpumep 29.2. Halitu materpan f
x+1
Q Pemenue: f%d;c:f(l+%)d:c=:c+ln|x|+0. ®
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29.3. Tabnuua oCHOBHLIX HEONpPefeNneHHbLIX UHTErpanos

Iose3ysce TeM, 4T0 MATErpUpoBaHUe ecTh neHcTeue, OBpaTHOe g
(bepenimposaniio, MOXHO 0Ty YHTH TABIHILY OCHOBHBIX HHTEIPATIOB [yTeM
obpaimenus coorsercTByiomux dbopmyn muddepeHuaTLHOro HCIHCICHIS
(rabnuua muddepernuanos) u uenob3oBanus CBOHCTS HeONPENEJIeHHOIO
MHTerpania.

Hanpumep, Tax Kak

d(sinu) = cosu - du,

" fcosudu:fd(sinu):sinu+(7.
Beison psina dopmysn rabmuer Gyner pan npu PaCCMOTPEHMH OCHOBHEIX:
METOIOB MHTErPUPOBAHMA.

Nrurerpamer B mpuBOIMMON HIDKe TaBIMIE HASBIBAIOTC MabAUNHBIML.
Ux cnenyer snath nausycrs. B unTerpasbHOM MCUMCIieHUM HET NPOCTH
U YHUBEPCATTHHBIX NPABUJI OTHICKAHUS TEPBOOOPA3HBIX OT SIIEMEHTAPHD
bysxupit, xax B nuddepentmanbroM ucuncsienm. Merop HaxoXaeHu
nepBooOpasnbX (T. e. MHTerpupobanust (hyHKIMH) CBOOATCS K yKA3aHU
NPUEMOB, NMPUBOAAIMX Nanubilt (Mckombi#) uaTerpan K Tabiuunomy. Crie
IOBATEIILHO, HEOOXOIMMO 3HATH TaOJMYHBIC UHTErPATEl U YMETh UX Y3H
BATh.

Ormerum, 410 B TabyMUIE OCHOBHBIX WHTEPAJIOB HepeMeHHasT UHTe-
TPHPOBAHMSA U MOXeT 0DO3HAYATH KAK HE3ABHCHMYIO NEPEMEHHYIO, TaK H |
bynkmuo 0T HesapUCHMON TIepeMeHHOH (COrTAcHO CBOHCTBY MHBAPHAHTHO-
cTH HOPMYJIBI HHTEIPUPOBAHMNST).

B cnpasensmsocTy npuBeneHHBIX HMXKE bopMysT MOXHO yBenuThCs,
B351B nupdepennyast npasolt yacTu, KoTopwii GyeT panen HOIBIHTErPAIb-
HOMY BBIDAXKEHMIO B JIEBOH 9acTu opMyJibi.

Hokaxem, Hanpumep, CipaBeBocTh hopmysist 2. OyrKumst % onpe-
ZieJIcHa M HENPEPbIBHA JI/1st BCEX 3HAMCHUH U, OTJIMYHBLIX OT HyJId.

Ecom u > 0, 1o In|u| = Inu, Torna din|u) = dlnu = %‘. ITooromy.

/% =lnu+C=Inlu|+C npu u > Q.
Ecim u < 0, 10 In|u| = In(—u). Ho dIn(—u) = =du ‘ff Buauur,

—u
fd?u =In(—u) + C = In|u| 4+ C npu u < 0.

Hrax, dopmysa 2 sepna.
Ananoruano, nposepum dopmyny 15:

1 U 1 1 1 du
—arctg—+Cl=2. . - —
d(aamgai— ) o T3 (@) adu PR
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Tabnvya ocHOBHBIX UHTeErpanos

a1l
a1, U
l.fu du_a+1

du _ )
2,/ ” = In|u| + C;

3.faudu:ﬁ-"a+c;
4.fe“du:e“+0;
5.fsinudu:—c0rsu+c
'ﬁ.fwsudu:shlu+0
7.ftgudu:—l.n|003u|+(7;
S.fctgudu:lnlsinu[+0;
9./% =tgu+C

10. fqm =—ctgu+C

1. [ 4o —n|tg 4|+

12 [ dus—ne(§+ )|+ G

13. f —du _ aesin 4 O
Ja? — u2 a

(fdu:u+0);

(fshudu= ch’u+0);

(fchudu:shu+0);

( -E% :thu+C);

( éﬁﬁu—u :-—cthu+C);

: du 2 2 .
14. = In|u + Vu? + @?| + C;
f;;u2+(12

du_ 1,02 4 C;
15. m a ga 3

atu .
16 fa _u 2ﬂr 1-n| |+C‘

a—u

17.fmdu= u.
18. f\}uz +a?du = %
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2
a2—-u2+~a——a.rcsin%+(7;

2
-\/'uz:tag:t%lnlu+vu2:|:a2|+c-




§ 30. OCHOBHbIE METO[bI UHTErPUPOBAHUS

1 1 1
in? = — —_ T L R — . I L
5) fsm 6zdr = 2f(l cos 12z) dx 2/d.x, 2[(,0312.5(5.:,
30.1. Merop, HenocpeacTBEHHOr0 UHTErpUPOBaAHUA 1

1 1 1 1
5273 f cos 12z d(12z) - 5= 5% 97 sin 12z + C (dbopmynsr 1 n 6);

Meron uHTErpMpOBaHUsA, IPA KOTOPOM IAHHBLIM MHTErpas myTeM To-
JKJNECTBEHHBIX peobpaszoBanuii MONBIHTErpasibHON (DYHKIMK (MM Bbl-
pazKeHMs1) ¥ NIPUMEHEHUs! CBOMCTB HEONPEesIeHHOro HHTerpaJsia NpUBOINT-

do i (z—1)~(z+2)
6).[(3:—1)(:::+2) ~ 3] (@-D(=+2)

Cs K OMHOMY WIM HECKOJIbKHM TaOJIMYHBIM UHTErpasaM, Ha3bIBACTCA He 1 z—1 dz + 1 T +2 dr =
nocpedcMeeH LM UHMEZPUPOEAHUEM. 3 (x—1)(= + 2) 3 (53 - D(x+2)
[pu cBenenyE JaHHOTO MHTErpaa K TabIMaHOMY 9acTO HCIONIB3Y d(z + 2) f - __1 In|z + 2| + lln Iz — 1|+ C;
cs coienyrompe npeobpasosanus madbdepentpana (onepanus «nodeeder 3 z+2 3 T — 1 3 3
nod anax &ugﬁgﬁepeﬂuuaﬂa») . o sinudy (cos ) —_ o
du = d(u+a) a — 9uCsIo, ) ftgﬂ U = po— —f p— —In|cosu| + C (BoIBOI
(bopmyuisr 7);
du = ;d(rm), a # 0 — «ucJo,
' du cos? ¥ 4 sin® ¥ cos?® &
! 8 [ g g 3
u-du = Ed(uz), ) fsm 7 2sin 3 cos § “ 2sin 3 cOS ¥ du +
- 2 —_
cos u du = d(sin u), + *;11;1172 du — / ctg = d( ) ftg d 1n|sm _‘
sinu du = —d(cosu), 2sin 5 oS 5 u
1 B U _ sin 3 | |
—rlu:d(lnu), ln|c062|+(5'—1n st 4+ C = Inftg =| + C (BBiBOL
(popmyaiet 11);
du = d(t,
‘m% e 9) [l +2)°de = [(x+2-2)(+2)de = [(@+2)°de -
Bootwe, f'(u)du = d(f(u)), o1a dopmMysia 04eHb YaCTO HCNOJIL3YETCA NPH ’
BBLIYHCJICHHU HHTETPAJIOB. - Zf(t +2)%dzx = f('t: +2)1%d(z +2) — 2[(.1: +2)%d(z +2) =
Tpumepoi: (z +2)1 (z + 2)10
= -2 + C (dopmysa 1);
d(z +3) 11 0
1) f 713" e 13 In|z + 3|+ C (dbopmysia 2 Tabnuub! HHTe- g
" _ ctg T
10 —_— = t 5d(ct = ==
rpajios); ) / ctebz - sin’ o j(C g ) (ctg ) 4 +C =
a4 1 1 3z -1 25 — C 1):
2) [(o-1)de = 3 [(Be~ D™ dEa-1) = 3 - G- Togis + € (@opuyna ;
(dpopmyana 1); 1) f f f d(z - 1) —
—sin’ % 1 1 V3~ 293“‘*‘“ V2+($“‘1)2 (V2)2 + (2 — 1)2
3)fctg,2m:c f dm:f(_z —1)d:c=f_2 de — 48 \/ (@-1)
sin” @ s & s & L 4 =In|z -1+ V3 — 2% + 2 l + C (dbopmyna 14);
— fdz, = —ctgz — = + C (dbopmyns 10 n 1);
12) [(4* - — +31"")d3’-:4fx3ch:——5« d2z) _
da d(\/_ z) 1 V3-z c " cos 2:r, 5 gi-a 2J cos* 2z
4 —_——— = T = = ® o in—— + . — .
) f1/4 — 352 \/gf f_"_' V3-1)? V3 arcsin —5 - f31 “d(l — z) = «* - §tg2:;; -3 + C (dbopmyuisr 1,
(dbopmyaia 13); 9, 3);
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13) /:.:3- 3\/1+x2dx=f(1+3:2)% z- (2 +1-1)ds =

= %f(1+3:2)%d(1 + a?) — %f(l +2?)5d(1 + 2°) =
=%(1+z2)%—g(1+x2)%+c. |
Kax BuHO, BHIYHCIIEHHE HHTEIPAIOB UHOTIA TpebyeT HEKOTOPOH n30
OperaTesbHOCTH, TaK CKa3aTh, KHHAMBUIYATHHOIO NONXONA K KAXKIOH 10
nbiaTerpanbiolt dbyukpmy. _
CooTtrercTByIomMe HABBIKM TPUOOPETAIOTCA B PE3YIILTATE SHAYUTEITh
HOT'O 9MCJIa YIpaxKHEeHUI.

30.2. Mervop, uHTErpNpPOBaHuA NOACTAHOBKOM
(3amenoii nepemerHoir) 4

MeTon uBTerpMpOBanus NONCTAHOBKOM 3aK/TIOMACTCS BO BBEICHHH HO-
BOii mepemennolt unTerpupoBanus (T. e. nogcranoskn). Ipu HroM Basan:
HEI MHTETPAJ NPUBOIMTCA K HOBOMY WHTErDAJy, KOTOPbI ABIACTCA Ta-
GJIMYHBIM MM K HEMY CBOAsIIMMCH (B CJIyYae «yIaqHoihs NOJICTAHOBKH).
Obux MeTonos nonGopa noCTaHOBOK HE CYIIECTBYET. Y MEHHE MPABHIIBHO
OIPEAEeUTE NONCTAHOBKY HPHOOPETaeTCs Mpak THKOMH.

ITycte Tpebyercs BblqMCIIUTH MHTErpast / f(z)dz. Cpenaem noncra-
HOBKY & = (1), tne p(t) — dbynkumsa, umelomas HenpepbIBHYIO TPOU3BOI-
HY10.

Torna de = ¢'(t) dt n na ocnoBanuu colictsa nnBapuantTHOCTH BOP-|
MyJibl MHTETPUPOBAHUS HEONPEJEJIeHHOrO UHTErPaJsia MnoyiydaeM @Gopmyay:
UHME2PUPOBAHUS NOJCTAHOGKOT

./f(m)d“’ = ff(w(t)) -so'(t)dﬂ

®opmyna (30.1) Taxxe HasbBaeTCs HOPMYJIOH 3aMEHB! NIEPEMEHHBIX B He-
onpegesnieHHoM uHTerpane. Ilocne naxoxpenus uuTerpasa mpasolt yacTu
9TOr0 PaBEHCTBA CyeayeT nepeffTu 0T HOBOI epeMenHoit MHTerpUpoBaKus 4
t Hasaj K nepeMeHHOH .

Unorna nenecoobpasno monbupars nOOCTaHoOBKY B Buae § = (), TO-

/f(‘P z)) - ¢'(z)dz = ff t)dt, rne t = @(z). IOp

dbopmyary (30.1) MOXKHO NpUMEHATHL CpaBa HAJEBO.

(30.1) 4

JApyrumu csiosamu,

IIpumep 30.1. Haiitu fe% dz.

Q Pewenne: Honoxum = 4¢, Torna dx = 4 dt. CnegosarespHo,
fefrdz:4fefdt:4e‘+c:4e%+c. °
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ITpumep 30.2. Halirn /:z: -vVx —3dz.

Q Pemenue: Iycts /T — 3 = t, Torna = = 2 + 3, dz = 2t dt. IlosTomy
fx-\/x—3dw:/(t2+3)-t-2tdt:

:Qf(t“+3t"’)dt:2ft4dt+6ft2czt 2- —-+6 F+C=

= %(:z:—3)"’/2 +2(z—-3P°%+C. @
Ipumep 30.3. Tomyuurs dbopmyny
du
————— = Inju+ Vu? +a? |+ C.
f Vu® + a? | |
[ O6osuaunm ¢ = vu? + a? + u (nopcranoska Snepa). Torma
Vvul+a2+u
dt = —~—2—i-‘¥—du+du, T.€. dt = u——-—z*du
2vVu? + a? VvuZ+a

Orcrona du B i - @

ViZta® Jultal+u ot

Crasio 66iTh,

In|u+ Vu